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PREFACE. 


The absolute differential calculus came into prominence as 
the instrument best fitted for dealing with the general theory of 
relativity and it has also been found indispensable for the differ¬ 
ential geometry of hyperspaces. Although many books have ap¬ 
peared dealing with this calculus in relation to these advanced 
theories, there are very few that use it to develop more element¬ 
ary subjects. The present book was written with the object of 
providing such a text-book, enabling the student to become 
acquainted with tensor methods much earlier in his mathemati¬ 
cal education. There is no better way in which the student can 
appreciate the power of tensorial methods than by seeing them 
applied to subjects with which he is already familiar, and the 
topics treated here do not go outside the ordinary university hon¬ 
ours course in mathexnatics. Naturally the book is not intended 
to give a full account of the subjects chosen, but the author has 
tried to give a brief consistent treatment of each. 

The contents are divided into four parts. The first lags been 
included in order to make the book independent of other works 
and contains an elementary exposition of the fundamental ideas 
and notation of tensor theory. The second part gives the appli¬ 
cation of the calculus to algebraic geometry and is really the 
geometrical treatment of tensor algebra. Thus the first half of 
the book deals with the algebraic, as distinct from the differen¬ 
tial, properties of tensors and only linear transformations are 
considered. 

The third part introduces the absolute differential calculus 
proper, namely, the theory of the differentiation of tensors. It 
deals with elementary differential geometry and approaches the 
problem of covariant differentiation from the geometrical point 
of view. It is hoped that this section will be of value to the stu¬ 
dent as an introduction to advanced differential geometry. The 
method of treatment has been chosen with this object in view. 
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Tlie fourth section treats of applied mathematics, giving 
applications to dynamics, electricity, elasticity and hydrodyna¬ 
mics. A short account has been given of the geometrisation of 
general dynamics. The final chapter deals with the special 
theory of relativity from the tensor point of view, in the hope 
that it will prove a useful introduction to the more difficult gene¬ 
ral theory. An appendix has been added on the use of orthogonal 
curvilinear coordinates in mathematical physics, in which the 
notation of the text is connected with that commonly used in 
text-books that do not employ tensor notation. 

The absence of examples in most of the books on the tensor 
calculus that have appeared up to the present is a serious dis¬ 
advantage. In the present work there is a large collection of 
examples and it is hoped that they will enable the reader to acquire 
facility in working out problems by tensor methods. Answers 
to the examples are usually given and in many cases hints for 
solution are added. 

My best thanks are due to Professor T. Levi-Civita, Professor 
A. Palatini, Professor J. L. Synge and Dr. John Dougall for 
valuable suggestions during the preparation of the manuscript. 

a. j. McConnell. 


Trinity College, Dublin, 
April 1931, 
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PART I 

Algebraic Preliminaries 


CHAPTER I 

Notation and Definitions 

1. The indicial notation. 

The notation of the absolute differential calculus or, as it 
is frequently called, the tensor calculus, is so much an integral 
part of the calculus that once the student has become accus¬ 
tomed to its peculiarities he will have gone a long way towards 
solving the difficulties of the theory itself. We shall therefore 
devote the present chapter to a discussion of the notation 
alone, applying it briefly to the theory of determinants, and we 
shall postpone to the next chapter the tensor theory proper. 

If we are given a set of three independent variables, they may 
be denoted by three different letters, such as x , y 9 z , but we 
shall find it more convenient to denote the variables by the 
same letter, distinguishing them by means of indices. Thus 
we may write the three variables x v # 2 , or, as they may be 
more compactly written, 

(r» 1,2,3) .1 . . . (1) 

Now in (1) we have written the index r as a subscript, but we 
could equally well have used superscripts instead, so that the 
variables would be written x\ x 2 , # 3 , or 

& (f*l,2,8).(2) 

Here it must be understood that x r does not mean that cc is raised to the 
rth power , but r is wpd merely to distinguish the three variables . In the sequel 
we shall have occasion to use both subscripts and superscripts, and in 
the next chapter we shall give a special significance to the position of the 

(E 287) ' 1 
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index. In fact we shall find that, in accordance with the convention 
adopted later, the form (2) is the appropriate one for our variables and 
not (1). 

A homogeneous linear function of the variables is obviously 
of the form 

g 

£a m x m = cty x 1 + a 3 x 1 + a 3 x 3 , .... (3) 

m — 1 

where a lt a 2} a B are constants. Thus the coefficients of a linear 
form can be written 

a r (r = 1,2,3). 

Systems of quantities, which, like x r and a r , depend on one index 
only, are called systems of the first order or simple systems , and 
the separate terms, x 1 , x 2 , x 3 and a v a 2> are called the elements 
or components of the system. It is obvious that a system of the 
first order has three components. Moreover there are two types 
of simple systems, namely, those in which the index is above 
and those in which it is below, and hence all simple systems art', 
of one or other of the two forms 

a\ a r 0 = 1, 2, 3).(4) 

On the other hand, a homogeneous quadratic function of the 
variables is of the form 

2fa mn x m x n a u ( x 1 ) 2 + a 12 x 1 x 2 + a u x l x* 

,lh * ~ 1 + 021 X * X% + (» 2 ) 2 + » 2 a ( C ) 

+ a 31 x 1 + % 2 x 3 x 2 + (a? 3 ) 2 

the a’s being again constants. We see that the coefficients of a 
quadratic form depend on two indices, and are written 

a mn (m, 1, 2, 3). 

Systems, which depend on two indices, are called double systems 
or systems of the second order. Since the indices may be either 
above or below, it follows that double systems can be of three 
types 

a r*> (r, 1, 2, 3),.(0) 

and it is easily seen that there are 9 components ini each system. 
Similarly we have systems of the third order , which depend 
on three indices and which can be of four types, 

(r, * = 1,2,3). . . , (7) 


"it? » 
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Here each system contains 3 3 or 27 components. We can continue 
in this way to systems of any order. 

To complete the series we shall call a single quantity, a, 
which has no indices, a system of order zero . 

Although we have taken the number of variables to be three for de¬ 
finiteness, all that has been said applies also to any number of variables 
except that the range of values for the indices will be different. For 
example, if the number of variables were four, the indices would range 
from 1 to 4 instead of from 1 to 3 as above. 

Examples. 

1 . Show that a system of the fourth order may be of any one of five 
types. 

2. If the number of variables were four, how many components would 
there be in systems of the second and third orders ? 


2. The summation convention. 


We shall now adopt two important conventions with regard 
to indices. In the tensor calculus we very frequently deal with 
sums of the types (3) and (5), and it is to be noted that in these 
formulae the indices to which the 2 sign refers appear twice 
in every case. It will add very much to the compactness of 
our formulae if we can dispense with the 2 sign, and this can 
be effected if we agree that a 2 sign is understood whenever 
an index is repeated in a single term. Thus (3) would now read 

a m x m ~= a x x x + a 2 x 2 + a 2 xP, ..... (8) 

and (5) becomes 


a mn x m x n ~= a n (as 1 ) 2 + a n x 1 x 2 + a 13 x 1 a? 3 

+ a n as 2 as 1 + a 22 (as 2 ) 2 + <% a; 2 " a? 3 

+ % a? 3 x 1 + a Z2 & 3 as 2 + (a? 3 ) 2 


• • ( 9 ) 


The only inconvenience possessed by our convention arises when 
we wish to write down the general term in either of the sums (8) or (9). 
It is very seldom that we require to do this, but we can provide for such an 
eventuality by agreeing that the summation convention will only apply 
when the repeated index is a small italic letter and by using capital letters 
for repeated indices which are not to bo summed. Thus the general terms 
in the sums (8) and (9) will be denoted by 

a M x u , a MN x M x N , 


respectively. 
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Out first convention therefore reads: 

A repeated small italic index is to be summed from I to 3. 
Since the repeated index is to be summed from 1 to 3, it 
follows that the particular letter used f^or the repealed index is 
quite immaterial, and we ■ \;.f ■ d for it any lot-tor we 

please without altering tl : 'V. = ■■ v :he expmwiou we are 
dealing with. Thus 

a m x m == a r x r == a t x l + a 2 x* + a ti x\ 

and 

„x m x n =~ a r , x T x*. 

For this reason the repeated index is often referred'to as a dummy 
index . 

An index which is not repeated in any single term is known 
as a free index. Thus all the indices in the formulae (-1), 
(6) and (7) are free indices, and it is to be noted that in those 
formulae the free indices have the range of values from 1 to 3. We 
shall hence take for our second convention: 

A free or unrepeated small italic index is to have the ran ye of 
values 1, 2, 3. 

For example, a system of the second order will now read 

a rs 

without any explicit mention of the range of values of r and s. 
In other words, a rs stands for any one of the 9 quantities 

a n 9 a i 2 > 

i > ^23 

®81 > ^32 > ^33 • 

Although the fact has no significance for the present, wo remark 
that we shall find almost always that a dummy index will appear om*<* as 
a subscript and once as a superscript, and we shall as far as possible keep 
to such an arrangement in this chapter. 

Examples. 

1. Write out in full the system of linear equations given by 

a Ta x 8 = b. r , 

2. How many terms are included in the sum tt mnp y 1x z p ? 

3. Show that a# s is a system of the first order, and writ© out its com¬ 
ponents in full. 
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3. Addition, multiplication, and contraction of systems. 

In dealing with the algebra of systems there are three main 
algebraical operations, which are called addition, multiplica¬ 
tion and contraction. 

(i) Addition . This operation applies only to systems of the 
same order and type. If we are given two systems of the same 
order and type, and if we add each component of the first 
system to the corresponding component of the second, we 
obviously arrive at a system of the same order and type as the 
original systems. This process is the operation of addition and 
the resulting system is called the sum of the two systems. Thus, 
if a[ t and V xt are two triple systems, then the system c* t9 defined 
by the equations 

< t = <t + Kt .do) 

is the sura of a r Ht and ¥ t . We are here speaking of the algebraic 
sum so that subtraction is included as a particular case. More¬ 
over the operation can be immediately extended to find the sum 
of any number of systems, provided they are all of the same 
order and type. 

(ii) Multiplication. We shall now define the product of two 
systems. If we take two systems of any kind and multiply each 
component of the first by each component of the second, we get 
a system whose order equals the sum of the orders of the two 
original systems, and this resulting system is called the product 
of these systems. For example, if a' it is a triple system and 
b mn is a double system, we see that the system c™*", whose 
components are given by the equations 


rmn 

C *t 


r r/mn 


(II) 


is a system of the fifth order and is the product of a r Ht and b mn . 
The process can of course be extended to define the product of 
any number of systems. 

(iii) Contraction. The * process of contraction can best be 
explained by an example. Let us take a system of the fifth order, 

n rp 

a &tu> 

which has both upper and lower indices. If we now put u equal 
to p , we get the system a r J p , and since p is now a repeated index 
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it must be s umm ed from 1 to 3 in accordance with our con¬ 
vention. Thus the new system, obtained in this way, is 


“zip 






tP ‘ 


= + < 


+ *. 


(ia> 


We therefore see that our new system (12) is of the Ihml order, 
that is, its order is two less than that of the original system. 
The operation can evidently be repeated several times for we 
can contract with respect to any pair of indices, one of which 
is a subscript and the other a superscript. In the example given 
above we can contract once more with respect to r and l, ob¬ 
taining the simple system, 


.irp 


’J<rV 

, 31-1 


There is another operation on systems, called composition or 
inner multiplication, which is not a new operation but is really 
a combination of multiplication and contraction. To compound 
two systems we first take their product, and then contract this 
product with respect to a subscript of one and a superscript 
of the other. Thus an inner product of two systems, a[ t and A'"", 
is the system 

3 


a r b m *. 

sp 


M'p'b 




4. Symmetric and skew-symmetric systems. 

If we are given a system, a mn , with two subscripts, it may 
happen that each component is unaltered in value when the 
indices are interchanged, that is, 

&mn ==:= vn • 

The system is then said to be symmetric . More generally, a system 
having any number of subscripts is said to be symmetric in two 
of these subscripts if the components of the system are unaltered 
when the two indices are interchanged, and the system is com¬ 
pletely symmetric in the subscripts if the interchange of any 
two subscripts leaves the components unaltered. A completely 
symmetric system of the third order will therefore satisfy the 
relations 

a mnp a mpn a nmp 8=5 %mn '*pnm * 

On the otter hand, the system a mn is skew-symmetric if the 
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interchange of indices alters the sign of the component but not 
its numerical value, in which case we have 

&rn n ===l m • 

These equations, written in full, read 

^22 ^ ^22 5 ^33 ^ ^33 5 

Cl ]2 :== ^ 21 J ^ 2.3 ==: ^32 5 ^'31 3 5 

from which we deduce immediately that a n = a 22 = a Xi =» 0. 
Similarly a system may be skew-symmetric with respect to two 
subscripts, or may be completely skew-symmetric in all its 
subscripts. A completely skew-symmetric system of the third 
order will satisfy the relations 

p n ®nm p fyipm ^pmn n m' 

The above remarks about symmetry and skew-symmetry apply 
equally well to superscripts. 

Examples. 

* 1. How many distinct components are there in the completely sym¬ 

metric system of the third order? 

> 2, dhow that the skew-symmetric system of the third order has only 

one non-zero distinct component. 

% 3. If a mn is skew-symmetric, prove that 

a mn x m x n = 0 , 

and, conversely, prove that if this equation is true for all values of the 
variables x r then a mn is skew-symmetric. 

, 4. If a V8 is a double system satisfying the equations 
ba r8 -|~ ca 8r =s 0, 

prove that either 6 = — c and a r8 is symmetric, or b = c and a r „ is skew- 
symmetrie. 

[The indices r and s can have any of the values 1, 2, 3 and hence the 
above sot of equations can be written in the equivalent form ba 8r + ca r8 
as 0. Adding to the above equation we get (b + c) (a r8 + a ov ) « 0. There¬ 
fore either b = — c or a rB = — a 8 r , etc... ] 

5. The skew-symmetric three-systems and the Kroneeker deltas. 

Let a r8l be a completely skew-symmetric system of the third 
order, that is, its components are altered in sign but not in ab¬ 
solute value when any two of its indices are interchanged. Conse- 
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quently we see that its components can have only the following 
three distinct values: 

(i) 0, when any two of the indices are equal, 

(ii) + a 123 , when rst is an even permutation of 123, 

(iii) — a 12Z , when rst is an odd permutation of 123, 

We shall denote by e rsf the skew-symmetric, system whose 
components have the values 0, +1, — 1? and wo shall refer 
to it as the e-system . We have e 123 = + 1 ; and, if a rat is any skew- 
symmetric system of the third order, then 

&rst ^ %23 e rst .* * * (l*d) 

We can also have all the indices superscripts, so that we have 
the corresponding skew-symmetric system e rst , whose elements 
have exactly the same values as those of e riit . We shall find that 
both these systems are of great value in dealing with determi¬ 
nants. 

Now from these two systems, e r(lt and e r8i 9 wo can deduce 
other systems by the operations of multiplication and contrac¬ 
tion. By multiplication we have the system of the sixth order, 


d -.r s t _ 

m tip —— 


e” st 


up 


(M) 


Having regard to the values which the -systems can take, 
we see that the new system has the following values: 

(i) 0, when two or more of the subscripts (or superscripts) 
are the same, 

(ii) + 1, when rst and mnp differ by an even number of 
permutations, 

(iii) —I, when rst and mnp differ by an odd number of 
permutations. 

Let us next contract <3'*thus giving us the system of the 
fourth order 


S 

ii 


_ r c r 

- u 7un p 


-dmnl + $mnl + d, 


r h 

Ww,!l« 


(15) 


We first observe that this is zero if r and s are the same or if m 
and n are the same. Also if we give r, s the special values 1, 2 
respectively, we see from (15) that 


mn u mn 3 ? 
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and therefore d^ n vanishes unless m 9 n is a permutation oil, 2, 
when it is + 1 for an even permutation and — 1 for an odd 
permutation. We have similar results if we give r 3 s any other 
special values. Hence <5^* takes the values: ■ 

(i) 0, when two of the subscripts or superscripts are the same, 
or when the superscripts have not the same two values 
as the subscripts, 

(ii) + 1, when r, s and m, n are the same permutation of the 
same two numbers, 

(iii) — 1, when r 9 s and m } n are opposite permutations of the 
same two numbers. 

If we contract d* n *, and halve the result, we obtain the double 
system, 

<C = | <C» = } (<C\ + + (Cd • . . ( 16 ) 

When we put r = I in d r m , we get 

ft = !(« + «), 

and we see that S] n vanishes unless m = 1, in which case it 
equ'als + L The results are similar when we put r equal to 2 or 3. 
Hence d' m has the values 

(i) 0, if r and m are not equal, 

(ii) + 1, if r equals m. 

All these ^-systems are generally referred to as the Kronecker 
deltas. 


Examples. 


I. Prove that 


<51: = 3, 


<5?.1=3! 


2, Prove that 




fir Ht _ r » 
u ntm i u m n * 


3. Prove the formulae: 




fir * .Ann . 
n 11 


dJMl a mn P « a rMt - a ri » + tr ~ ** ri + * irt - «^ r * 

[To prove the second result, let r , s take the special values R, 8. 
We know that 8%%, vanishes except when m, n take the values R, 8, and 
we have 
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Consequently (remembering our agreement in § 2 as to capital indices), 

d BS n a mn = <5lf a BS + <5f J« SB = « BS - . 

which proves the result. The others follow similarly.] 

Determinants 

6. The determinant formed by a double system <. 

We shall now show how our notation may be employe! to 
develop the elements of the theory of determinants. The* deter¬ 
minant of the third order, whose elements are the double syshnn 
is written 

a\ a\ aij 

|<|e~ a\ a\ ajj.; . (17) 

a\ a>l ajj 

Here the upper index denotes the row and the lower index the 
column. If the determinant is expanded in full by columns, 
it reads, by the definition of the determinant, 

U± < 4^4 « 8 > 

h h k 

where i, /, h is a permutation of 1, 2, 3, and the plus or minus 
sign is given according as the permutation is oven or odd. Re¬ 
membering the properties of the e-systems, we therefore see 
that the determinant equals Z e m a[ a!; , that is, with our 


summation convention, 

I j'Tc ^2 ^3 * • * * * - • * (Id) 

If we expand the determinant by rows, we easily see that we 
have the similar formula 

K| =e^afaf af.(10) 

Let us examine 

e iik a\. a! a h .( 20 ) 


We shall first prove that this is completely skew-symmetric 
in r, s, t. The indices i, j, k are dummy indices and we 
have seen that the letter .denoting a dummy index is quite 
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immaterial. Consequently we do not alter the s um if we sub¬ 
stitute k for the dummy index i, and i for the dummy index k. 
Thus 


G ilk 4 a l 4 


~,k i % 
' G kU a r a x a t 


G ku «' 44 = 


• e i)k a t a[ a k r , 


since an interchange of two indices in e id]i changes the sign. 
Hence (20) changes sign if r and t are interchanged, and the same 
result holds for any other two of the indices r, s, t 9 which proves 
our statement. Moreover (20) takes the value | a r H | whexi r, s } t 
have the. particular values 1, 2, 3 respectively, and we conclude 
from the equations (13) that 


Similarly, 


<\jk a\ <4 a\‘ — | <C | e rst .( 21 ) 

e ijU a r l a“ l al^\al‘;\e rni .( 22 ) 


We have said that the upper indices denote the rows and 
the lower the columns. The equations (21) and (22) therefore 
show that an interchange of any two rows or columns changes 
the sign of the determinant but not its absolute value, and, in 
particular, if two rows or two columns are identical the deter¬ 
minant vanishes. 

As an example of the power of this notation we may prove the well- 
known theorem on the multiplication of two determinants. Let the ele¬ 
ments of the determinants be a? and Then 


<lx a; i = ki ««*&;& [b\ 

Hence if we put 

< - <n K n « hi + of b* + at bl, 

wo have 

I I x I | — 6mnp °i °a °fI c a I > 
and the formula for the product of two determinants is 


kix|6;i-k6?i 


(23) 


Examples. 


1. Provo that | dj | »» X. 

2 . If a* H b™ - then | a# | is the reoiproeal of |&J|. 

3 . If b$ is a double system such that b* m bf ~ show that 


4. Show that 

< 5 ( 7 * 


and 
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5, Work out the results corresponding to the above for determinants 
of the fourth order, by examining the case where the indices have the 
range of values 1, 2, 3, 4. 

[We find that the e-systems are now systems of the fourth order, 
and there are four types of Kronecker deltas.] 


7. The cofaetors of the elements in a determinant 


When the determinant (17), p. 10, is expanded in full it is 
obvious that any element such as a r . appears once in cacti of 
a certain number of terms of the expansion. The coefficient 
of a. in this expansion we call the cofactor of the element a!f in 
the determinant and we denote it by A],. Our object is to find 
an explicit expression for this cofactor. 

Let us consider the element a[. From (18), p. 10 9 the cofaotor 
of a[ is seen to be e r&i al a[, which can be written 


■h elike r, t a :< 


that is, 




^ = o 


»*> 


and a similar result holds for the cofactors A*, and A", Con¬ 
sequently we see that the cofactor of a'' is given by 

= ~ d&'ajal (24) 

• Having obtained expressions for the cofactors A\ wo aro 
now in a position to obtain the expansion of the determinant 
in terms of the elements of any one row or of any one column. 
Let us consider a"A‘ m . We have 


_ 1 siik in a t 

r A,n 2 ! ° .* " 1 k 


Jlk _ 
21 e 


2! 

_1 

2 ! 


J ik .. t 

® G mst 


d 


m 

rih' 


Hence, if we denote the determinant by A, 

n r A. m = A. 6 r .(25) 

This formula gives the expansion of the determinant in terms 
of the elements of the r«i col umn. The student will have no 
difficulty in proving the similar relation 
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a?> n AT = .(26) 


which is the expansion in terms of the elements of the % th row. 

These formulae can be written in a slightly different form, 
which will be found useful later. If A is not zero, let us put 

< 4-4 K 

that is, a* is the cofactor of a r . in A , divided by A. The for¬ 
mulae (25) and (20) now read 

(%/<)■> * == - dj> • .*».«* (27) 


Examples. 

1. TV> express the cofactors of the reciprocal determinant in terms of the 
dements of the original determinant . 

The reciprocal determinant of A is that whoso elements are A),. Lot A 
and A\ denote the reciprocal determinant of A and the cofactors of its 
elements. We wish to express these quantities in terms of A and the elements 
of A. We have, by the rule for tho multiplication of determinants, 

A A - | Ala.™ | - | A 4 1 = A* | 4 I - A 3 . 

Hence, if A =|= 1), 

A^AK 


Also, applying (25) to the reciprocal determinant, we obtain 

A 1 ; A\ » SI A. 

If we multiply this equation by a\ and sum s from 1 to 3, we got 


that is, 

Therefore, if A 4= 0, 

2. Provo that 


Al'd)A = a?] A, 
AffA =5 a]'A -- off A 2 * 
A; = Aa 7 f. 


e r ^A { r = e iik a s j a{ > and e ijk Ay = e rst a']al. 

3. Prove that 

d „\' a? a; = 4 4 - 4 «’ = 44* 4 • 

4. Show that 

A =•• ~ a 1 ;. 1 ,] a’- «* 4. 4" 4. = 3 J.. 




i - 

r * 


5. Prove that 
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8. Linear equations. 


A system of three linear equations can be written 
a\ x 1 + a\ x" + af t X s — ¥, 
a® x 1 + x 1 + ® 8 = , 

a.® a : 1 + a ;, 1 a : 9 + a:i a:® = fr :i . 

If we use our conventions regarding the indices these can he 
compressed into 


a‘ m ac™ — 7/ 


(28) 


We wish to find the solution of these equations. 

Let us suppose that A is not zero. Then if we multiply (28) 
by A], and sum r from 1 to 3, we shall have 


or 

But 


Adlx m = Alr .( 2 !)) 


and therefore, dividing (29) by A, 

Alb m 

A 


(30) 


It is easy to verify by direct substitution that (30) does satisfy the linear 
equations and we conclude that there is a unique solution, 

HA — 0, but all the cofactors of its elements are not zero, we see from 
(29) that the equations are inconsistent unless A* m b m ~~ 0. When tins 
relation is satisfied we have identically 

4« x*-~b r )^Q, 

which shows that the three equations (28) are linearly connected, Thun 
we have only to satisfy two of* the equations and the third is also sat isfied. 

A particularly interesting case of (28) is where b r « ~ 0, We then sou 
that the equations have the unique solution x r ™ 0 unless A is zero* 
Also, if A is zero, the equations are not independent and we can find 
non-zero values of x r to satisfy them. That is, A = 0 is the necessary and 
sufficient condition that the equations 

<u = 0 

should have a non-zero solution. 


Examples. 

1. If all the oofactors A* r are zero, show that a*, a* « a j r n\ and that 
the equations (28) are inconsistent unless b* a j r « b 1 4 « 

2. If the conditions of Ex. I are fulfilled, show that the three eq nations 
are only equivalent to one equation. 
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9. Corresponding formulae for the system a wn . 


We have developed the theory of determinants where the 
elements are of the form a H . Obviously the results are exactly 
the same if the elements are written a rs , both indices being 
subscripts. But if we are to arrange matters so that a dummy 
index will always appear once as a subscript and 'once as a super¬ 
script in each term, we shall require to modify our formulae 
a little. We shall only state the results and leave the student to 
prove the various formulae. 

Writing out the determinant in full, we have 


a ll a 12 a 13 i 

A S | a mn | | &21 a 22 a 23 \. .(31) 

&31 ^32 

so that the first index denotes the row and the second index the column. 
We have 

A = e^ k a il a if 2 a 7c3 = & ij7e .(32) 

and 




a ir a js a Ut = eijk a -> a °< (t 


W ™sj ™t7c • 


Ae„ 


(33) 


The cofactors of the elements are given by the formulae 




2! 


' js 


(34) 


where A ir is the cofactor of a iT in the determinant. Also the expansion 


of the determinant in terms of the elements of the rth column is 

a mr A ml => A& l r , .(35) 

whilst the expansion in terms of the elements of the rth row is 

a rm A iw = A <i‘ .(36) 

If A is not zero, let us put 

oc* r = A ir /A, 

so that oi ir is the cofactor of a ir in A , divided by A; Then 

dmi = a rm ^ ~ K .( 37 ) 


If the system a mn is symmetric we say that tho determinant is sym¬ 
metric and if a mn is skew-symmetric the determinant is skew-symmetric. 


Examples. 

1. If a mn is symmetric, show that A mn is also symmetric. 

2. If is skew-symmetric, show that in the third-order deter¬ 
minant A mn is symmetric and A is zero. 
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3. Prove 

e Tnin A ir — e ill: CLjm ttkm &rmn A TZ = e ^ 7 “ • 

4. Solve the equations a rm x m = 6 r , following the analogy of § 8, p. 14. 

5. Write down the formulae connected with the determinant formed 
by the double system a mn . 


10, Positive definite quadratic forms. The determinantal 
equation. 

The quadratic form a mn x m x n is said to be positive definite 
if it vanishes only for the values x r = 0 and is positive for all 
other real values of x r . 

If we are given two quadratic forms a mn x m x n and 
where a mn and b mn are two symmetric double systems, we have 
often to consider the symmetric determinant 

0 CZ>2i —* &21 ) &g2 ) 6^23 ^23 

® ^31 ^31 J ® ^32 ^32j 0 a 33 ^33 

This determinant we shall briefly denote by 1 0a mn — 

We wish to prove that if a mn x m x n is a positive definite quadratic 
form then the roots of the determinantal equation 

J 0 Cl<mn &win | D.(dH) 

are all real. 

Let us suppose that a + ip is a root of (38). Then (p. 14) there exist 
non-zero quantities l r + i/j, 7 such that 

[(*+ (A n + iU n ) *» 0. 


Equating real and imaginary parts we have 

Ka mn h n -~pa mn y n ~-b mn A»^0 > .(39) 

<*amn/* n i- pamnA n -~1>mnU n ^ Q .(40) 


If we multiply (40) by and (39) by fi m , and sum m from 1 to 8, wo 
obtain by subtraction 

P (“nnk" A n + ttmnU m U*) =* (K n - h m) P* «* 0 . 

ISTow k r 9 are not a ii zero and amn(cWx n ia positive definite. Hence 
and a mn u m u n cannot both be zero, and we conclude that 

P~ 0 , 

which proves that the root is real. We have therefore proved our theorem* 
If we multiply (39) by (40) by ju m , and sum m from 1 to 3, we 
get by addition 

a (a m n A*+ a mn fi m £ n ) = Kn X* k n + b mn p* ft*. 
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If we are also given that b mn x m x n is a positive definite form then the 
right-hand side of this equation is positive and we conclude that a is posi¬ 
tive. We have hence the following result: 

If a mn x m x n and b mn x m x n are both 'positive definite forms then the roots 
of the determinantal equation (38) are all real and positive. 

Example. 

If a mn x m x n is positive definite and b mn is skew-symmetric, prove 
that the roots of (38) are either zero or purely imaginary. Deduce that the 
skew-symmetric determinant of odd order is zero. 


EXAMPLES I. 

1. Prove that if a mn x m y n = 0 for arbitrary values of x r and y r , 
then a mn = 0. 

2. Prove the numerical relations: 


sH k 
u m n p 


3. Prove 


S 

u m n 


Skip _ sA)k shl shnp . 

u rnt u rxt u ?urt> u putp u rnt ' 

tit} W?-3l #*,. 




4, 4 
4 <5* , 


5 r . 1 1 
u m n p 


4n 4 4 
4)14 4 

1 4 4 


4. If a rB and b rs are both symmetric systems, such that 

a ra b tu a ru b at -f- a g fb ru a^ u b ra = 0, 

then a ra » hb Ts . 

5. If a mn x m x n = b mn x m x n for arbitrary values of x r , show that 

a tn n w ~ H” b nm \ 

hence, if a mn and b mn are symmetric, a mn «= b mn . 

6. If a mn is either symmetric or skew-symmetric and A — 0, show 
that x r can be chosen such that A mn a= k x m x n . 

Hence deduce that if A 11 , A 22 , A :i(t are all zero, then every A mn is zero. 
[The quantities x r are those which satisfy a mn x n *» 0.] 

7. If A = 0 show that the solutions of the equations a rm x m = 0 
satisfy 

(x 1 ) 2 : (x 2 ) 2 : (x 2 ) 2 = A 11 : A 22 : A 33 . 

8. If are quantities such that a rm a m — <5*, prove that is the 
cofactor of a rH in the determinant A, divided by A. 

[We have A r * a rm u* M = d* r A rp t that is, AafP A**]. 

9. Derivative of a determinant. If a J are all functions of the variables x r * 
show that 

(E 287) 


2 
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r dA = 
L dx r ~ 


d 4 . _ dd 

dx r ~ m dx r 

Zmnv fl 3 *3 + *•>«» a "‘~dtfr ““ ,/^r’ 




10. Let A mM = 0a m * - &» tt , where a mn and b m9 are two symmetric 
systems such that a nin x m x n is positive definite, and let H and H vl n denote 
the determinant \7i mn | and the cofactors of its elements. 

(i) Prove that a mn H mr H 11 * = HH' rs — H'Il r 3 , where dashes denot<* 
differentiations with respect to 6. 

(ii) Deduce that if 6 is a double root of H = 0, then it is a root of mill 
of the equations H rs = 0. 

11. Prove the following formulae connecting A, a mn , a mn : 


da rs 

da mn 

da r8 

d(logA) 

da rs 

cPA 

da mn da rs ' 
d 2 A 

doL mn doi rs ' 


• «= W ; 


■■ — a ms a rn , 


■■ A (oi mn a r8 — a W9 a rn ), 


: A (a ms a rn n&rs) m 


■ (t 7 n « Uf n 


d (log *4) 


12. If satisfies the relations, a r m a™ = d*, show that either 

A =» 1 and | a* — | = 0, or A = — 1 and | + d>* | — 0, 

[ i < ± d; \ a = i £* < ± s r m a \t i -1 dr ± < i - ± i «r ± % i ] • 

13. Functional Determinants . If y\ y 2 , if arc a set of functions of 

X 1 * X s , we denote by the junctional determinant , or 

Jacobian , of the s/’s with respect to the as’s, that is, 

dfa 1 * g/ g , y 3 ) 5» r 

d{x L ) a;®, a; 3 ) da; 8 

Prove that, if z\ z 2 , z 3 are functions of the y* s, then 
ds r ds r fly” dz r dy OT 
dy m da;” dy s IhF 

14. Prove that 

JL)\ 0f r J^L d *y m $ xn 

dx r 1 ® da; dx r dx n Oy™ * 

?(?*> ^ y*) I j 

d(a: r , a;*, a*) | da; n I 


15. Prove that 
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16. Bordered Determinants. The determinant A is said to be bordered 
when an additional row and column are added. For example, such a 
determinant is 

a n Cl 12 u i 

a 21 ft '2 2 ft28 W <2 ft«i n W‘m 

V v 10 

Prove that 

Umn Um = Aio-A m <‘u m v„. 
v n w 

17. If A mn is the eofactor of a mn in the determinant | a mn |, prove that 

m n @qr s === ^ (ft'7» r ft'n 3 ft m «^»r) * 

18. If a wn , b m7l are two double systems, show that | A m,t b m r b n8 1 
= A^B* and show that the cofactors of the elements in | A™ 11 b m ,, b n8 j 
arc Aa mn £ wr B n 8 . 


CHAPTER II 
Tensor Analysis 


1. Linear transformations. 

Let us suppose that the variables, x 1 , x 2 , $ 3 , are trans¬ 
formed into a new set of variables, x 1 , x 2 , x‘ 3 } by the linear 
transformation 

x 1 = c\ x* + > 

xr = c\ x 1 + Cg x 1 + cl a? 8 , 
x 5i = c x l x 1 + c;] x 2 + c:* , 

where the c's are constants. Making use of our conventions 
about the indices, these equations are compressed into the 
single formula 

x r = ., . (1) 


We assume that c = | c r H |, the determinant of the transforma¬ 
tion, is not zero. Let y H r be the eofactor of d' s in the de¬ 
terminant c, divided by c. Then 


m r jn or 

= tv 1 * = <3 *> 


. ( 2 ) 


and we can solve equations (1) for the * J s, giving 


OC — Yrnffi ? 


( 3 ) 


which shows that the given transformation is reversible. 
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Again, if c’ = d [, we have 

x r ~ x r , 


which is the identical transformation. 

If we transform first from the variables x r to x r , according 
to equations (1), and then from x r to x r , according to the equa¬ 
tions 

rw/#*, 

we see that the transformation from the original variables x r 
to x r is given by 


where 


This transformation is consequently also of the linear form, 
A series of transformations is said to form a group if it natisfioH tin* 
following conditions: (i) if the transformations from x T to u; r and from x r 
to I r are of the series, then the transformation from x r to y. ,r is also of 
the series; (ii) the series contains the identical and the reversible trans¬ 
formations. 

Hence we see that the system of linear transformations forms a group. 


1. Show that 

2. Prove that 


Examples. 

K ,r l==KH*K| 


2. Invariants, contravariant and covariant vectors. 

We now ask the question: — Given systems of different 
orders as defined in the previous chapter, how can these systems 
transform when the variables are transformed by a linear trans¬ 
formation'? 

This question leads us to the definition of a tensor- A tensor 
is a system of numbers or functions of the type considered in the 
last chapter , whose components obey a certain law of transformation 
when the variables undergo a linear transformation (1). Con¬ 
sequently there will be tensors of order jsero, one, two, three, 
and so on, just as there are systems of these orders. 

Let us first consider a system of order zero, that is, a single 
number or function. If this quantity has the same value in the 
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new variables x r as it lias in the old variables x T , it is called 
a scalar, or an invariant , or a tensor of order zero. Hence the 
quantity a is an invariant if 

a = a, .(4) 

where a is the value of the quantity in the new variables. 

Next let us consider systems of order one. Now a simple 
case of a system of the first order is the system of variables 
itself, namely x r . The components of this system become x r 
after the transformation, where 

y = c[ x H . 

Hence this, gives one way in which a system of the first order 
may transform. Any such system, whose components transform 
in this way, is called a contravariant tensor of order one or, alter¬ 
natively, a contravariant.vector. Thus a r is a contravariant vector 
if its transformed components, d r , are given by the equations 

a r = o:a% .(5) 


when the variables undergo the linear transformation (1). 

There is another way in which the components of a 1-system 
may transform. We have seen that the coefficients of a linear 
form in the x 3 s also form a system of order one. Thus the coeffi¬ 
cients of the linear form a m x m are the components of a system a r . 
Let us now suppose that the a 3 s transform in such a way that 
the linear form a m x m remains invariant under the transformation 
of variables. If we denote by li r the new components of the system 
a r after the transformation, we have 


since the linear form is an invariant. It follows, from (3), that 


Since a dummy index may be denoted by any letter, these 
equations can be written in the form 


-o. 

If these relations are to be true for all values of the variables i r , 
we must have 

d r —— y r ci m * • **••*•• ( 6 ) 
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This is obviously a different transformation law from (5), and 
a system of the first order, whose components transform in this 
way, is called a eovariant tensor of order one or a covariant vector. 

We have thus two types of tensors of the first order, and wo 
distinguish these types by the position of the index. If the tensor 
is contravariant we use a superscript as index, and if it is (in¬ 
variant we use a subscript as index. In other words, an upper 
index denotes contravariance , and a lower index covariance . 


Examples. 


1. Show that 


dx r 

a 1 = j a' 


[< 


dar* 
dx r 
= Js?' 


Ox** 


y s -■ 


dx r "! 


2. Prove the formulae: 


3. If <p is an invariant function of the variables x r , show that the* 
system ~~ is a covariant vector. 

4. Show that the differentials, dx r , of the variables form a contra- 
variant vector. 


3. Tensors of any order. 

Our next step is to examine systems of orders higher than 
one, and to inquire how these may be conveniently transformed. 

Let us consider a double system. A simple case of a double 
system is given by the product of two vectors or system is of 
the first order, and such a product may be of three different 
types: (i) the product of two contravariant vectors, (ii) the pro¬ 
duct of two covariant vectors, (iii) the product of a contra¬ 
variant and a covariant vector. 

(i) Thus ( a r b s ) is a double system, which is the product of 
two contravariant vectors a r , b r . The components of this double 
system in the new variables are given by 

(«"&■) = (<«'W“) = C m c:(a'"V‘). 

Hence a double system, a n , may transform according to the 
equations 
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A system, whose components transform in this way, is called a 
contravariant double tensor , and it is distinguished by both 
indices being superscripts. 

(ii) Again, (a r b 8 ) is a double system, which is the product 
of two covariant vectors a r , b r . Its new components after the 
transformation are 

(«A) = (y>J = 

Consequently a double system, a rsi may transform according to- 
the equations 

—- /yyi u . 

Mrs 7r 7# flmn 5 • •••••* ( cSS) ) 

and a system, transforming in this way, is called a covariant 
double tensor. It is distinguished by both indices being subscripts. 

(iii) Lastly, ( a r b 8 ) is a double system formed by the multi¬ 
plication of a contravariant vector, a r } and a covariant vector, 
b r . The transformation of this system is in accordance with the 
equations 

(« r y = (CO(r:u = o; J ;( fl - , 'y. 

Hence a double system, a* , can transform according to the law 

~~r r 71 7U aw 

('7tl 7S (X J fl • . . . '.(<)) 

Such a double system is called a mixed double tensor and is 
distinguished by one upper and one lower index. 

It will be an easy matter for the student to generalise our definitions 
to include tensors of any order. As an example, lot us consider a triple 
tensor or tensor of the third order. Obviously one such system is obtained 
by multiplying together three vectors. As a type, let us take the triple 
system (a r b 8 c t ), obtained by multiplying together a contravariant vector, 
a T } and two covariant vectors, b r) c r . Its transformation law is 

(a%c t ) = (o r m a"‘) Mb,,) (yf o„) = *y* yf (a’"b n c p ). 

Therefore a triple system, a 8t , may transform according to the equations 

.(10) 

Any triple system, a 8i , whose components transform in this way, is called 
a mixed triple tensor , contravariant with respect to the upper index and 
co variant with respect to both lower indices. 

As a mnemonic to remember the laws of transformation of tensors 
we have the following: 

(i) The typical contravariant vector is x r , and all contravariant 
vectors transform in the same way as x T . 
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(ii) The typical covariant vector is 0., where q> m an invariant 

function of the variables and all covariant vectors transform like this, 

(iii) The typical tensor of any order is a product of vectors formed 
as follows:—for every contravariant (or upper) index we. have a eonlra- 
variant vector as a factor of the product) and foi eveiy cowmant (or 
lower) index we have a covariant vector as a factor. 

We notice that each component of a tensor in the now 
variables is a linear combination of the component# in the old 
variables. Consequently, if all the components of a tensor are 
zero in the original system of variables, they are also all zero 
in the new variables. This is the most important property 
possessed by tensors. 

Another fact to be noted is the arbUrarinm of tensors, We 
may take as the components of a tensor in one set of variables 
any set of quantities of the requisite number ami define their 
components in any other system of variables by the linear 
equations expressing the law of transformation for that par¬ 
ticular tensor. Thus, if we wish to obtain a triple tensor eon* 
travariant in one index and covariant in the other two, wo 
can take any set of 3 8 quantities a[ t as the components of the 
tensor in the variables x r } and the components a[ t in the vari¬ 
ables af will then be given by the equations (10). 

Examples, 

1. Write down the transformation laws for the different types of 
tensors of the fourth order. 

2. Show that is a double covariant tensor, tp being a function 

of the aTs. 

3. If we have an equation of the form a r ni = V H c t between the tensors 

K> c r> in one system of variables, show that the same relations 

between the components hold in every system of variables. 

4. Show that dj, d™*, are tensors, that is, the Kromcfar delta# 
are tensors . 

[These results follow from equations (2), p. 19.] 

5. If a tensor has its components in ono system of variables symmetric 
(or skew-symmetric), show that its components in every other system of 
variables are also symmetric (or skew-symmetric). Such a tensor is called 
symmetric (or skew-symmetric ), 

4. Addition, multiplication and contraption of tensors. 

We have seen in the last chapter that the addition of the 
corresponding components of two systems of the same order 
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and type gives another system of that order and type. Thus, 
if we have the two triple systems, a[ t and b[ t , then 


-< t + K t 


(ii) 


defines another system, called the sum of the original two. We 
shall now show that, if a!' Ht and b[ t are triple tensors, so also 
is c' r For the components in the new system of variables are 
given by 


% = 


c m y'l y’t a l‘ P + c m vl yf K P 


which proves our statement. Thus the operation of addition 
applied to two tensors gives another tensor of the same order 
and type. Subtraction is of course included as a particular case 
of addition. It follows immediately from these results that the 
equations 


form a tensor equation , that is, if they are true in one system of 
variables, they are true in all systems; for these equations 
merely state that the tensor {a[ — b[) has all its components 
zero in one system of variables and therefore in all others. 

We have also found that, when we multiply each component 
of one system by every component of another system, we obtain 
a system whose order is equal to the sum of the orders of the 
two given systems. Thus if ,a[ t is a 3-system and b* is a 2-system, 
then o pr ti , defined by the equations 

«. (12) 

is a 5-system, which is called the product of the two original 
systems. We leave it as an exercise to the student to prove that, 
if a# t and bf 2 are tensors of the types indicated by their indices, 
then c\lt is a 5-tensor with its indices in the correct positions 
as subscripts and superscripts. Hence the process of multi¬ 
plication applied to tensors produces other tensors. It is to be 
noted that in the operations of addition and multiplication a 
subscript remains a subscript and a superscript remains a super¬ 
script. 

Finally there is the operation of contraction to be considered, 
and we shall see that it also produces tensors when it is performed 
on tensors. Let us take a mixed tensor, say of the third order for 
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simplicity, and let us denote it by a[ t . If we make the indices r 
and t the same, so that the system becomes al' r , and if wc remem¬ 
ber that the dummy index r is to be summed from 1 to 3, we 
see that the new system has its order reduced by two — by 
one covariant and. one contravariant index. We shall show 
that the contracted system is also a tensor. Denoting, as usual, 
the transformed components of the systems by barred letters, 
we have 

—r J' n p m ' 

a,t = CmY* Vt a np- 
When we contract r and t, this gives us 

—i* r n p m c p ^ it jm m ,n 

tyr yr ®*np ®ni X? ^np X,v ^tip> 4 

which shows that b s = a r sr is a covariant vector.' 

We therefore see that the three elementary operations of addition, 
multiplication and contraction are all tensor operations, and any com¬ 
bination of these operations on given tensors will obviously product' now 
tensors. Hence we can often recognise the tensorial character of a system 
by observing that it is formed by 7 a combination of those operations on 
known tensors. For example, if a mn and b mn are two tensors, then a mn b mn 
is an invariant, for it is formed by multiplying the two tensors together 
and then contracting both pairs of indices. 


Examples. 

1. Show that a r st bf is a tensor of the third order. 

% Show that the equations, {a r st + b* t ) x t = form a tensorial set 
of equations. 


5. The quotient law of tensors. 

Let us suppose that we are given a set of equations of the 
form 

A: t B'‘ = cr, 

connecting the systems A', B s \ C r . If we know that A r tt and B“‘ 
are tensors of the types indicated by their indices, wo can im¬ 
mediately deduce that C r is a tensor of the typo indicated, 
since it is obtained by multiplying the other two systems together 
and contracting. Now it is of the greatest importance to be able 
to recognise tensors by the converse method; that is, if we 
know that C r and B si are tensors, can we deduce that A‘‘ 
is a tensor? 1,1 
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In this connection we have the following result, which we 
are stating in a simple form hut which can obviously be general¬ 
ised to apply to systems of any order: 

If we are given the relation 

A(r } s, t) B st = 0 r ,.(13) 

where C r is known to he a tensor and B st is an arbitrary tensor , 
then A (r> s } t) is a tensor and is to be represented by A* t . 

To prove this theorem, let us give the variables x r the linear trans¬ 
formation ( 1 ), p. 19, to the variables x r , and let barred letters refer to the 
new set of variables. We have 

A(r, a, t) B‘* - G r = cj 4 G m = c r m A(m, n> p) B nv , 

and 

B np y” yf B' u . 

Therefore 

[A(r, s, t) — y” yf A(m, n, 33 )] B Ht = 0.(14) 

But B 81 is a perfectly arbitrary tensor and hence so also is B 8 K Consequently 
all the coefficients of B st in (14) must be zero, that is, 

A(r, s, A(m, n, p), 

which shows that A {r, sj.) is a triple tensor and is correctly represented 
by A r xt . 

It is important to notice that the tensor must be com¬ 
pletely arbitrary, and must not be restricted to be either sym¬ 
metric or skew-symmetric. What is essential is that we shall 
be able to give an arbitrary value to any one component and 
make all the others zero. 

’ There is a particular case of our quotient theorem which, is 
of some importance. Let us suppose that x r , y r , z r are three 
arbitrary vectors, of which the first two are contravariant and 
the last covariant. If we know that A[ t x H y t z r is an invariant, 
our quotient theorem states that A r At is a triple tensor, 
that is, the coefficients of a multilinear form in the variables x r } 
y r , z r form a tensor. This result is sometimes taken as a definition 
of tensors, and it is easy to deduce from this definition the laws 
of transformation of tensors under a linear transformation of 
variables. 

Examples. 

L If wo aro given the relation (13), where B 81 is an arbitrary symmetric 
tensor, prove that [A (; r, s, t) + A (r, t , £)} is a tensor. Hence deduce that, 
if A (r, s, t) is symmetrical in the indices s, t, then A (r, s, t) is a tensor. 
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2 . If we are given the relation (13), where B Bt is an arbitrary shew- 
symmetric tensor, prove that {A (r 9 s , t ) — A{r, t 9 s)} is a tensor, and, 
if A (r, s, t) is skew-symmetrical in s, t f then A (r, s, t) is a tensor. 

3 . If a mn x m x n is an invariant, and a mn is symmetric, show that 
a mn is a tensor. 

4 . From the results of Ex. 3, p. 9, deduce that the Kroncckor deltas 
are all tensors. 

5 . If a mn is a tensor, show that a ww , the cofactor of a mn in \a mn \ 

divided by is also a tensor. 

[Let h r be an arbitrary vector, then h 8 = a sr h r is also an arbitrary 
vector. Now u at k a = h\ and the quotient law applies.] 


6. Relative or weighted tensors. 

We shall now extend the definition of a tensor, and we shall 
call the new tensors relative or weighted tensors to distinguish, 
them from the type of tensor we have been considering up to the 
present. 

Thus far a set of quantities, a r Ht9 is said to be a tensor if it 
transforms according to the equations 


Here the equations of transformation from the variables x r to 
the variables x r - are 

.(1C) 

and the determinant of this transformation, 

v = I y\ I ..(i7) 

is not zero. 

We extend the term tensor to a system of the type, a* t , 
which transforms in accordance with the equations 

= (r) M y” yf , .... (18) 

where (y) M means the determinant y raised to the power M. 
The equations (18) differ from (15) only in the factor (y) M on 
the right-hand side. In fact the equations (15) are only a parti¬ 
cular ease of the equations (18), namely, where M — 0, so that our 
new definition of tensor includes the old. The set of quantities, 
which satisfy equations (18), we call a relative tensor and wo 
define its weight as M. The tensors we have been discussing 
previously are all of weight zero, and are referred to as absolute 
tensors when we wish to distinguish them. We shall usually 
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understand by the word tensor an absolute tensor unless the 
contrary is explicitly stated. Relative tensors of orders one and 
zero are called respectively relative vectors and relative invariants , 
just as for absolute tensors. 

It is important to note that, if we know an invariant of weight 
one, we can immediately turn any relative tensor into an 
absolute tensor. For let us suppose that the quantity K is an 
invariant of weight one, and that a[ t is a tensor of weight M. 
The transformed quantity K is given by 

K = yK, 

and therefore 

RM ^( y )M K M s 

where we have raised each side to the M th power. In other 
words K M is an invariant of weight M. Also 

«;»- (r) M c; u y:rtax P . 

Consequently 

(K- M a',) = <4 y *yf {K ~ M <„), 

that is, (K M al t ) * s an absolute tensor. In the sequel we shall 
transform relative .tensors into absolute tensors in this way 
wherever it is possible, and consequently we shall be dealing 
almost always with absolute tensors. 

We leave the student to verify the following properties of relative 
tensors, which, are analogous to those possessed by absolute tensors: 

(i) Addition. If we add together the corresponding components of 
two relative tensors of the same order and of the same weight M, we obtain 
a tensor of weight M , which is called the sum of the two original tensors. 

(ii) Multiplication. If we multiply each component of a relative tensor 
of weight iff and order m by every component of a relative tensor of weight 
N and order n , we obtain a tensor of weight M -f- N and order m -j- n , 
which is called the product of the two original tensors. 

(iii) Contraction. The operation of contracting an upper and a lower 
index results in a relative tensor of the same weight as that of the original 
tensor but with the order diminished by two. 

(iv) The quotient law. If we are given the relation 

A(r, s, t) = C% 

where C r is known to bo a relative tensor of weight M and is an arbi¬ 
trary relative tensor of weight N, then A (r, s } t) is a relative tensor of weight 
M — N, representable by A% t . The proofs of these results are exactly the 
same as those already given for absolute tensors, the only modification 
required being the introduction of the additional factor in the laws of 
--formation. 





30 


ABSOLUTE DIFFERENTIAL CALCULUS [CHAP. 


Examples. 

I. Prove that e rst and e TSt are relative tensors of weights —1 and 1 re- 
spectivdy. 

From tlie formulae (21) and (22), p. 11, we have 


and 

y $ t “ n p y>' y» yt > 

We know that c = l/y, and hence these equations can be written 


e>- a < = (y) 1 ?r‘yl l y? e m np> 
e-’‘ = ye' m c* i c t 1> e mn ^ 

Now the e-systems have exactly the same components in every system 
of variables, namely, 0,1, —1 according to the arrangement of the indices. 
Therefore the e-systems in the set of variables x r will still be denoted by 
grande™ 4 . Consequentlythese last two equations give the laws by whic h 
the e-systems transform, and we see immediately that a rHt is a triple 
eovariant tensor of weight —1 and e rst is a triple eonfravariant tensor of 
weight 1. 

2. Deduce from Ex. 1. that the Kronecker deltas arc absolute tensors, 

3. If all the components of a relative tensor vanish in one system of 
variables, show that they vanish in every other system. 

* 4. If all the components of two relative tensors of the same order and 
weight are equal in one system of variables, show that they are equal in 
every system. 

[Two tensors whose components are oqual in any system of variables 
are said to be equal,] 

5. If a r st is a tensor depending on a variable parameter i, show that the 
derivative of the tensor with respect to Us a tensor of the same order 
and weight. 

[This result is proved by differentiating the equations which give 
the laws of transformation of tensors, and is due to the fact that the a m 
are constants.] H 

6. If a\ t is a tensor, whose components are functions of the variables 

da* r 

x T , show that the partial derivatives ~~ form a tensor whoso order 
is increased by one eovariant index, 

[This result is also due to the fact that the c” 4 are constants,] 

7. If a£ t is a relative tensor of weight M, show that 


zr st^c M y r m c':cj 




7. General functional transformations. 

Up to the present we have considered only linear trans¬ 
formations of variables, and we have defined tensors of different 
orders with respect to such transformations. We shall now 
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consider more general transformations of our variables, and 
inquire if we can extend our definitions of tensors to include 
these new transformations. 

Let us suppose that the transformation from the variables 
x r to x r is the general functional one, that is, the#’’ are arbitrary 
functions of the x r . The formulae of transformation will be there¬ 
fore of the form 

x r = f r (pc 1 , oc 2 , or?), ...... (19) 

where / 1 , / 2 , f are three arbitrary functions of the x y s. We shall 
assume that the functions we deal with possess derivatives 
up to any order required, and also that the transformation (19) 
is reversible. Hence we have the inverse transformation 

x r « g r (pc 1 , x 2 , X s ) .(20) 

The necessary and sufficient condition that the transformation 
may be reversible is that the functional determinant, 


should not be zero. This determinant is often referred to briefly 
as the determinant of the transformation. We note that the linear 
transformation (1), p. 19, is only a particular case of the functional 
transformation (19), namely, the case where the functions on 
the right-hand side of (19) are linear homogeneous functions 
of x r . 

If we take the differentials of (19) and (20), we obtain 


dx r =» 


dx r 
d x 8 


dx 8 


( 22 ) 


7 d x r 7 _ 
dx r = TT-r ~dx 8 . 
a x s 


If we write 


dx r r _dx r 
” dx*’ Va ~ dx” • • ’ • 
we see that equations (22) and (23) become 

dx r = c[ dx\ dx r ^y r Jx\ 


(23) 

(24) 


In other words, the transformation of the differentials is a linear 
one , similar to (1) and (3), p. 19. The essential difference is that 
now the c s and y *s are not in general constants but are functions 
of x r f and hence of x r also. 
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Examples. 


1. 

2 . 

3. 


Show that the 
Prove that 


system of transformations (19) forms a group. 

dx r dx m v dx r dx m 
dx* dx s ° a ~ dx m dx 8 ' 


Show that 


dx r __ .. dx r 
dx* ~ 


4. Show that we have the general linear transformation of variables 
dx 7 ' 

if we take the quantities to be constants. 


8. Tensors with respect to the general functional transformation. 

We shall next define tensors with respect to the system of 
functional transformations. If we are given a system of functions 
of a certain order, we say that it forms a tensor with respect to the 
transformation (19) token it is a tensor with respect to the linear 
transformation (22), (23) between the differentials of the old and 
new variables . 

Thus a system a[ t is a tensor of weight M for the general 
transformation when its components a'f t in the new variables 
satisfy the relations* 


dx* M dx r d x n d x? m 
dx j | d x 171 d x s d x* a * lp 1 


(25) 


for all values of the variables. As before, tensors of orders one 
and zero are called respectively vectors and invariants, and ten¬ 
sors of weight zero are referred to as absolute tensors. 

Since linear transformations are only particular cases of 
functional transformations, we see that all systems which are 
tensors with respect to functional transformations are also tensors 
with respect to linear transformations. But the converse is not 
true, for there exist systems which are tensors with respect to 
linear transformations and are not tensors with respect to func¬ 
tional transformations. For example, the variables themselves 
are vectors under a linear change but are not vectors under the 
change (19). 


* It may be noted as a useful mnemonic that the free indices r , s, t 
on the right of (25) are attached to tlic barred letters. 
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From the nature of the formulae (25), which give the de¬ 
finition of a tensor, we see that all processes or operations 
that are purely algebraic in character apply equally to tensors 
of the general transformation and tensors of the linear transfor¬ 
mation. Consequently all the important results regarding addi¬ 
tion, multiplication, contraction and the quotient law of tensors 
can be taken over without alteration to apply to the more 
general type of tensor. 

We shall mostly confine our attention to absolute tensors, 
and it will be understood that the tensor is an absolute one unless 
the contrary is explicitly stated. The law of transformation 
for the absolute tensor a H is 


_ r _ d x r d x n d x p m 

~ die 57 ~dW JW a,,p ' 


. . . (2G) 


The student will easily verify the following: 

(i) The typical contravariant vector is dx r . 

(ii) The typical covariant vector is whore cp is an absolute in¬ 


variant. 

(iii) The typical tensor of any order is formed by multiplying together 
the requisite, number of covariant and contravariant vectors, as described 
in § 3, p. 22. 

We must remark that if a 7 Ht is a tensor function of the variables, then 
its derivatives with respect to x T do not form a tensor. The result which 
we found (p. 30) to be true for tensors of the linear transformation holds 

0 

no longer, since the quantities rpu are not now constants but are func- 

0 X 

tions of the variables. Indeed, if we differentiate (26), we find 


da^ t d x r dx n dx v dx q dcfilp dx r dx n d 2 3 x p m 
~§i u ~ dx" 1 dx* dx‘ ~dW~d^ + TsT ~dW dWdW 

fljT d*x n dx^ d*x r 0x^_ df djf „ 

+ "dx" 1 dx‘dx u dx* + dx"' dx'* 'dx* d¥ 1)x“ ’ 


which shows that the derivatives do not satisfy the law of tensor trans¬ 
formation. This problem qf forming tensors by differentiation we postpone 
to Part III (p. 146). 


Examples. 

1. Write down the transformations for tensors of rank one, two, three, 
giving the different types of each order. 

2. If cp is an absolute invariant, show that 4-^- is a covariant vector. 

dx r 

3. If a mn is symmetric and a mn dx m dx n is an invariant, show that 
a m n is a covariant tensor. 

E (287) 


3 
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EXAMPLES II. 

1. If a* is an absolute tensor, show that | < | is an absolute invariant. 

t| % | = | < 4 rX | = 141 • | y;a-1 = 141 • I y? I ■ I < I = I < 10 

2. If dfnn is an absolute eovariant tensor, show that |tf wn | an i J1 " 
variant of weight 2. 

3. If a mn is an absolute contravariant tensor, show that \a mn | is an 
invariant of weight — 2. 

4. If Ajij, Af 2) , A[ 3) , are three absolute contravariant vectors, show 
that | AJij | is an invariant of weight — 1. 

[When we are dealing with several tensors we may distinguish one 
tensor from another by an index, which we enclose in brackets to show 
that it does not denote tensorial character.] 

5. If Aj, x> , Aj, 2) , Xf\ are three absolute covariant vectors, show that 
j Xp | is an invariant of weight 1. 

6. Deduce from Exs.4 and 5 that e r „ t and e r8t arc relative tensors of 
weights —1 and 1 respectively (cf. p. 30). 

[| I = e rit Af u A? 2 4,, and | ^ | = e”' A<» Aj»>.] 

7. If a mn is an absolute tensor such that | tt mn | « A is positive and 
not zero, prove that the two systems 

fAe tst , 

are absolute tensors. 

8. Prove that the cofactors of the determinant | a r H | arc absolutes tensors, 
where a r s is an absolute tensor. 

9. If < is the cofactor of a* r in | a* |, divided by \a*\ 9 prove that aj is 
an absolute tensor. 

10. Show that the cofactors of the determinant | a mn | arc all relative 
tensors of weight 2, where a mn is an absolute covariant tensor, 

11. If A = | a mn | and oc mn is the cofactor of a mn in A , divided by A, 
prove that a wn is an absolute contravariant tensor. 

12. If Xp is the cofactor of X r {i) in the determinant of Ex, 4, divided 
by the determinant, prove that X\P , A«>, X\P are three absolute eovariant 
vectors. 

13. I£\a mn -6g mn \ vanishes for a value Q 0 of 0 in one set of variables, 
where a mn , g mn are absolute tensors, show that | a mn — Oli mn | in the now- 
variables also vanishes f or 6 = 0 O . In other words the roots of | a mn — 0 g m n I 
are invariants. 

U. If all the cofactors of the elements of | a mn | vanish in one set of 
variables then they all vanish in every other set of variables. 

15. If v> - a mn *» «», prove that j-f-- =a m „ + a n , Henoo 

deduce that if <p is an invariant then (a wn + a nm ) is a covariant tensor 
under linear transformations. 
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PART II 
Algebraic Geometry 


CHAPTER III 
Rectilinear Coordinates 

1. Coordinates and tensors. 

If we take three orthogonal planes intersecting at a point 0, 
we know that the position of any point P in space is uniquely 
determined by the three perpendi¬ 
culars from P on these planes, each 
with its proper sign. Let OY 2 Y^ 

OY z Y 1 and OY t Y 2 be the three 
planes, and let the three perpendi¬ 
culars be (y 1 , y 2 , y*). These perpendi¬ 
culars are called the coordinates of 
the point P relative to a Cartesian 
orthogonal system of axes, the three i 

planes are the coordinate planes, the y 
three straight lines 0Y X , 0Y 2 , OYg 
are the coordinate axes, and 0 is the / Yl 
origin of coordinates. 

Let us now make a general linear transformation to new 
variables (a? 1 , a? 2 , a? 3 ), according to the equations 

% x = a* y 1 + of y 2 + a* if , 
x* = a* y 1 + ocl y* + o4 if , 

= a 3 + oc 3 + <4 f • 

Remembering our conventions as to indices, these equations 
may be written more briefly 

.( 1 ) 

36 
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We ass um e that the determinant |«’'J is not zero, and conse¬ 
quently we can solve (1) for the i/s in terms of the x’s, giving' 

/=<’V.(2) 

We conclude that to every point in space there corresponds a 
unique set of values of x T and, conversely, to each set of values 
of x r there corresponds a unique point of space. The variables 
x T can therefore be looked upon as the coordinates of a point 
in space. All such coordinates, which are obtained by a, linear 
transformation of the i/s, we shall call rectilinear coordinates. 

It is a well-known result that the equation of a. plane through the 
origin in orthogonal Cartesian coordinates is a linear equation of the form 

a m ^==0 .(;i) 

Consequently we see that x 1 = 0, a 2 = 0 and = 0 are the equations 
of three planes through 0. These planes we shall call the coordinate plants 
of the system x r . Also if we take the intersections of these planes in pairs 
we get three straight lines through 0, which wo call the coordinate axes 
of the system. Obviously the equations of the three coordinate axes are the 
three pairs of equations 

x 2 — 0 x 8 = 0 0 

x 8 = 0 ’ x 1 — 0 x 2 w 0 . 

We shall denote these axes by 0X t * OX a? 0X% respectively. Lastly we call 
the origin of the system the point whose coordinates are a ? 1 -■ - 0, ;r 2 - 0, 
ic 3 = 0, and we see from (2) that the origin of the system x r is the* same as 
that of the Cartesian system. In other words, the origin is unchanged 
by the transformation (1). 

If we have two systems of rectilinear coordinates x r and \rd\ 
it is obvious from the relations (1) and (2) that these two sets 
of variables are connected by a linear relation 

* = . (4y 

where the c's are constants; and that this can be solved for x f 
in terms of x r , namely 

= .(B) 

Thus the change from one set of rectilinear coordinates to another 
is equivalent to a linear transformation of variables. We can 
therefore define tensors, vectors and invariants with respect to a 
transformation of rectilinear coordinates . For example, A r t is 
a triple tensor if its components in the new system of coordinates 
satisfy the equations 


4 = < v'.tiK* 
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Example. 

Show that the fundamental Cartesian system y T is one of the set of 
rectilinear coordinate systems. 


2. Contravariant vectors and displacements. 

We have seen that with respect to a linear transformation 
of variables the variables x r themselves form a contravariant 
vector. In other words, the coordinates of any point are the com¬ 
ponents of a contravariant vector. We shall now show that the 
converse is also true, that is, to every contravariant vector there 
corresponds a point whose coordinates in any coordinate system 
are the components of the vector in that system. Let a r be a 
given contravariant vector and let A be the point whose co¬ 
ordinates are a 1 , a 2 , a 3 in any one system of coordinates. If 
x r are the coordinates of A, then 


x r = a r 


is a vector equation which is true in one coordinate system. It is 
therefore true in every coordinate system, and our result is 
proved. Instead of fixing attention on the point A, we may 
speak of the displacement OA , and we have the following geo¬ 
metrical interpretation of contravariant vectors: to every contra- 
variant vector there corresponds a displacement OA from the origin . 


Let us interpret geometrically the 
addition of two contravariant vectors a r 
and b r . Corresponding to these vectors we 
have two displacements OA and OB. If we 
complete the parallelogram of which OA 
and OB are the adjacent sides, we obtain O 
the diagonal OP. If we let x r be the co¬ 
ordinates of P, it is a simple theorem on projections to prove that 
when the axes are orthogonal Cartesian 



x r — a r -j- b r . 


Hence this is a vector equation which is true in the fundamental Cartesian 
system of § 1. Consequently it is true in every rectilinear coordinate 
system, and we see that the point of coordinates (a r + b r ) is that which 
is given by the vectorial addition of the two displacements OA and OB, 
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If we care given three displacements OA, 
OB, 00, we may complete the parallelepiped 
whose edges are these displacements and thus 
obtain the diagonal OP. If the displacements 
are represented by tin* three vectors a r . b’\ e\ 
we see that OQ represents the vendor ( a r |- h r ) 
and hence OP represents the sum (tt r *| b r • <*, r ). 

Conversely, if we resolve OP into the three 
displacements OA, OB and 0(\ we see that 
the coordinates of P arc (a f H b r -{ ■ n r ). 


Examples. 


1. Show that the point P whose coordinates art* ka r , where k is a 
constant, lies on the line OA and. that k = OPjOA. 

\Jc is an invariant and lias the value OP/OA in the fundamental Car¬ 
tesian system.] 

2. If we draw from the point flsJJ a line equal and parallel to OA , show 

that the resulting point has for its coordinates a r ). 

3. Prove that equal and 'parallel displacements are represented by the 
same contravariant vector. 


4. A , B, G are three given points. If we take three points 7,. M, N 
on the lines OA, OB, 00 at distances a- OA, ft'OB, y-OP reHpeeiively 
from O , show that the point obtained by compounding the displacements 
OL, OM, ON vectorially has the coordinates (aa f -}~ // b r \ ye r ). 

^ I T n gJ' 

5. Show that the point —lies on the lint' joining the points 
and x%, dividing them in the ratio pfl. 


3. The unit points and the geometrical interpretation of rectl~ 
linear coordinates. 

There are three points which are of special interest in the rectilinear 
system x r . These are the points whose coordinates are (1,0, 0), ((>, 1, ()) 
and (0, 0, I). We shall call thorn the unit points of the coordinate system 
and we shall denote them by E l9 E z , ^respectively. If we write the coordi¬ 
nates of the unit point E$ as g\d, we see that in every coordinate? system 

e (/) = .( 0 ) 

where <3f equals zero if r =f= i, and equals unity if r ^ %. 

Here we enclose the index i in brackets to show that it does not denote 
tensorial character but merely indicates the particular unit point we are 
dealing with. We notice that the unit points are three points lying one in 
each of the coordinate axes. Also, having regard to (6), we have the 
relations 

*** ~ ssa x% e U) x± e u) + ej a> # 8 e[’ 8J 


(7) 
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Let us take the point L x whose coordinates are This is a 

point on the axis OX x at such a distance that OL x = x 1 OE x . Similarly L 2 
and L 3 are points on the other two coordinate axes. If we complete the 
parallelepiped of which OL x , OL%, OL z are the edges, we know that the 
point P arrived at in this way has for its coordinates x 1 4,+ ^< 4 +^ 4 ,. 
Hence from (7) we see that the co¬ 
ordinates of P are x r . This gives 
us a geometrical interpretation of L 

rectilinear coordinates. We draw 
through P planes parallel to the 
coordinate planes, which intersect 
the axes in L x , P 2 , L s . Then the 
three ratios OL x fOE x , OL^fOE^, 

OL z /OE z are the rectilinear co¬ 
ordinates of P. In other words, 
to determine a rectilinear coordinate O 
system uniquely we require three 
axes OX x , OX 2 , OX z and three unit 
points E x , E 2 , E z on these axes. 

We shall now prove that we 
can take as unit points of a rec¬ 
tilinear system any three distinct 
points which are not coplanar with 0. 

Let us return to our original Car¬ 
tesian system y r i and let y r (i) be the Cartesian coordinates of the three 
given points, which we may call E lf E 2 ,' E 3 . The three points do 
not all lie on the same plane through 0, and hence the quantities y r {i) do 
not satisfy simultaneously a linear equation of the form (3), p. 36. The 
necessary and sufficient condition that this be so is that the determinant, 


I 34 I.(8) 

be different from zero. Let us make the linear transformation 

V = 24 ^.(9), 


to new variables x r . Since (8) is not zero, this transformation is reversible 
and defines a unique rectilinear system x r . We shall prove that the 
unit points of the system x r are the three given points. For the y tli unit 
point has coordinates e r {j) in the a;-system, and therefore its Cartesian 
coordinates are, from (9), 

y r = i4 4 = v’u) % = *4 ■ 

Hence E v P 2 , E z are the unit points of the rectilinear system x r , which 
proves our theorem. 

We remark here that the system of coordinates x r is a Cartesian 
system if the unit points are at unit distances from the origin, that is, if 

OE 1 ^OE z = OE z = 1 . 

These coordinates are orthogonal if the coordinate planes are perpendi¬ 
cular to each other, otherwise they are oblique. We conclude that all Cartesian 
coordinate systems ioith the point 0 as origin form a subset of the set of recti - 





40 


ABSOLUTE DIFFERENTIAL CALCULUS 


[CHAP, 


linear coordinate systems with the same origin. In fact, a rectilinear system 
is only a Cartesian system modified by introducing scales of measurement 
along each Axis. 

Examples. 

1. If the equations a r s x s — 0 have two distinct non-zero solutions show 
that all the cofactors of \ a* \ are zero. 

In the coordinate system x* let the quantities a\ bo taken as the 
components of a tensor. Then a r s x* — 0 is a tensor equation which is truo 
in all coordinate systems if it is true in any one system. 

Let x r x and x% be the two distinct solutions and let us take a now coordi¬ 
nate system x 7 in which these two points are the unit points , E 2 . Hum 
we have 

= = o, 

- d r s ef fl) = 5J d'l = 5J « 0. 

The determinant | a r H in the new system is 

0 0 0 

0 0 0 

d\ Ujj 

and we see that all the cofactors are zero in the new system. But the 
cofactors form a tensor and hence they must vanish in every system. 
Thus all the cofactors of \a r s \ are zero. 

2. If the equations a £ x* — h r have two distinct solutions, show that 
| a r s j must be zero, and that if there are three independent solutions then 
all the cofactors of | a r & | must he zero. 

[Three independent solutions are three which are such that one is not 
a linear combination of the other two.] 

3. If we denote by OP the vector displacement OP, prove that 

OP s= x r "oE (r) , 

where x r are the coordinates of P and E {r) are the unit points of the co¬ 
ordinate system. 

4. If P (rj are the unit points of the rectilinear system W, show that 

OE (n = y* r OE M . 

[Note that x r OE (n = OP — x r 0 P (rj = yf. x r OE^ , and this relation 
is true for all values of x r . Thus we see that a covariant vector transforms 
in the same way (covariantly) as the unit points, and a contravariant 
vector in the opposite way (contravariantly).] 

5. Show that we can always choose an orthogonal Cartesian system 
such that any given contravariant vector may have two of its components 
zero in that system. 
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4. The distance between two points and the fundamental 
double tensor. The e-systems. 

Let P and Q be two points whose rectilinear coordinates 
are x r x and If y[ and yl are their coordinates referred to the 
fundamental Cartesian system, it is well-known that the distance 
S between P and Q is given by 


<5* = (PQT — (yl — ylf + (yl - ylf + (yl -ylf 

But, from (2), p. 36, 


Hence we have 


„ f t r 

y± a m *1 ) 


y r 2 = <<- 


<5 2 = ^«-<) «-*?). 


. (io) 


where we put 

~ _ Ji J1 I 1 J! „/3 tr tr /1 -| \ 

9mn a m “T" ~r ‘ * * (H/ 

We note that g mn is a symmetric system, that is, 


9m « 9 mu- 

lld particular the distance from 0 to the point P, whose coordi¬ 
nates are x r , is given by 

d 3 = ff mn x m x n . .. (12) 

Now <5 is an invariant and hence g mn x m x n is an invariant. 
Since g mn is symmetric and x r is an arbitrary contravariant 
vector, we can therefore conclude from the quotient law of tensors 
that g mn is a double covariant tensor. We shall refer to it as the 
jundamenial or metric tensor. We notice incidentally that the qua¬ 
dratic form (12) is positive definite and can vanish only if 
x r ^0. 

If we denote by g the determinant | g mn j and by G mn the 
cofactor of g mn in g f we know (cf. p. 15) that 

3! <J = «"* g rm < Jsn g lp , 2! G™ = «•*« g m9 g na . 

Since e r8b is a relative tensor of weight 1 (p. 30), we see that g 
is a relative invariant of weight 2 and G rs is a relative tensor 
of weight 2. Moreover, from (11), we have 
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and so g is positive and different from zero. Hence if we divide 
G rs by g and denote the quotient by g r % we obtain the important 
result that g r8 > the cofactor of g rs divided by g, is an absolute 
contramriant tensor . Also, if we put 

$vst ** l/ffGrsti & 8t ^6 r8t ) « . . (Id) 

we have immediately that these quantities arc absolute tensors, 
which we shall refer to as the s-systems. 

If we are given a contravariant vector A r 3 we have connected 
with it an invariant A defined by the equation 

1 

A*=(</ mn A™A’ i y. ...... (14) 

We call A the magnitude of the vector A r . Similarly we, define 
the magnitude of the covariant vector B r by the equation 

A 

B = (g™ n 'B m Bn)*.(15) 

A unit vector is one whose magnitude is unity and hence, if X r 
and jLt r are unit vectors, we have the equations 

q mn X™ A*»l, 1.(lb) 

A unit vector is often called a versor . 


Examples. 

1. Prove that 

n rfnr _ n rm n __ cr 

9 9ms Os . 

2. Prove that the distances of the unit points from the origin arc 
given by 

0 ®i=hu> OE z — fg^, 0E a ~ fgl~. 

3. Show that the necessary and sufficient conditions that a coordinate 
system be Cartesian are g ix = p 22 = g i3 = 1. 

. 4. Show that a versor X r defines a point A at unit distance from the 
origin and consequently that every versor defines a unique direction. 

5. Show that for a rectangular Cartesian system we have 

(1. 0, 0| 

6r=l, s rs < = e rit , «'•» = «”•, g mn = < 0, 1, 0 > = g"». 

i 0, 0, 1 J 





Ill] 


RECTILINEAR COORDINATES 


43 


5. The angle between two directions; orthogonality. 

Let A and B be two points at unit distances A/ 

from the origin, and let X r and ^ be the versors / 

giving the directions OA, OB, that is, X T , /j, r 
are the coordinates of At, B . We wish to find a A 
formula for the angle 6 between OA and OB. 

In the triangle OAB we have 0 

AB 2 = OA 2 + OB 2 — 20A-OB cos 0 = 2(1 — cos0) (17) 
Now 

AB 2 - g mn (X m ~ ^ m ) (A"-/i») 

= g mn ^ A* + 9mn P* - %9mn ^ ^ 

-2(1 -g mn X™^), 

since X r and ju r are unit vectors. It follows from (17) that 

coB0=*ff mn V»p* .( 18 ) 

If A r is a contravariant vector defining a point P, then 
the versor A r /A , where A is the magnitude of A r , defines the 
point on OP at unit distance from the origin. Hence A r /A is 
the versor giving the direction of the line joining 0 to the point 
A r . We conclude that, if A v and B r are two contravariant 
vectors whose magnitudes are A and B , then the angle 0 between 
the directions of A r and B r is given by 


cos 0 — 


g_^A^Bn 

AB 


(19) 


We can now write down the condition that two directions 
may be orthogonal. If the directions X r , ja r are perpendicular, 
0 = 7i1 2 and we, have 

flrm»A m f* n «0.(20) 

Similarly the lines joining 0 to the points A r and B r are ortho¬ 
gonal if 

9mn A m B n = 0. 


Examples. 

1. Provo that the angles between the coordinate axes are given by 
-«■«— COBfl sl 

?3 3 On 


2 


F ? 2 2 .733 


31 * 


cos 6 


12 


oos t). 


hi iff* 
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2. If a*, a 2 , a 3 are the angles which tire versor A r makes with the 
coordinate axes, show that cos a* = g x Vl X m j\ g lx , etc. 

El'ffTT cos «! = g mn X m eg, = g mn X m 6‘i = g, , n X m ]. 

3. If the coordinates are rectangular Cartesian, show that the cosines 
of the angles which the versor k r makes with the coordinate axes arc 
A 1 , A 2 , A 3 . These are usually referred to as direction cmincx. 

4. Prove that in an oblique Cartesian system of coordinates the g tnn 
have the values 

1 1, cos0 12 , 008 0*3 

eos0 21 , 1, cosfl 2 3 

COS0 31> COS 03 2 , 1 

o. If X r , j.i r are two unit vectors, show that the angle 0 between their 
directions satisfies the equation 

sin 2 d = {g mn g rs ~g mr g nt )X m X’> /i r n ‘. 

6. If y u y t , y 3 are the direction cosines of the direction X', show thnt 
in oblique Cartesian coordinates they satisfy the relation g mn y m y n ■ 1. 


6. Associated tensors. 

We shall now explain the important processes of raising 
and lowering the indices of a tensor in order to obtain new 
tensors. 

Let A r be a given contravariant vector. If we multiply it 
by the tensor g mn and contract we get the covariant vector 
9rm A m , which we shall denote by A r . Thus 


9rm-^ M i ( 21 ) 

and we have changed the index from a superscript to a subscript. 
This is the process of lowering an index. Let us now take. the. 
covariant vector A r and let ns raise the index by multiplying 
it by the tensor g m » and contracting. We have 


9 A,, 




■- 0 ,, A 




Hence if we begm by lowering an index and then raise it again 
by the processes that we Lave just explained we see that we got 
back to the original vector. The processes of raising and lowering 
indices are therefore completely reciprocal. Two vectors A r 
an A related in this way, are called associated vectors and aro 
usually denoted by the same letter A. In fact they are so in¬ 
timately connected that we sometimes say that they represent 
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the same vector, the A r giving the contravariant components 
and the A r the covariant components of that vector. 

Let ns next consider the double covariant tensor A rs . Here 
there are two indices that can be raised. If we wish to raise 
the first index we multiply by g mn and contract with respect 
to the first index. We shall write this process 

A: H ^g^A mx .(23) 

In order that we may know which index has been raised, we place 
a dot before the s , showing clearly that s is the second index 
and that the first has been raised. The process of raising the 
second index will similarly be written 

A;^c/ m A r (24) 

Lastly we can raise both indices in accordance with the formulae 

A rs = g rm g sn A mn .(25) 

We remark here that if A rs is symmetrical it is a simple matter 
to see that A r . H and A‘ r have exactly the same values, and both 
can be written A r n9 the dot being now unnecessary. The student 
is left to formulate the rules for lowering indices in a double 
tensor and to show that if we lower the superscripts in (23), 
(24) and (25) we return to the original tensor. 

These processes can obviously be extended to tensors of any order. 
We shall illustrate them by one further example. Let A r8t be a triple con¬ 
travariant tensor. The process of lowering the second index is given by 

= .(26) 

We insert just sufficient dots to show that the index has been brought 
down vertically. 

All tensors obtained from each other in this way are called 
associated tensors . 

There are two results which are of interest in this connection, 
(i) In any term where there appears a dummy index we can 
raise this index from its lower position and at the same time 
lower it from its upper position without altering the value of 
the term. For example, we have 

A.B, - g rm A m9 g rn B n - d]“A mii B H = A» M Br - A rH B r , 

and we see that the dummy index r has been raised and lowered 
in the way mentioned. 
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(ii) If there is a free index in every term of a tensor equation, 
we obtain an equivalent equation by raising or lowering this free 
index in every place it occurs. Fox example, the equations 

^rs t ^ B th @t 


are equivalent to the equations 

n rm A = n T m B (1. 

^-mst if 3 

that is, to 

A:, t = B: s c n 

in which we see that the index r has been eveiywhere raised. 


Examples. 

1 . Show that the magnitude of a vector equals the magnitude of its 
associate. 

2 . If A is the magnitude of A T > then A 2 » A r A r . 

3 . If A r and B r are two vectors of magnitudes A and Ji 9 show that 
A r B r = AB cos 0, where 6 is the angle between the directions of A r 
and B r . 

4. If the coordinates are orthogonal Cartesian, show that the com¬ 
ponents of a vector and its associate are identical. 

[In ordinary vector analysis there is invariably implied a reference 
to an orthogonal coordinate system, and this is why contravariunt and 
covariant vectors are not distinguished in that calculus.] 

5. Show that g mni g mn and 6][ l are associated tensors . 

6 . Show that e rs t and £ rsi are associated tensors . 

[We have ge r8t « e mnp g rm g sn g t9 , that is, = e mnp VrmV»ntIty- ] 


7. Scalar and vector products of vectors. 

c Let OA and OB be two displacements 

a given by the vectors A r } B r whose magni¬ 

tudes are A and B . If 0 is the angle botwoeon 
these directions we know that 

o —-- g wn A m JS n ^ABc0B6. . (27) 

\J& * 

\ / This invariant g mn A m B n is called the scalar 

\a / product of A r and B r , and wo know that it 

\. / can he written in the equivalent forms 

A g mn A™ JS« = A m J3™ = A™B m a tf»* A m B n , 

where A r , B r are the associated vectors. 

If V is the unit vector in the direction of B r , we therefore 
have 
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g mn A™fr^A m X™^AwzQ .( 28 ) 

But A cos 6 is just the projection of CL4 on the line OB. Hence 
the 'projection of A r in the direction X T is given by A m A m . 

Let us next consider the vector 


To find the geometrical interpretation of this vector, let us choose a 
special coordinate system as follows. We take the a^-axis along OA and 
the a; 2 -axis perpendicular to OA and in the plane of OA and OB; finally 
we take the ai s -axis perpendicular to both OA and OB, so that our new 


system is orthogonal and Cartesian. In this special 
system we have 

A r === (A., 0, 0), B r se= (B cos 6, B sinO, 0), 

and the associated vectors have the same com¬ 
ponents. Also 

pwn —— gf»« i 

Hence the components of G r in the new system are 
(jr — grmn A m B n = e rln AB e r 12 AB sin0 , 
that is, 

Ci = O a = 0, G i = ABsin0. 



In other words the vector C r lies along OJ 3 , the perpendicular to the plane 
of OA and OB, and its magnitude is AB sin 6. These are purely geometrical 
relations and are therefore independent of any particular coordinate system. 
We may then return to the original coordinate system and say that 
C r has its direction along the perpendicular to the plane of OA and OB and 
its magnitude is A B sin 0 . 

Although we have proved that C r lies along the perpendicular to the 
plane OAB, we have still to decide what is its sense along this line. Multi¬ 
plying (29) by C r and summing with respect to r from 1 to 3, we get 

r"*O r A m B.~ e mn ,A»B*0*, 

that is, O r is in such a direction that the invariant e mnif A m B n C p is positive. 

We are therefore led to examine the sign of the expression 

8 m nj)A m B n C p 9 .(30) 

where A r , B r , G r are any three vectors. This quantity is an invariant 
and if we take the same special Cartesian system as before we see that it 
equals 0*AB sin 0. It will therefore vanish only if C 3 = 0, which means 
that O r lies in the plane OAB. Consequently (30) vanishes only if 
one vector becomes coplanar with the other two. If then we deform the 
triad (A v , B r , C r ) continuously in such a way that they never become 
coplanar we see that (30) varies continuously and must always retain the 
same sign since it cannot vanish. Let us deform it continuously until A r 
coincides with the positive a^-axis, B r with the positive a? 2 -axis and C T 
with the a 3 -axis. We say that the original triad has a positive or negative 
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orientation according as tiie deformed C r lies along the positive* or negative 
direction of the & 3 -axis. Now (30) becomes for the deformed triad 
+ ABGfg or — ABG\ j ~g according as we are in the first or second 
case. TFe conclude that the triad (A r , B r , G r ) has a 'positive or negative 
orientation according as (30) is positive or negative. 

The vector 0 r } defined by the equations (29), is therefore 
in such a direction that the orientation of the triad (A r , Ii r 9 C r ) 
is positive. The vector (29) is called the vector product of A r , J) r . 
If we denote by v r the versor of the perpendicular to A 1 ) B r in 
the correct sense we can write 

e vmn J[ m JSn^AB Sin 0 V r .(31) 


Exabuples. 

1 . If a, ft y are the angles between each pair of the triad of directions 
OA, OB, 00, prove that 

1, cosy, cos/? 

cos y, 1, cos a sin a y sin B cp, 

cos ft cos a, 1 

where cp is the angle which OG makes with the plane OAB. 

Let A r , B t , G r be three vectors along OA, OB, 00 and lot their magni¬ 
tudes be A, B, O. If v r is the unit vector orthogonal to A r , B r wt* have 

the angle between O r and v r equal to ~ — (p, that is, 

A 

0 sin <p = C r v r . 

Hence we conclude from (31) that 

-dBCsinysin^ e rmn O r A m B n = e mn ^A m IP C». 

Now this last expression is an invariant, and if we take the coordinates 
to be Cartesian and such that OA, OB, 00 are the axes we have 

e mnj) A™ B n O — fg e 123 ABO = fg ABC. 

Moreover in this system a, ft y are the angles between the axes, and g mn 
have the values 

1, cosy, cos ft 
cosy, 1, cos a 
cos/?, cos a, 1 

Therefore combining the two preceding equations we have the result 
required. 

2. Prove that the projections of the vector A r on the coordinate 

axes are A 1 /fg ll9 A 2 /fg 22 , A 3 /]/( 7 3 3 . Hence if the coordinates are Car¬ 
tesian these projections are A x , A 2 , A s . 
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3. Show that the unit vector perpendicular to the plane OE % E 3 has 
for its covariant components 

VF® **23 /fasa 033 sin ^23* 

[The covariant components are given by 

B rmn e ( 2 ) e (3)/^-®2 * OE a sin 0 2 3] * 

4. If X r , /li t , v 7 are three mutually orthogonal unit vectors, prove that 

Brat fclfV* = ± 1 - 

5. If A r , B r are two vectors and 6 the angle between them, then 

A 2 P 2 sin 2 6 = d'A* A r B s A m B n . 

[We may either choose a special Cartesian system of coordinates or 
use (31).] 

6 . If we put C rs = A r B* — A s B r , show that O rs is skew-symmetric 
and that £ e rmn C mn are the covariant components of the vector product 
of A*, J B r . 


8. Areas and volumes. 

Let P x and P 2 be two given points; we wish to find an expression 
for the area of the triangle 0 P X P 2 . Let *(1)» ^(2) be the coordinates of 
P 1 and P a . We know that the magnitude of the vector 
e rnin &(i} x\\) is OP 1 • OP 2 sin (P 1 0P 2 ). But this is 
twice the area of the triangle OP 1 P z . Denoting this 
area by A, we have therefore 

4A 2 = g mn e ni p (J srfi) £ ( ; a) e n8i SC( 3) . (32) 

which gives an expression for the area A . Moreover 
if v r is the unit vector orthogonal to the plane of the o 
triangle and chosen such that the orientation of the 
triad (OP x , OP Zi v T ) is positive, then equations (31), 
p. 48, give 

€ rmn X \t) X tf) ^ . . . . (33) 

Let P 3 be a third point whose coordinates are &f 3) . As in Ex. 1 (p. 48) 
the invariant e mnp x 1 ^ az'| 2) xf 3) has for its value 

e m nP x ’d) *«) «?«> = 0P t ■ OP, ■ OP s sin (P t OP,) sin tp, . . (34) 

where cp is the angle which 0P 3 makes with the plane OP t P 2 . Now OP 1 • OP% 
sin (P-tOPg) is twice the area of the triangle 0P t P 2 and OP 3 sin (p is the 
perpendicular from P 3 on the plane OP 1 P 2 . Hence the right-hand side 
of (34) is six times the volume of the tetrahedron OP x P a P 3 . Denoting 
this volume by F, we have 

6F= ••*'■**• ( S5 ) 

Since e mnv — y<7e WW3) , this equation may be written 
CE 287) 
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x \d x h) ^(i) 

6V = fg afc, x%, . (36* 

*(B) 


Examples. 

l t Proye that the area of the triangle OE^ $ 3 is -J (f/f/ n )“ • 

2 . Prove that the volume of the tetrahedron 0E t E» E, A is J ) l g, 

3. If a, b, c are the edges OA, OB, 00 of a tetrahedron and ot, /?,) 
are the angles between these edges, show that 


6V = abc 


1 , cos y, cos /i 
cos y, I, cos a 

eos|3, cos a, 1 


[Calculate the invariant (35) in a Cartesian system in which OA 
OB, 00 are the axes.] 


EXAMPLES III. 

1 . If the coordinate system is orthogonal, prove that 

I 


g 11 = 


flu 


0 22 = 


02 2 


r 


ih a 


% If g mn A™ A » = 0, then A f = 0. 

3. If 0 23 is the angle between OX 2 and OX*, show that 


sin 2 0n 


rU 


00 
02 2 03 3 


4. If is a unit vector, prove that tho cosines of the angles which 
this direction makes with the coordinate axes are 


5, Show that 


_4 

Hi: ^02 


fff*9 


1 - COS 2 02 3 - COS 2 0 31 - COS 2 0 12 + 2 COS 0 32 COS 09 3 cos 0,. =. g - 

011 022 033 

6 . If A rs is a skew-symmetric contravariant tensor, then 


(HA 2 *, fgA 3 \ j/gA 12 ) 

are the components of a covariant vector. 

[It is the vector £ s rmn A mn ,] 

7. If A rs is a skew-symmetric covariant tensor, then 


( A zzlh> Ai lh> A2/F0) 

are the components of a contravariant vector. 
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[These two results prove that we can always turn a skew-symmetric 
double tensor into a vector.] 

8. If A rs is skew-symmetric and G r = e fmn A mn , prove that 
2A rs = s r8t GK 

9. If and zrj 2) are the coordinates of two points P x and P 2 and if 

- o v 9 

^< 2 ) 


prove that the area A of the triangle OP 2 P 2 is given by 
M 2 = A"A ra = g rm g an A"A mn . 


10. If the coordinates are orthogonal Cartesian show that A 23 , A 31 , 
A 12 of Ex. 9 are twice the areas of the triangles projected on the co¬ 
ordinate planes. Deduce from Ex. 9 that 


11. If 


4cA* = (A 23 ) 2 + (A 31 ) 2 + (A 12 ) 3 . 


A r *‘ = 


*'rt) »(i> *(« 

X U) *(2) *(2) > 

X {3) ^(3) ^(3) 


where x r {l) are the coordinates of three points P x , P 2 , P 3 . Prove that 


(i) A rst = )>gA l<lz s rst , (ii) A rat = 6Fe rst , 

F being the volume of OP x P 2 P 3 . 

12. If we put 

^(1) ^(2) ^(3) 

^?1) ^'(2) ^<3) 

1 1 1 


BT* = 


show that the area of the triangle P x P 2 P 3 is given by 
$A* = B rs B rs = g rm g sn B'*B mn . 

13. If 

<1) <3) *Tb) <4) 

^ = *fi) 4s> atfs) <) 

^( 1 ) #{ 2 ) *^( 3 ) ^( 4 ) 

1111 

where af 2) , zrf 3)? rc[ 4) are the coordinates of four points P x P 2 P 3 P 4 , 
and if F is the volume of the tetrahedron P x P 2 P 3 P 4 , then 

B rat = 6 Ffi r . s *. 


[Prove that B rst is completely skew-symmetric and that 
fgB l * z = 6 F.] 

14. If we are given N points <«)>(*== *>2, 3, N), show that 

the mean centre of these points for multiples A (a) has the coordinates 
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N It N -I 

P — JE A (ay %\u) | El ^(Cl) I • 

a = l / = 1 J 

[This is a vector equation which is easily proved to be true in ortho¬ 
gonal Cartesian coordinates.] 

15. Show that the four points 

x\ -f- A* rco + Ao #4 + A #4 ~|~ hi ^4 

1 -f* Al 9 1 + A a 1+^-s i Aj 

all lie on the line joining a£ and and that their cross-ratio is 

At ~ ^3 / ~ At . 

A 2 A 3 / A 2 At 

16. If aiJij } #(/) are the coordinates of 6 points P t -, P- and if l 7 , F' are 

the volumes of the tetrahedra OP y P 2 P 3 , OP* P 2 Pf } respectively, then 

, 3 v cos (11) cos (12) cos (13) 

36 VV' = | EOPi • 0P’\ cos (21) cos (22) cor (23) 

% ~ 1 cos (31) cos (32) cos (33) 

where (i j) is the angle between OP i and OP<. 

[6 F = m «5> 1. 6 V' - y?| < I. Hence 36 FF' = | f/nlK «$ |.] 

17. We are given three vectors AJj at the point 0. If XjP is the cofactor 
of Af fJ in the determinant | X r {i) |, divided by the determinant, prove* that 
each of the vectors g r * AJ** is orthogonal to two of the vectors A() } . 

[This result follows from the fact that Ay, Xfi = St . For example, the 
vector associate to A{. a> is perpendicular to both Af x) and A'{ 2) .] 

18. If the axes are Cartesian and a lf oc 2 , a 3 are the direction cosines of 
a direction A r , show that 

2 sin 2 0 23 af — 2£ (cos 0 23 — cos 0 12 cos 0 13 ) oc 2 a 3 = 1 — 27 cos ? 0 2!i 
+ 2 COS 023 COS 0 31 cos 0 12 . 

[Here a f = A r and the equation is simply g wn A w A n = 1 written out 
in full.] 


CHAPTER IV 

The Plane 

1. The equation of a plane. 

Let P 2 , P 2 , P 3 be three points whose coordinates arc tf i)9 
*«> > 4, • H.P is the mean centre of the points I\, P 2 , P 3 for mul¬ 
tiples A, n, v, we know from elementary considerations that P 
lies in the plane of the three given points and we can include 
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every point of "the plane P x P 2 P 3 by varying X, p, v. Now 
the equation 


X r + vx &) 

X + [i+ v 


• . ( 1 ) 


where x r are the coordinates of P, is a vector equation which is 
true in any orthogonal Cartesian system of coordinates. It is 
therefore true in every rectilinear system and gives the coordi¬ 
nates of every point of the plane P t P 2 P 3 . Hence we may 
regard (1) as one form in which the equation of the plane may 
be expressed. 

The relations (1) can be written 


A (x ft (— *£(c,) “h v (^ = 0 . 

Eliminating A, ju and v , we have 

s' —®c« = °> 

and when this is expanded we get a linear equation in the x’s. 
Conversely, if x r satisfies a linear equation, we can take the same 
steps in the reverse order leading back to the equations (1). 
Therefore every linear equation in x r is the equation of a 'plane. 
Every linear equation is of the form 


a r oc r = 6 , .( 2 ) 

where a r is a covariant vector and b is an invariant, and con¬ 
sequently the equation of a plane can be written in the form (2). 
We note that if b equals zero the plane passes through the origin 
whilst if b is not zero the origin does not lie in the plane. 

We have now two forms in which the equation of a plane 
may be written, namely, (1) and (2). There is a third form which 
is really a modification of (1). Let 
P 0> coordinates be a point of 
the plane and let A r , B r be two 
vectors at P 0 whose directions lie 
in the plane. Then the points 

x J 0 + (X + [a + v) A r 

and x {) + (A + ju + v ) B r obviously 

lie in the plane. If we take x r 0 and these two points as the 
three points of (1), we see that any point of the plane can be 
expressed in the form 

x r *=Xo + ixA r + vB r , . . * . ( 3 ) 
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for suitable values oijn and v . This form expresses the coordinates 
of a point of the plane in terms of a given point of the plane 
and two directions in it. In particular, any point of a plane 
passing through the origin can be expressed in the form 

x r =/uA>' + vB r .(4) 

In other words, all vectors at the origin which are coplanar with 
the two vectors A r and B r are of the form (4). 

Examples. 

1 . The intercepts of the plane ( 2 ) on the axes are of lengths 

hhjJi 3 &. h . 

a 2 ,a 3 a 3 

2. If A r t B r are unit orthogonal vectors of the piano at the point 
P Q , then any point of the plane is given by 

cc r — Xq + r cos 0 r sin 0B } \ 

where r — PP 0 and 6 is the angle which PP 0 makes with A r . 

S. In ( 1 ) show that A 7 1 : v = A (?P 2 P 3 ) ; A (PP 3 Pi) •* A (PP t P 2 ). 
4. If x r (1) and x r m are two points not lying in the plane (2), find the 
ratio A: f.t such that the point (Aa^b + + p) should lie in the 

plane. Deduce that the plane divides space into two parts such that 
(a r x r — h) is positive for the points on one side of the plane and negative 
for the points on the other side. 


2. The perpendicular distance from a point to a plane. 

Let us be given a plane whose equation is 
a r x r = b . 

If x a} and are any two points of the plane then x r a) and x r m 
must satisfy this equation. By subtraction we have 

fl r (*«)-<)) =0.(6) 

Now — a£,) is any vector lying in the plane. Hence the 
relation (5) tells ns that the vector 

a r = g rs a s 

is perpendicular to every vector lying in the plane, and con¬ 
sequently it must be orthogonal to the plane itself. If we denote 
the magnitude of a r by a, that is 

a = itf^a m a n , 


(«) 
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we conclude that the unit vector 'perpendicular to the plane is 
a r la. 

Let x r 0 be a point which does not lie in the plane. We 
wish to find the perpendicular distance from to the plane. 
If x r is any point of the plane, then obviously the perpendicular 
distance d is the projection of the vector (x r — x J 0 ) on the per¬ 
pendicular to the plane. Hence 

8 ... a,(<*‘—K) m 

a 

But x r lies on the plane, that is, 


Therefore 


a 9 x s = h . 

S = h — a ’ = l ~ a o 
a i ( J mn a m a n 


(7) 


In particular, the perpendicular from the origin on the plane is 


d 0 = -=JL= .(8) 

1g mn a m a n 

Wo have seen that the expression (b — a H rcj) has different signs 

according to the aide of the plane on which Xq lies. The perpendicular 

is therefore positive from points on one side of the plane and negative 
from points on the other side. 

We can place the eqxiation of the plane in a special form 
which is called the normal form of the equation. Let us divide 
equation (2) by a, the magnitude of a r . The equation of the 
plane is now of the form 

l r x r — p, .(9) 

where X r is a unit vector. Also in the normal form the per¬ 
pendicular from x[ is 

<5 ~P-K<> .( 10 ) 


and p is the perpendicular distance from the origin. In this case 
the unit vector normal to the plane is A r = g rs / l s . 


Examples. 

1 . Prove that the angle 0 between the planes a r x v = b and a f r x r = V, 
is given by cos 0 «= g mn a m a'Jaa'. 

The unit vectors normal to the two planes are a r ja and cx/ r ja' 9 where 
a, a' are the magnitudes of a T and a' r> and the angle 6 between the planes 
is the same as the angle between tlie normal vectors. Hence 
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cos 0 = 


g nn ara^' 


But a r = g rm a m and a ,f = g rm ai,. Therefore g mn a m a' n 
and the equation for cos 0 becomes 


ff r "a r a' 


2 . Prove that the perpendiculars from the unit points E x , E z , E s - 

on the plane have the lengths <h , ' a ~. 6 1 respectively. 

x a a a 

3. Prove that the cosines of the angles, which the perpendicular 
vector from 0 on the plane makes with the coordinate axes, are 


$2 

0>Yfh\ *1033 

4 . Prove that two planes a r x r *=b and a/ x r — ¥ are orthogonal 
if g mn a m a' = 0, and are parallel if a f r = lc a r . 

5. If P is any point on the perpendicular from P 0 on the piano show 
that aj r = Xq + q a< r la, where q is the distance PP 0 . Deduce the length 
of the perpendicular from P 0 on the plane. 


3. The Intersection of two planes. 


Let 


a r x r = b 
a[x r — b' 

be the equations of the two given planes. We shall use the notation 


( 11 ) 


A 


T 8 - 


a r a' r 
a H a' 


a r a' — a s a',, 


( 12 ) 


and we see that A rs is a skew-symmetric tensor. 

There are only two possibilities: either the planes are parallel or they 
are not parallel, the case of coincidence being included under that of 
parallelism. 

I. The planes are parallel . In this case we must have 
a f r = h a r 

where h is an invariant. In other words, 

A; =0 .( 1 . 3 ) 

If, in addition, tbe two planes are coincident we see that lc = b'fb and 
we must also have the equations 

a r _ a r 

V~T' 

These last equations can be written in another form, namely, the equations 

a r = 0 r b, < = 6 r b' .(14) 

must be satisfied simultaneously. 
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II. The planes are not parallel. The conditions for this are that the 
quantities A rB arc not all zero. This wo may write briefly 

A. rs =]=(),.. . ( 15 ) 

remarking that this does not mean that all the A's are different from 
zero; it merely expresses that A rs is not a zero tensor. The planes now inter¬ 
sect in a definite straight line. This straight line is obviously in both planes 
and is perpendicular to both a r and a,' 1 '. Consequently its direction is that 
of the vector s r m n a m a f n . If is any point on the line of intersection 
then every other point of the line is given by 

x r ^xi;+t8>'™'“a m a' n 

for all values of t. 

We may therefore classify our results as follows: 

(A) 0, there is a finite line of intersection. 

(B) A re ^0 } 

(i) —7 y*, the planes are parallel and there is a line of inter¬ 
section at infinity. 

ct ? a 

(ii) -==. -y , the planes arc coincident. 

Let us next consider the equation 

1 (a,, af — b ) -f- // ( a/ r :jo v -—?/) = 0.(16) 


If the planes (11) are parallel or coincident, (16) is the equation of a par¬ 
allel or coincident plane for different values of the ratio X/p. 

If the planes are nob parallel, then (16) is a plane passing through 
their line of intersection. Hence if we vary Xfo .1 we obtain all the planes 
passing through the lino of intersection of the planes (11). We shall now 
interpret the ratio A//«. Let tho piano (16) make angles a, a'with the planes 
(11). Then, if d, d r are the perpendiculars on the two planes (11) from any 
point on (16), wo boo that 


But 

Therefore, from (16), 
and 


d'jd sin of /sin a. 


■ a r . x 


a 


(S': 


a'x w 


a ' 


J, 


Xad 4- p,a'd' ~ 0, 

a ' sin a' 


ad 


aiim a 


(17) 


Examples. 

1. Provo that e rmn A mn » 2 s rmn a m a' t . 

2. Show that the unit vector drawn parallel to the line of intersection 
of the pianos (11) is e rwn a m ahjaa' mi 6 , where & is the angle between 
the planes. 






[CHAP. 


58 ABSOLUTE DIFFERENTIAL CALCULUS 

3. Show that the angle 6 between the planes is given by 

2 a 2 cl ' 2 sin 2 0 = A mn A mn > 

4. The point where the line of intersection of the planes cuts the 
coordinate plane co 3 = 0 has the coordinates 

/ ba! 2 —b'a . 2 ^ . 

V Ai% A%i / 

5. By equating the magnitudes of the two equal vectors 

s 1 mn a m (Xa n + /M a f n ) = mn a m of n , 

prove that 

ft a' sin0 *= sina (X a 2 + /aa' 2 + 2 Xjli aa' cos 0)^ . 


4. The intersection of three planes. 


Let the equations of the three planes be 

ajP cc r = b (1) 

42) ^ & (o) 

a\P x r =: ¥ 3) 

or, as they may be more briefly written, 

4* } x r « &d).(38) 

We shall use the following notation 




a\P 








A rs t 

aj?> 


= 

e i (*«}•’ 

«j*> ■ 

, , . , 

• • (10) 



a< s > 

af> 






/j(l) 

a (2} a (2) 

“r >h 

4 3 > 4 8 > 

AS 

= 

a<? > a' 8 > 
si. 1 )®!*' 

yf(»> w 

4 X) 

4 a > 

«?»1 

«? > 1 ■ ■ 

. . (20) 


These quantities are all skew-symmetric tensors. We shall divide the 
discussion of the mutual relations of the three planes into the following 
parts : 

I. All three planes are parallel, coincidence being considered a special 
case of parallelism. Reference to the last section will show that we must 
have 

- 4 ^ = 0 , 

and this of course entails the vanishing of A rtjl . We divide this case into 
three sub-cases. 

(a) All three planes are coincident. The conditions for this are 

&(1> 5(2) “ ft{3) — 


4 1-) = 4 b® 


that is, 


(21) 
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(/S) Only two planes are coincident. Let the last two be the two coincident 
planes. We must have in this case 

= Q r t > <2) , af = d r bw, <> 4 = Q r V 1 '. 

The intersection is a straight line at infinity. 

(y) No two planes are coincident. Here no two of the three sets of equa¬ 
tions (21) can be satisfied simultaneously. The intersection is a straight 
line at infinity. 

II. Only two planes are parallel. Let the last two be parallel. Then 
we must have (p. 56) 

4V=0, A?i* 0, 45*0. 

It is a consequence of the vanishing of A™ that 

A re t =* 0 . 

(a) The two parallel planes are coincident. For coincidence we must have 


Also it is a simple matter to verify that under these circumstances 


= b (i) Afl = 0. 


The intersection is a finite straight line, namely the intersection of the third 
plane with the two coincident planes. 

(/?) The two parallel planes are not coincident, that is, 


It follows that 


af ] af' 1 

W = r*p> ‘ 

+0. 


The intersection is now the point common to two parallel straight lines, 
and so is a point at infinity. 

III. No two planes are parallel. We must have 

43 + 0, 45 + 0, 43 + o. 

Now the line of intersection of two of the planes may or may not be parallel 
to the third. The plane 

X ( 4 a > - 6 < 2 > ) + fA ( 4 a) - b < 8 >) = 0 

is a piano passing through the line of intersection of the last two planes. 
Hence we can or cannot find values of X, p such that 

ap*=Xap>+pa?>, 

according as the line of intersection of the last two planes is or is not 
parallel to the first. 

(a) If the line of intersection of two is not parallel to the remaining 
plane, we can therefore conclude that 

A r8 t + 0 , 

and the intersection is a unique finite point. 
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(j9) If the line of intersection of two is 'parallel to the remaining , we must 


Lave 


A T 8t - ^ ’ 


There are now two possibilities. Either this line of intersection does or 
does not lie in the remaining plane. The former happens if & (1) = 

4- ph (S) , and this entails 

b*Aft = 0; 

so that when this is true the intersection is a finite line. In the latter case 
+ ,a& (3) , that is, 

and the intersection is a point at infinity. 

We have now exhausted all the possibilities, and we shall classify our 
results as follows: 

(A) A rat 4 0, there is a unique finite point of intersection. 

(B) A r , t = 0, Aft #0. 

(i) h (i) ={= 0. There is a unique point of intersection at infinity, 
(ii) A$\ — 0. There is a finite line of intersection. 

(C) A rsi ~ 0, Af\ = 0. 

(i) a/.*' — 6j.b {Z) 4= 0. There is a unique line of intersection at infinity, 
(ii) aV — 6 r b (t) = 0. The three planes are coincident. 

[It is to be remarked that the formula Ajfj, 4 0 means that the 
three tensors A^l , , Aj. 3 ] are not all three zero tensors. Similarly 

a [ p — 4 0 means that the three vectors obtained by putting i r=» i, 

2, 3 are not all three zero vectors.] 


Examples. 

1. Prove that A rat — A 123 e rat . 

2. If we put A = A lia lfg,eho-wthatA r , t =>Aer,t, and deduce that 
A is an invariant. 

3. Prove that 

A rst = Aft = 2 aft Aft. 

4. Prove that 

Ar.t = <> Aft + aft Aft + aft Aft - J «g» Aft,. 

5. If A r , t = 0, show that we can choose numbers A (l ,, A (a) , A (n) such that 

A (i , aft = 0. 

If, in addition, b (i> Aft = 0, then the quantities also satisfy the 
equation 

^ = 0 . 



IV] 


THE PLANE 


61 


5. Plane coordinates. 

We have seen that the equation of a plane is of the form 
a r x T = b. 

Let us suppose that the plane does not pass through the origin, 
so that b is not zero, and let us divide across by b. The equation 
of the plane becomes 

a r x r ___ 
b~~ ~~ 

Putting u r ~ a r /b , we have finally 

u r x r *=z 1 .( 22 ) 

Now if we are given the three quantities (u v u 2 , w 3 ) then the 
equation (22) determines the plane uniquely, just as (a? 1 , x 2 , a? 3 ) 
determine a point uniquely. Consequently we call them, by 
analogy with x r 9 the rectilinear coordinates of the plane , and we 
shall refer to u r as the plane variables in contradistinction to 
the x r , which we call the point variables . The equation (22) 
shows us that the u r form a covariant vector. Thus if we transform 
from one set of rectilinear coordinates to another, the point 
variables transform in accordance with the equations 

.(23) 

whilst the law of transformation of the plane variables is given by 

= (24) 

y r being the cofactor of c[ in | c r H |, divided by | c[ |. A transforma¬ 
tion of rectilinear coordinate systems is therefore given by a 
linear transformation either of point variables or of plane 
variables. 

Let us put 

u r ^n ri .(25) 

where X r is a given unit vector and 0 is a variable parameter. 
We wish to examine how the plane, whose coordinates are (25), 
varies as 0 varies. The equation of the plane in point variables, 
or, as it is often called, the point equation of the plane is, from 
( 22 ), 


0 1 

== "7t . 
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Hence as 6 varies we have a series of 'parallel planes , the normal 
vector to the planes being l r . Moreover, 1/6 is the length of the 
perpendicular from the origin on the plane, and therefore the 
plane goes off to infinity as 6 tends to zero and approaches 
the origin as 6 tends to infinity. We conclude that the plane 
whose coordinates are (0, 0, 0) is the plane at infinity, and if we 
wish to include planes through the origin we must let %, u 2 , 
u 3 tend to infinity in given ratios. We see from (25) that 0 must 
be equal to u, the magnitude of u r , and hence u is equal to the 
reciprocal of the length of the perpendicular from the origin on 
the plane. 

The system of planes (0, 0, t), as t varies, has the point equation 



that is, it is the system of planes parallel to the coordinate plane 
x 3 = 0 , and the member of the system, given by t = 1 , passes through 
the unit point E z . We shall call this plane a unit plane. We have 
similar results for the planes parallel to the other two coordinate planes, 
so that we have three unit planes with coordinates ( 1 , 0 , 0 ), ( 0 , 1 , 0 ) 
and ( 0 , 0 , 1 ). If we write the coordinates of the unit planes in the 
form efi 9 then 

4 °=<. w>) 

in each coordinate system. It is easy to see (cf. p. 30) that ivv, can 
ahvays choose a coordinate system such that any three planes, which have, 
a unique finite point of intersection and which do not pass through the 
origin , are the unit planes of that system. Let us draw through the 
origin planes parallel to the three given planes, thus forming a par¬ 
allelepiped, and let E 19 E 2i E 3 be the corners of the parallelepiped cm 
the edges through 0. If we take a coordinate system in which JfJ t , 
E 2i E 3 are the unit points, the three given planes are planes through 
the unit points drawn parallel to the coordinate planes and are there¬ 
fore the unit planes of the coordinate system. 


Examples. 

1 . Show that the point of intersection of the unit planes has for point 
coordinates (I, 1 , 1 ). 

2. Show that the length of the perpendicular from 0 on the piano u r is 

=•» and deduce that the perpendiculars on the unit pianos are 
1 g mn u m u n _ 

i/Vff 11 . ii lo 3 *- 

3. Show that the point u r is the pole of the piano u r with respect to 
the unit sphere whose centre is 0. 
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4. Provo that tlio angle (p between the planes u r and v r is given by 


cos (p = 


9 w H U m V )i 
uv 


5. Deduce from Ex. 4 that the angles 99 12 , 9 ? 23 , <p 31 between the co¬ 
ordinate planes are given by 


eon <p t 2 



eos </? 2 


r/ a 3 


COS (p 31 


g 31 


0 . Show that to each unit eovariant vector there corresponds a plane 
touching the unit sphere with centre 0. 

7. If c{b are the unit, points and ejP the unit planes, show that ef 
is the oof actor of cfo in the determinant | e{' f> |. 


6. Systems of planes. 

If we arc given two planes whose coordinates are u r and v r , 
let us examine the plane of coordinates 


X U r + [X V r 
X + pt 

The point; equation of this plane is 


Xu r "|~ pi v r 
, X + px 



= 1, 


or, as it may be written, 


(27) 


X (u r x r — 1) + pi (v r x r — 1) = 0. 

Reference to § 3 (p. 57) shows us that it is a plane passing through 
the intersection of n r and v r . Moreover, if it makes angles a, /? 
with the planes n f9 v r respectively, then 


or 


yU6,sinoc + pivsm.fi = 0, 

v ship 
u sin oc 


(28) 


In particular, the plane (u r + 7cv r )/(l + Jc) divides the angle 
between u r3 v r into parts a, ft such that h = — u sin oc jv sin/?. 
We see that the two planes 

u r + hv r u r + k'v f 
T+F’ T + 7c' 


. - . (29) 
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are pairs of planes in a homographic system if k, k are connected 
by a linear equation 

akk'+ bk + ck’ + d — 0, 


and the system is in involution if b — c. 

If we are given three planes, we may denote them by 

u m _ u w j M < a > } u f' . 


(SO) 


We see from § 4 (p. 58) that the necessary and sufficient con¬ 
dition that these planes should have a unique finite point of 
intersection is that 

|<’!+0; .(81) 


also any other 
presented by 

u r = 


plane passing through this point may be ro- 
1111 1 u {i) 

r _ "(i) 




< 1 ' + A (2) < 3j + 4 


^(1) + ^la) + ^<£ 


SX U 


(82) 


Examples. 


1. Prove that the cross ratio of the pencil formed by the pianos (20) 
and u r , v r is Jc/k'. 


2. Prove that the planes u r , v r 


u r ~{- k Vf 

l+TT* 


u r — k v r 
'" 1 ~h 


form a harmonic 


pencil. 

3. Show that the planes — r -T -- are the bisectors of the made 
between u r , v r . 

4. Defining parallel planes as planes having a common line* of inter* 
section at infinity, show that the system of planes parallel to u r is 0u r> 
as 6 varies. 


7. The equation of a point. 

We have seen that a linear equation in the point variables 
is the equation of a plane. Let us examine what is represented 
by a linear equation in the plane variables. Such a linear equation 
is of the form 

a V U v BBS l). 

By (22), p. 61, this equation expresses the condition that the 
plane u r should pass through the point a r /b. Hence the linear 
equation in u r represents a system of planes passing through a 
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fixed 'point, ami we call it the plane equation of the point. If h 
tends to zero, we see that the point a r ]h tends to infinity along 
the lino joining 0 to a r , whilst the equation (33) becomes of the 
form 

a r u r — 0.(34) 


Thus the homogeneous linear equation (34) in plane variables 
represents the point at infinity in the direction a r . 

If wo arc given two linear equation** 


these will ho satisfied simultaneously by those planes which pass through 
both the points n r /b awl a* r jh\ and (35) will then represent the system of 
planes through the line joining these points. Thus two linear plane equa¬ 
tions represent the straight line joining the two points. J£ we put 


A” = 


a r a' T 
a 8 a'* 


(36) 


we have the following eases: 

(A) If A rtl t*|i 0, then a' T | 0 a r and the two points are not on a straight 
lino through 0. r .rhe line joining the points does not pass through the 
origin. 

(B) If A r * 0, tin* points lie on a line through 0 and we have two 
sub-eases: 

(tf ^ of 

(i) ■ |'i —» the points are not eoineident and the line passes through 

the origin. 

(t? r <t r 

(ii) -■*/- «= 9 the two points are coincident. 

The student will remark the analogy between these results and those 
of § 3 (}). 50). 

If we are given three linear equations 


a{i) n r h(D, 


(37) 


those will represent three given points and we wish to find tho relations 
between these points. Let us use the notation 



a \l) 

<} 

a L > 

A r,l = 



a U) 


<0) 

4n 

^18) 


( 88 ) 




CD 


<) 


<»> 






«ca) 

<i) 



A?* — 


a (l) a tJ.) 


Wo leave the student to prove, by reasoning similar to that of § 4 
(p. 58), tho following results. 

(A) A rt,t |* 0, the three points lie on a unique plane not passing 
through the origin. 

(M 287) 


5 
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(B) A rat = o, a;-; + o. 

(i) i m 4S±0, the three points 


lie on a unique piano through the 


origin. 

(ii) b ,}j -4(2) 


= 0, the three points lie on a line not passing through the 


origin. 

(C) A r * = 0, A™) = 0. 

(i) a f i t) — 6 r b {i) =f= 0, the points lie on a line through the origin. 

(ii) ai) — & r b a) = 0, the points are all coincident. 

The student will observe the complete duality existing between the 
two sets of point and plane variables. The point in one corresponds to 
the plane in the other, the line joining two points corresponds to the line 
of intersection of two planes, the origin corresponds to the plane at in¬ 
finity and so on. This principle of correspondence between the two sets of 
variables is known as the principle of duality. 


Examples. 

L Show that the equations in plane coordinates analogous to (.1) and 
(3), p. 53, give two forms of the piano equation of a point, 

2. Prove that 

% ( a r u T — b) + ii {a' r u r — b') = 0 

is the equation of any point lying on the line joining the points (35). 

3. Show that the point in Ex. 2 divides the points (35) in the ratio 
ixb'flb. 

4. Prove that the point 

(<4« r - b m ) = 0 

is the mean centre of the three points (37) for multiples A ll) b, l)9 A 0 ** 


EXAMPLES IV. 

1. If the equation of the plane is given in the form (3), p. 53, show 
that the vector s rmn A m B n is normal to the plane. 

2. If the equation of the plane is (1), p. 53, show that the vector 
d r £ swin (^(i) %( 2 ) 4" ^( 2 ) ^’( 3 ) + ^( 3 ) #{i)) is normal to the plane. 

3. The coordinates of the foot of the perpendicular from the point 
Xq on the plane a r x r — b are 

®o + (& — % %o)a r la i2 . 

4. The plane passing through the intersection of the planes a r x r — b » () 
and a f r x r — V = 0 and also through the origin is 

{b f a r — b af) x r = 0. 

5. If a plane makes angles a, @ with two other jiluneH, which aro 
inclined to each other at an angle 0, the lines of intersection of the pianos 
being parallel, prove that 

sin 2 6 = sin 2 a + sin 2 0 + 2 sin a sin jJeosfl. 
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(>. If A |=<), prove* that the unique point of intersection of the three 
pianos in § 4- (p. f>8) is 


gj* h «> A t* n 


2 A 


7. Using the notation of § 4 (p. 58), lot us denote by M the matrix 

* &<« 

> «<«> &<*» 

‘ aif a'll" 6 (0 > 


(i) Provo that the conditions = 0, b® AJ?J =0 express that 
all tin* determinants of the third order in M are zero. 

(ii) Prove Unit, tin* conditions J<?> « 0, a)P f b™ = aJ«/ b m = / &<«> 

express that all the determinants of tin* second order in Jlf are zero. 

8. If nfi are three planes whose coordinates satisfy | u\P |=}=0 ? show 
that the transformation to new variables « r 

u r «'” li) 

is such that the given planes are the unit planes of the new system. 
Hence show (hal any three corn rut til vectors , n\i\ satisfying the condition 
| nf | -| 0, can assume the mines (1, 0 9 0), (0, 1, 0) and (0,0, 1) if the 
coordinate system is chosen suitably. 

0. Provo that an orthogonal Cartesian system can always be chosen 
such that any covariant vector shall have two of its components zero. 

10. Prove Unit the vector 1 ? m " u]^ is parallel to the line of 
intersection of the planes u\}jf, n { ,fK 

11. Show that the point, whose equation is 

v ,,ni !> uf « 0, 

is the point at infinity cm tin* line of intersection of wJP and w, ( . 2) * 

12. Lc*b u\P, ul'P , be four planes and let us put 




nlP 

<> 



<> 

? 4 4) u\ 


Prove that A rHi Jl| ‘* SM v rMi , and deduce that A — ^ 12 ~ is an invariant. 
I' '/ \ it 


13, Deduce from (82), p. 04, that A = 0 is the condition that the four 
planes of Ex. 12 should meet in a point. 

14. I f r/> a! , is the* angle' between the coordinate planes x~ = 0 and x 11 = 0, 
proven that 


15. We are given three planes nfP w r » 0 passing through the origin 
and a, (1, y are the angles between tlieir lines of intersection. By evaluating 
the invariant 
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s rst u\P «‘ a) «[ 3 ’ 


in the Cartesian system in ■which these planes are the coordinate planes, 

pr0TO that j «> m!» 


- 

y $ (!i) W-S 3 


< 3 

?// "HI IA\ 

(Vi 

l 1 /. 

fi- 

- cos 2 a —■ 

COS 2 /? — 

cos 2 

y -f 2 cos a 

cos/? 

cos y | 

^{ITg 



} ' 

1“ 


sin a sin /? 

siny 


r 

16. 

The plane 

: coordinates of four planes 

are 

»«>, u <: 2) , 

uf: n , ? 

/■!:“ and 

we put 

A (1) = 

s rst 

U J, 4) 

«<» m[ 3) , 

A™ = 

6 rti 

wj 

in 

1 5 



A™ = 

E rXt 

UIP 

«<«■«{*>, 

A™ = 

- c ? 

mJ. 1 ' m<»* 



Show that 










u[ 1] 

'll?' 

uV 

m[ 1J 

«s» 

1 

1 


Ja m . 

1 

u.'*' 

ui t 

■ aT, 

etc.., 

n «i 3) 

uf ] 

uf 

1 


a 


UP' 

u!{ 



M[ 41 

uf } 


1 








17. By calculating the invariant 


in the system in which u ( } P , uj. a) arc the unit planes, show that this 
invariant equals 6 V , where F is the volume of the tetrahedron formed 
by the four planes. 


CHAPTER Y 

The Sthaigi-it Line 

1. The point equations of the straight line. 

There are three different forms in which the equations of a 
straight line can he written. 

First, let ns be given two points x' U) and. on the line. The 


^ } . _ Ax‘ a) + ixoc‘ m /1V 

* - T+a ■ .(J) 

is the mean centre of these two points for multiples X and /i. 
In other words, it lies on the straight line and divides the given 
points in the ratio pjX. For different values of 1 and /< (I) re¬ 
presents every point on the straight line. 
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Secondly, leb be a given point on tlie straight line and 
let 1 r he the unit vector tiefining the direction of the line. Then 
any point of the line in given by 

,r''= + al'\ ( 2 ) 

where) q is the distance from to x r along the line. 

Lastly, the straight line may he given as the intersection 
of two planes, whose equations are 

a" 1 ;/ -b w . 

rt':V //->. . (3) 

These give the third form into which the equations may be put. 

The particular form to be*, used will depend on the particular 
problem. If wo arc dealing with systems of points on a single 
lino then (i) will be found a convenient form; if we are dealing 
with several lines the form (2) will usually be most suitable; 
whilst (2) will bo of use only in dealing with planes passing 
through the line. 


10x AM CMOS. 

1. If d m (he distance between :<f n utul u’J!,) show that V ~~ —-, 

cl 

und show that (l) takes Mu- form (2) by putting///(A-|* /*) q/U, 

2. i?y writing (2) in the form ;v r - (1 ■* - q) srjj *(■ q (&•(>’ + A r ), show 
Mini (2) is already implieitly in the form (1). 

H. Show that iu (U) X r is proportional to if mn cj, 1 / a ( ~ } . 

4. Find the rid ins of A:// for which the point (1) ties (i) on the piano 
a r x r ■ b, (ii) on tin* coordinate planes. 


2, The relations of two straight lines. 

We shall here employ the form (2) for the equations of the 


straight linen. Let them be 


.<•1 

Iff' 1 qX 


w 


Since two parallel vectors have the Maine components, the straight 
lines through the origin parallel t.o (f) arc 

of t>X\ x ,r i>'X r , 
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and the angle 
their parallels 
is given by 


between the lines is equal to the angle between 
through 0. Hence the angle 0 between the lines 

cos 9=g m% FX' = X m X w .(5) 


The two straight lines are perpendicular if 




and are parallel if T — X . 


Let us now consider the shortest distance between the two straight 
lines. Let P Q A and P' 0 A / be the lines and through each of thorn lot us draw 

planes P 0 A R and P f {) A ' R f par¬ 
allel to the other. Those planes 
are obviously parallel to each 
other. We next/ draw planes 
P 0 R'AA' and P[ ] llAA f perpen¬ 
dicular to those plant's and 
intersecting the lint's in A and 
A'. It is clear that A A* is not 
only perpendicular to both lint's 
but is also perpendicular to both 
planes. Also it is easily seen that A A' is the shortest distance between 
the lines, for the distance between any two other points of the lines is 
greater than the perpendicular distance between the two parallel plant's. 

Let the coordinates of P 0 , P' Q be %q, x f 0 r respectively and <i the 
shortest distance. The vector 



Am K 

sin 6 


(«) 


is the unit vector orthogonal to X r and X n \ that is, to the two straight 
lines. Bub S is the projection of P 0 P' Q on this direction. The shortest 
distance between the lines is therefore 


sin 0 


(7) 


Examples. 

L Show that sin 2 0 = A ,J, A m A' r 

2. The coordinates of A and A' are 

*0 + Afg (Kn COS e - X nl ) (x%‘ — x' 0 m ), 

X ° sin 2 6 ^ rn C0S ^ to" «o*) ■ 

3. Prove that the equations of the two parallel pianos are 

»g) = 0, a mnv X m X* (x* - x>/) = 0. 
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4. Provo that the equations ol the perpendicular planes arc 
(A, 00 H 0 - &) (rf - 4) = 0, (A;, com 0 - X r ) (x r - a& r ) = 0. 

5. Provo that tile two line's intersect if 

*rmn<N n X H ~ Cruz'S X»X\ 


3. The six coordinates of a straight line. 

Let l\) L ho a straight line whose equation 


is given in the form 

x r a?J -I- Q X r 
Let us form tlio quantities 


( 8 ) 



lh’ m it 7 tP<> • (9) 

These form a oovnriant vector and it is 
easily verified that they are independent of 
tlio particular point x[ that we take on 
the line. The. two vectors X r and /.t r determine the straight 
line uniquely, for we shall now find the equations of the line 
in terms of them. IJ: we multiply (9) by 8 ar *> X p and sum with 
respect to r from 1. to .*3, wc got 






' V *nnJ"<h~~K V J n <K 

(rx‘;-x“xi)^.x:~(x } X)r, 


which shows tliat the vector 8 r8i f& a X t is a point on the straight 
line. The equations of the straight line can therefore be written 


of--** e r * 1 + qX*. (10) 


The two vectors X r , q, r are called the six coordinates of the 
slmiijhL line . They satisfy the relations 


Xm X m — 1 , 
X m f*m ~ 0 , 


( 11 ) 


which state that X r is a unit vector and that ju r is orthogonal 
to X r . 

Interpreted geometrically, X r is the versor giving the direction 
of the line. The vector t a r is perpendicular to both X r and x[ 
and its direction is such that the triad (A r , x r 0) //) is positive. 
Also its magnitude is 0I\ sin 0 9 that is, it equals OL where L 
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is the foot of the perpendicular from 0 on the line. Hence if wo 
draw OM perpendicular to the plane OLP 0 , in such a direction 
that LP 0 , OP 0 , OM form a positive triad, and cut off OM 
equal to OX, then the point M has f.i r for its coordinates’. 

Examples. 

1. Prove that the plane p r x r = 0 is the plane through O containing 
the straight line. 

2. Show that the coordinates of L are s rmn fi M A w . 

3. If the straight line passes through the origin, show that / i r = 0. 

4. Show that g } * £ s rnn ~ ^0 9m n ^ ^ 9m u *^o • 

5. Find the six coordinates of each of the coordinate axes. 


4. The plane equations of a straight line. 

We may also express the equations of a straight line in 
terms of plane coordinates. There are two forms in which the 
equations may he written and these are analogous to the forms 
(1) and (3), pp. 68, 69. 

If u J. 1} and u\ 2) are the coordinates of any two planes passing 
through the straight line, then the* plane 

u — j^L ) + . no\ 

’’ l + (i . 


is any plane passing through the given line. This form of the 
equations is of value in dealing with systems of planes through 
the straight line. 

The straight line may be given as the join of two points 
whose plane equations are 

a (l) U r ^ ^( 1 )? 

< 9 ) U r= b (V 

This is the second form of the equations, and can bo used when 
we wish to deal with systems of points of the line in piano 
coordinates. 

Examples. 

1. Show that as g/A—*■ — 1 the piano (12) tends to the piano 
through 0 containing the straight line. 

2. Deduce from Ex. 1 that the point equation of the piano through 0 
and the line is (vft ] — uf ] ) x r = 0. 

3. Show that the vector s rmn u% < 2 > is parallel to the straight lino 

and that its magnitude is u a) u^sinO, 0 being the angle between u ( P 
and ' 
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EXAMPLES V 

1. If a, l are the opposite sides of a tetrahedron, d the shortest distance 
between them and 0 the angle between them, prove that the volume 
of the tetrahedron is 

V — \-abd sin0. 

6 


[Let x'q \ Xq + a X 7 \ x' Q r -^bX fr be the vertices. Then 

OF- (4 - O « - x' Q s + a A*) bX ft - s r9t (x r 0 - x f Q r ) 7 s X ft ab.] 

2. Show that the perpendicular distance between two parallel lines 

x r ^= x' 0 4* Q A r and x r = 4* A r is <3 where 

<5 2 = 4* 4) W ~ X'o" 1 ) (4 - *S"). 

3. If a straight line is defined by two points , cbf 3) show that its 
six coordinates are given by 


ir _ x (2) ^(l) _ s rnm x \ 8) ®5.) 

d ’ ^- 5 5 

where d is the distance between ai^u and x r m . 

4. If a straight line is determined by two planes w{4, uf\ show 
that its six coordinates are given by 


rm7i q a) 

q r _ b a n 

A — - Z -> ftr “ 


i/tf) 


where h — u (t) u (t2) sin 0, u (l) , u (2) being the magnitudes of UJ4 and 
and 0 being the angle between them. 

[Use the results of Exs. 2.and 3 of § 4, pp. 72, 73.] 

5. If the six coordinates of two lines are X r ,fx r and X n \ ix' r> show 
that the shortest distance between the lines is 

sin 0 

Q being the angle between the lines. 

6. The condition that two lines intersect is X m fx' m + ft m — 0. 

7. Show that the planes 

e rmn X m x n — (i r > ft r x *' = 0 
all pass through the line ( X r , /x r ). 

8. Show that any plane through the straight line (A r , fx r ) is given by 

'M'r ~ “72 at ft ^ 4 " & ftr 
ft 

as h varies. Show that h = cot a/^ 2 , where a is the angle between u r and 
ix r . For 1c = 0 we have the plane passing through the line and perpen¬ 
dicular to OL. 
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9. The six coordinates of a line may also be looked upon as a contra- 

variant vector A r and the non-zero components of a skew-symmetric double 
tensor [i ra ~ X r x a Q —V xq, with the relations ~ 1, e rHt V{i' u = Q. 

Show that the equations of the line are x r = fi* r X s -\" Q% r » 

10. With the notation of Ex. 9, show that the shortest distance 
between two lines is 

11. If we have two straight lines x r = x 7 0 -f~ q X\ x 9 = a£+ Q(i v , 
both passing through the point Xq, show that the equations of the bisectors 
of the angle between them are 

x r = 4 + t(V±/A r ) f 

and show that distances along these lines are measured by 2 1 cos 0 /2 and 
2 1 sin 0/2, 6 being the angle between X r and /U. 

12. If OA, OB, 00 are three directions from 0 given by the unit vectors 
X r , fi r , v r and OA', OB', OG' are the bisectors of the angles between these 
directions, show that the planes AO A', BOB', OOO' all pass through 
the line x r = i (>l r + jn r -\- v T ). 

13. Show that the length of the perpendicular from x r on the line 
x r — Xq 4* Q 7 r is 8 where 

< 5 2 = Iffmn 9rs ~ 9mr 9n<) (*“ ~ «?) («* ~ *?) V ^ 


It. Show that the equation of the plane through the line x r — ~j- q)A 
and parallel to the line x r —Q[A' is s nnn ( x r — a?J) X m /i n . 0. 

15. If we are given two straight lines as the intersection of the pairs 
of planes u^\ u™ and u\?\ u\: l) , show that 


u[» 

u? 

«S»> 

u[ A} 

Up) 

«4 a > 


«4« 

U$) 


«4 3 ' 

u\?) 

1 

l 

1 

1 




where 8 is the shortest distance and Q the angle between the lines. 
[Use Exs. 4 and 5.] 

16. The condition that the straight lines of Ex. 15 be coplanar is 


U[ 1] "AU fn m 

uP up* 

- °- 

i i i 

17. Show that the points 

+ k Xq -f y 

1 + ^ ’ 1 + k' 

form pairs of points of a homographic range on the lino joining x r t and 
if h and h are connected by a relation of the form 

akh -j- b h -j- c h' -f- d = 0. 
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CHAPTER VI 

The Quadric Cone and the Conic 


1. The equation of a quadric cone. 

A quadric cone is the locus traced out by a family of lines 
which all pass through a point and whose versors X r satisfy 
a quadratic relation of the form 


= .(i) 

where a mn are the components of a symmetric double system. 
The point x* 0 is called Che vertex and each of the lines is called 
a generator oj the cone . 

If x r is a point on the cone, the line joining it to the vertex 
is obviously a generator; but the equations of this line are 

Hence we deduce that x r satisfies the equation 

0 * 0 . ( 2 ) 

This is therefore the equation of the cone. We see, as we would 
expect, that if a point satisfies the equation (2) then every 
point on the line joining it to the vertex also satisfies (2). Writing 
out (2) in full, we have 




. (3) 


As we shall deal in this chapter only with cones having a 
common vertex, we may suppose that this vertex is the origin. 
In this case equation (3) takes the simpler form 


a, i)L n x 7n x n = 0 


W 


When we change to a new coordinate system x r the equation 
of the cone is still of the form 


x m x n ■ 


Hence we conclude that 


— * m n 

a mn X X ~^ a mn X X ? 

where 7 is some factor. We can always suppose that the system 
a mn is multiplied by such a factor that 7=1, that is, a mn x m x n 
is an absolute invariant under a transformation of coordinates. 
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Consequently, since a mn is symmetric, we conclude that a mn 
is a double covariant tensor except for a possible factor X. In other 
words, every quadric cone determines a double’covariant tensor. 

Examples. 

1. Show that 

a m n X m x n + 2 b n x n + c=Ea mn (x m + a m s b a ) ( x 11 + a n l b t ) + ~~ , 
where a mn is the cofactor of a mn in \ a vln \, divided by | a mn | , and 



Let us denote by A m 71 the eofactor of a mn in A, so that oc m n A m n /A. 

We have 

a rJM a w< - = Si , A^cA- A mn b m b n . 

Hence 

«„„(*" + «’"*&,) (a»* + «*%) 

- a m , rf" + K K x n + <t *» + <5 ;l a" ‘ b„ b t 

- o* „ a" *» + 2 b m x m + a™ « b m b n . 

Also 

A A mn 

^ =c _£_ M)i=c _ a »»J wA) 

and our result follows immediately. The quantity /I is usually called 
the discriminant of a mn x m x n + 2 ;c wl + c. 

2. Prove that A = 0 is the condition that a m n re 111 as n -|- 2 b in - J- o ~~ 0 

should be the equation of a cone. 

3. If A = 0, show that the vertex of the cone is —a™ and that 

4. If we put F (x) — a mn x m x n + 2b m x m +c, show that the equations 
dF 

— 0 give the vertex of the cone. 

5. Show that any straight line not passing through 0 cuts the cone 
in two and only two points. 


2. The equation of a conic. 

Let ns now examine the equation corresponding to (2) in 
plane variables. It is 

= 0,.(5) 

where u° r is a given plane. We see that a mn is a symmetric contra- 
variant tensor except for an unimportant factor. 
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The planes whose coordinates satisfy (5) will form a family 
of planes satisfying some geometrical condition. Let u r be any 
plane, other than uf which satisfies (5). We see that the plane 


U r + X U° r 
1+X 


. ( 6 ) 


also satisfies (5) no matter what value is given to X. Now as X 
varies the plane (6) always passes through the intersection of 
u r and uf that is, every 
plane through - this line of 
intersection satisfies (5). If 
we take a series of planes 
u r , all satisfying (5), their 
lines of intersection with 
u° r will give a family of 
lines in the latter plane 
and this family of lines will 
mvalope a certain curve in 
the plane u ( f . Moreover this 
curve is such that all planes through any tangent line to it in 
the plane u" satisfy the equation (5). Consequently the equation (5) 
expresses the condition that the plane u f touches a given curve 
in the plane u° r , and we may say that (5) is the tangential equation 
or plane equation of the curve. 

If we take any two planes uf and uf , whose line of inter¬ 
section does not lie in uf then (uf + huf)f(l + k) is any 
plane through their intersection. This plane will touch the curve 
if its coordinates satisfy (5), that is, if 





Hence through any line in space two and only two planes can 
in general be drawn to touch the curve, and we conclude that 
it is a curve of the second class or a conic . 

The equation (£) is therefore the plane equation of a conic in the plane 
u 1 ),. In other words, every double contravariant tensor determines a conic. 
Wo see that to theorems relating to cones with a given point as vertex 
there correspond dual theorems relating to conics lying in a given plane. 
We shall work out the theory connected with cones in point coordinates 
and leave the development of the dual theorems in plane coordinates 
to the student, the algebraical work in the two cases being exactly the 
same. 
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If we consider the equation 

a mn u m u n — o,.(7) 

this represents a conic in the plane whose coordinates are (0, 0, 0). 
Hence (7) is the equation of a conic in the plane at infinity, 
and therefore to cones with their vertices at the origin will 
correspond conics lying in the plane at infinity. 


1 . If we write 

Show that 


Examples. 


A = \a mn |, 



b m 

c 


a mn u m u n + 2b m u m i- czzEa mn (u m +a ma b s ) (u n + a nt b*) + AfA, 

where <x rs is the cofactor of a rs in A, divided by A. 

2. Show that A = 0 is the condition that a m n u m u n + 2 b m u m ~\~ c 0 
should be the equation of a conic. 

3 . If A — 0 , show that the plane of the conic is — cc rB h*, and tliat 
o = a mn b m b n . 

4. If we put 0 (u) = a mn u m u n + 2 b m u m + c, show that the equa- 
00 

tions ™ 0 give the plane of the conic. 


3. The tangent plane to a cone. 

Let x } Q be a point on the cone 

a mn x m x’‘ = 0, .(8) 


and let x r be any other point. Then -A is any point 

1 “p Ic 

on the line joining these points, and this will lie on the cone 
provided that 


2 Tc a mn x m x” + k 2 a mn x m x n = 0. 


(9) 


This is a quadratic equation for h, the roots of which give 
the points of intersection of the line joining x’f and x r with 
the cone. One of the roots is zero, as we would expect since 
*o is on the cone. The line joining x’ 0 , x r will touch the, cone 
if the second root is zero, that is, if 


a mn x m x^ = 0. 


(10) 
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This is the equation of a plane and it is such that every line 
lying in it and passing through x[ touches the cone. It is therefore 
the equation of the tangent 'plane to the cone at the point x 0 . We 
notice that the tangent plane at x' Q contains every point of the 
generator 

x r = 0 x r Q . 

Moreover the tangent planes at every point of this generator are 
coincident, or, in other words, the plane (10) has a line of contact 
with the cone, namely, the generator. 

We can use this result to find the plane equation of the conic in which 
the cone is cut by the plane at infinity. If ajJ is any point on the cone, (10) 
is the equation of the tangent plane at this point and 

CLm n X u X q = 1 , . . . ..( 11 ) 

is a parallel plane. Now the line of intersection of the tangent plane with 
the plane at infinity is a tangent line to the conic section, and therefore 
the plane (11), which has the same intersection with the plane at infinity, 
also touches the conic. T]|e plane (11) will be the plane u T if 

Urm x l L = u >" 

Solving this equation for we get 

*o = a rJ «j. 

where oc rs is the cofactor of a mn in | a mn |*, divided by | a mn |. But x r Q is 
any point on the cone and hence satisfies the equation 

<w«==o. 

We therefore deduce that 

a mn u m u n = 0. 

This, we know, is the plane equation of a conic in the plane at infinity and 
must bo the section of the cone (8) by the plane at infinity since it is 
touched by every tangent plane of the cone. 


Examples. 

1 . Prove that the six coordinates of any generator of the cone are 
given by /^ r = 0, X r , where a mn V 1 — 0, 

2. If we draw tangent planes from the point Xq to the cone, prove 
that the plane containing the lines of contact has for its equation 

amn*” 1 ** « °* 

3. Show that the point of contact of the plane which touches the 
conic oi mn u m u n = 0, is given by the equation 

ct?' s u / .u® = 0 ; 
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show that to a generator of the cone in point variables there corresponds 
a tangent line to the conic in the dual theorem. 

4. Deduce from Ex. 3 that the cone formed by lines joining the origin 
to the conic a m n u w ’ u n = 0 has for its equation in point variables 
a mn x m x 11 = 0, where a mn is the cofactor of a mn in |a wn |, divided 
by | a mn |. 

5. State and prove the dual theorem of Ex. 2. 


4. Poles and polar planes with respect to a cone. 

Let P, coordinates x * a) , and Q, coordinates x \^, be any two 
points. The point + &^ 3) )/(l + ft), which divides PQ in 
the ratio ft, lies on the cone if 

a mn <X. + 2 h a mn xZ x'Z + & a mn <,k” , = 0, . (12) 

and tie roots of this equation in k are tie ratios in which tic 
two points of intersection of PQ with tie cone divide the segment 
PQ. 

If the range is harmonic, the roots are equal in magnitude 
hut opposite in sign. Thus 


and we see that ajl, lies on the plane 

= 0.(13) 

This plane is therefore the locus of the harmonic conjugates of 
P > an d ^e call it the polar plane of P with respect to the cone. 
If two points P and Q are such that the polar plane of one passes 
through the other, the points are said to be conjugate points 
with respect to the cone. The condition is 

. ^(1)^(2) ~ 0.(l<f) 

We note that the polar planes of all points, which lie on a 
straight line through 0, coincide and we call this plane the 
conjugate plane of the given line. Also if P and Q are conjugate 
points with respect to the cone then all the points of the line 
OP are conjugate to every point on OQ. Two such lines arc 
said tci be conjugate diameters. The condition that two directions 
An and a (S) should be conjugate diameters is 

a m nKx)Kv = o. 
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Examples. 

1. By expressing the condition that the roots of (12) may be equal, 

show that the equation of the pair of tangent planes from x^ v to the 
cone is (a mn x &(d) 2 = (ct mn ) (cc ra x 1 x'). 

2. Find the locus of a point Q such that PR QB has a given cross-ratio 
A, where P is the fixed point and R, B are the intersections of PQ 
with the cone. 

[The ratio of the roots of (12) equals A.] 

3. Show that the equation of the pole of wj with respect to the 
conic n u m u u « 0 is a rH u r wj — 0. 

4. Show that the poles of all parallel planes, with respect to the conic 
a mn u m u n = 0, coincide and if p and q are two conjugate planes with 
respect to the conic then every plane parallel to p is conjugate to every 
plane parallel to q. 


5. The canonical equation of a cone. 

Let P be any point which does not lie on the cone 
a mn x m x n =0. If the coordinates of P are x[, the polar plane 
of P is 

=o, 

and the point P does not lie on this plane since a m tl x'“ x“ 4= 0. 
Hence, if we take any two points and lying in the polar 
plane but not collinear with 0, then x[ are three in¬ 

dependent points which may be taken as unit points in a new 
coordinate system. Now 




o. 


and these are invariant equations. Therefore, if we transform 
to the new axes and denote the new quantities by dashes, we 
have 

and 

a' =a' =0. 


The equation of the cone becomes 

• a[ x (x n f + oj* (x'*)* + 2a! z ,x'*x'* + < 8 (x'»f = 0. (15) 

If a£, a'* = a'„ 0, the cone reduces to a[ ± (sc' 1 ) 2 = 0, 

that is, to two coincident planes x n = 0, and we proceed no 
further. 


(E 287) 


6 
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If these conditions are not satisfied, then the section of tin 
cone by the plane x' 1 = 0 is the lines 

a *** B + <*&*) a = s0 ' ... ( 16 ; 

In this plane we can obviously choose a point Q not lying or 
the lines, and then take a point R on the plane and conjugate to Q 
with respect to (16), that is, OQ and OS form a harmonic pencil 
with the lines (16). The three points P, Q , R are independent 
and may be taken as unit points in a certain system of coordinates 
x r . We shall then have in the new system 

d-^ 2 =::: ^2 3 ===: ®31 6 , 

and the equation of the cone becomes 

+ 0, . . . (17) 

where the a* s may have zero values. This form of the equation 
of the cone is called the canonical form. Moreover the number 
of such coordinate systems is infinite as both x[ and a?' are 
arbitrary points. We notice that we may take any points on 
the lines OP, OQ , OR as unit points and the form will still be 
canonical. In particular, we may choose the points such that 
the non-zero coefficients of the form (17) may all be plus or minus 
unity. Thus the equation of the cone may take the special 
canonical form 

+ + .... (18) 

where s 1 , for example, is either 0 or is ^ 1 and has the same 
sign as a n . If the original form a mn x m x n is positive definite 
then so must the left hand side of (18), that is, all the sh must 
be plus unity. 

This result shows that we can choose in an infinite number 
of ways a coordinate system in which any symmetric covarlanl 
tensor a mn will have 

' a mn = 0, (m =j= n). 

Examples. 

1. If we are given a positive definite quadratic form 9 g mn x m x n 9 show 
that there exists an infinite number of coordinate systems in which it gives 
the distance of x r from the origin. 



VI] 


THE QUADRIC CONE AND THE CONIC 


83 


If we take any coordinate system & ,r and let 

<P ~ (Imn & n . (oc) 

we know that wo can choose a coordinate system x r such that 

ip = (a 1 )* -I- (5*) a + (x*)\ (p) 


since the form is positive definite 1 . Thus by a linear transformation of 
variables, which we may call 1 \ wo can transform (a) into (/?); hence the 
inverse transformation T~ x transforms (ft) into (a). Let us now take x r 
as being any rectangular Cartesian system of coordinates and let us make 
the transformation T~ 1 to new variables x\ so that (fi) transforms into (a). 
But y measures the. distance fromf« r to 0. Therefore in the new coordinate 
system (p also measures the distance from 0 to x r > and we see that the 
number of systems available is infinite. 

2 . Show that we can choose in an infinite number of ways a Cartesian 
system of coordinates in which the equation of the cone assumes the 
canonical form (17). 

3 . Rlvow that we can reduce the equation of the cone to the form 
(17) and at the same time take any plane, which does not touch the cone 
but passes through the origin, as the plane x* = 0. 

4. Show that the conic ot wn u m u n = 0 can be transformed in an 
infinite number of ways to the canonical form 

a 11 (%) 3 a 23 ( Wo) 2 a 33 ( w 3 ) 3 = 0 . 

5 . Rhow that the equation of the section of the cone 


<*i 1 (a; 1 ) 2 + «. a 2 (a; 2 ) 2 + a 38 (aj 8 ) 2 — 0 


by the glane at infinity is 


«n 


W + ( rW # + ,rW s = o-' 

a 2 2 a 3 3 


6. The principal axes of a cone. 

The equation of the plane conjugate to the direction l r 
with respect to the cone is 

a mn x m X n = 0 . 

This piano will be perpendicular to A r provided 

= = .(19) 

That this equation may be satisfied d must be a root of the 
determinantal equation 

| O/fnn “ ^ (fmn | ” 9 . (^^0 

Conversely, if we can find a root 6 of this equation we can then 
find a direction % T which will satisfy (19). Such a direction is 
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called a principal direction or principal axis oj the cone. We 
shall show that there are three principal axes which are mutually 
orthogonal and we shall find the form of the equation of the 
cone when referred to its principal directions as coordinate axes. 

"We first observe that the equation (20) has three roots and, 
since g mn x™ x n is positive definite, we know (p. 16) that these 
roots are all real. Let us denote them by 0,, 0 2 , 0 3 . Two or more of 
these roots may of course be equal. Corresponding to the root 0 X 
we have a direction satisfying (19), that is, 


=<U„4?,.(21) 


Let us now choose a rectangular Cartesian system x' r in which 
X 3 a) is the a/ 1 -axis, and in this system we have 


V r — y 
A<u ~ 0 19 


We deduce from (21), which are vector equations, 



d x {x' x f + a' 3 (x’ 2 f + 2 a' a x' 2 x * 8 + at u (x! 8 ) a 0 . 

If a' 2 = a' 3 — a' 3 = 0, we proceed no further, but if these rela¬ 
tions are not true we take the section of the cone by the plane 
x' 1 = 0. It is 

<3 ( X 'Y + 2 < %'*%'*+ a! u {x n f = 0 . . ■. . ( 22 ) 

This is the equation of two straight lines and we may take as 
coordinate axes the bisectors of these lines, the coordinate system 
being still rectangular Cartesian. Referred to these final coordi¬ 
nates x* the lines (22) become 

% 2 (£ 2 ) 2 + «33 (S 3 ) 2 = 0. 

In other words, the tensor a mn has all its components zero except 
^ 33 ‘ Now the left-hand side of (20) we know to be a 
relative invariant of weight 2; consequently if it vanishes in 
one system of coordinates it vanishes in every other. Thus in 
the system x r we have that the equation 

a n — 6 0 0 

0 a 22 — 0 0 =0 

0 0 a* o — 
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has the same roots as (20). But the roots of this last equa¬ 
tion are a u , r a 2 2 , a 33 , that is, 

an= 0i, 2 = 0 23 

and the equation of the cone is 

, + + . . . ( 23 ) 

where 0 l5 0 2 , 0 3 are the roots of (20) and the coordinate 
system is rectangular Cartesian. We also see that the vector 
equations (19) are satisfied in the new system by the co¬ 
ordinate axes which are therefore the principal axes. Of course 
it may happen that some of the 0*s vanish. 

We have proved that we can always choose a rectangular 
Cartesian system such that in it any symmetric covariant tensor 
a mn will have 

a. mn = 0, m + n. 

Examples. 

1. If = 0 3 , that is, two of the roots of (20) are equal, prove that 
every direction perpendicular to X[ x) is a principal direction of the cone. 
In this case the cone is said to be of revolution , the direction V a) being called 
the axis of revolution. 

2. If the .three roots of (20) are ecpial, prove that every direction is 
a principal direction. In this case the cone is said to be isotropic , and 
we see that its equation may be written g mn x m x n = 0. 

3. State and prove the dual theorem of § 6. 

[The dual theorem is that the conic a wn u m u n = 0 can have its equa¬ 
tion reduced to canonical form and at the same time the axes be chosen 
rectangular Cartesian.] 


7. The classification of cones. 

We have seen that the equation of a cone can be put in the form 

(^ 1 ) - d - a 2 2 (^' J ) 2 4 * ^ ssi ^ 3 ) 2 — b , 

and at the same time the axes can be chosen rectangular Cartesian. We 
shall now classify the types of cones that can exist. We shall use the 
usual notation 

A = ) dm n |, g = { ffm n | ? 

and denote hyA mn the cofactor of a mn in A . Since A and g are relative 
invariants of weight 2 and A mn is a relative tensor of weight 2, we see 
that A/g is an absolute invariant and A mn /g is an absolute tensor. In 
our new coordinate system x r we have g = 1 and 
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Hence 


A — Ct (%2 2 ^33 > A^ -— Ct 2 2^3 3? — 0^ etc. 

A _ _ „ q A m n _ _ _ _ „ 

= a u a 22 a 33 , ■■ mn - - = «22 rt 33 4“ tt 33 %1 4“ a ll a 22' 


Also g mn a mn is an invariant, that is, 

g mn a mn — g mn a mn = a lx + a 2 a 4" ^ 33 * 


We conclude that a lv cr 22 , a 33 are the roots of the cubic equation 

n Amn A 

-y = 0, .... (24) 

or, 

gd a -6-G"‘"a mn + 8g mn A'>"‘-A = 0, .... (25) 

where G mn = yg” 1 " is the eofaetor of g m „ in 3 . Equation (25) is just the 
determinantal equation 

| = 0 ,.(26) 

and n n , a 22 , « 33 are the roots of this equation, a result which we obtained 
in the last section by another method of proof. 

I. A =j= 0, then none of ftte roots is zero and the cone is non-degenerate. 
If the three roots are all positive or all negative the cone is imaginary, 
otherwise it is real. 

EL A = 0, but the first minors of A are not all zero . All the components 
of the relative tensor A nln are not zero and therefore they cannot be all 
zero in any other coordinate system. Since A is zero, one root of (25) 
at least is zero, say a 33 , and we see that the only component of A mn that 
survives is A 33 = a u a 2 2 * Consequently neither a n nor a 22 can vanish and 
there is only one zero root. The cone becomes 

a n (^ 1 ) 2 4" ®2 2 (^ 2 ) 2 = 0, 

which is the equation of hoo distinct planes through the £ ,:j -axis. The planes 
are imaginary if a n and a 22 have the same sign, otherwise they are real. 

III. A , together with all its first minors , vanishes . Then A mn = 0, and 
(25) has two zero roots, say a n and a 22 . The equation of the cone is 

“3 3 (a 3 ) 2 = 0> 

which is the equation of two coincident planes x z — 0 . 

It will be noticed that the conditions stated for each case are m- 
variant conditions which if true in one coordinate system are true in all 
systems. 


Example. 

Show that we have the following classification of the conic 
a‘ nn u m u n = 0. 

(i) |a m ”| 4=0, the conic is non-degenerate. 

(ii) |a mn | —0, but all first minors are not zero, the conic reduces 
to two distinct points at infinity. 

(iii) ja m ” | and all its first minors vanish, the conic reduces to two 
coincident points at infinity. 
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EXAMPLES VI. 

1. Show that the cone (a mn — 6 g mn ) x m x n = 0 degenerates into 
two distinct or coincident planes according as 6 equals a single or double 
root of thd equation | a mn — 6 g mn | =0. 

2 . If the cone a mn x m x n = 0 is of revolution, show that we can find 
a quantity 0 such that 

A"-dge*' n »#**a inp g n9 +0*ggr'=Q. 

[The cone (u mn — 0 g mn ) x m x n = 0 degenerates into two coincident 
planes when 0 equals the double root of | a mn — 6 g mn | — 0. Hence all 
the first minors of the determinant vanish for this value of 0.] 

3. Show that in rectangular Cartesian coordinates the conditions- 
of Ex. 2 become 

0'*23» etc. 

4. >Show that if a given plane cuts the cone a mn x m x n = 0 in two 
distinct generators we can choose a coordinate system in which a; 3 = 0- 
is the given plane and the equation of the cone becomes 

a 33 (it* 3 ) 2 + 0. 

5. Prove that the angle a between the lines in which the plane 
u r x r = 0 cuts the cone a mn x m x 11 — 0 is given by 

cot2 = _ A {ff M „ («" ” - a™ ' a=-) u r «„}* 

4 g g m » u m u„ a r ’ u r u, 

[Evaluate the invariant in the special coordinate system of Ex. 4.] 

0. Inotropic\ cone. The cone g mn x m x 11 = 0 is called the isotropic cone. 
Show that if two directions at 0 are conjugate with respect to the iso¬ 
tropic cone, they are orthogonal and conversely. 

7. Circle at, infinity . The conic g mn u m u n = 0 is called the circle at 
infinity. Show that the isotropic cone is the cone obtained by joining 0 
to the points of the circle, and show that two planes are orthogonal if 
they are conjugate with respect to the circle at infinity. 

8 . Reciprocal cones. Show that the lines through 0 perpendicular to 
the tangent planes of a mn x m x n = 0 lie on the cone 

g mr gn S <x r8 x m x n ^0, 

and show that the perpendiculars to the tangent planes of the latter cone 
lie on the original cone. Two such cones are called reciprocal cones. 

9. If a mn x m x n = 0 is expressed in canonical form, the axes being 
orthogonal Cartesian, show that the reciprocal cone is 

u : 1 1 a 2 2 a s 3 

10 . The vanishing of the invariant g mn a mn means that there is an 
infinity of triads of mutually orthogonal generators of a mn x m x n — 0. 

11 . The vanishing of the invariant g mn oc mn means that there is an 
infinity of triads of mutually orthogonal tangent planes to a mn x m x 11 = 0. 




88 


ABSOLUTE DIFFERENTIAL CALCULUS [CHAP. 


12 . If \a mn \ = 0, show that a mn x m x n = 0 represents two planes 
and show that their intersection is in the direction A f , where a r8 X s = 0. 

13. Show that 

K.» a rs — a mr a nt ) x r Q x* 0 x vt x‘ l = 0 

represents two planes, which pass through the line x r = 6 and also 
pass through the points common to a mn x m x n — 0 and a mn x ni — 0. 
Hence it is the equation of the pair of tangent planes from to the cone. 

14. If \a mn \ = 0, show that the planes a mn x m x n =* 0 are orthogonal 
if g mn a mn = 0. 

15. Deduce that if the tangent planes from x r to the cone are ortho¬ 
gonal then x r lies on the orthoptic cone 

( 9 m n dm n) ( a ra % r **) ~ <T ” r ^ na X r = 0 . 

16. If we are given two quadratic forms , g mn x m x n and a mn x m x n , 
one of which is positive definite , show that they can be simultaneously 
reduced to the forms 

(a ; 1 ) 2 + (z 2 ) 2 + (^ 3 ) 2 ; d ix (z x f + d 33 (a; 3 ) 2 . 

[We can always choose a coordinate system for which g mn is the 
metric tensor and the result follows from § 6 (p. 83).] 

17. If 6 o is a multiple root of order a, (a < 3), of the equation \a mn — 
d g mn | =0, show that all the first minors have 6 0 as a multiple root of 
order a — I and all the second minors as a multiple root of order oc — 2. 

[These are invariant properties and hence it is sufficient to prove 
them when the tensors are in their simplest forms.] 

IS. Prove that the condition that the plane u r x r = 0 should touch 
the cone a mn x m x n = 0 is a mn u m u n — 0. 

19. When the equation of the cone is in its canonical form show that 
the coordinate axes are mutually conjugate diameters of the cone and 
conversely. 

20. The conditions that a cone a mn x m x n — 0 should touch the co¬ 
ordinate planes are A 11 = A 22 ~ A 33 — 0. 

21 . If there are three mutually orthogonal directions AJ, A£, A£ satis¬ 
fying the relations 

(a r8 — Qg rs ) A s = 0, 

where a rs is any double tensor and g rs is the metric tensor, show that 
a rs must be symmetric. [This is the converse of the theorem of § 6 (p. 83). 
It is proved by taking the orthogonal directions as coordinate axes.] 

CHAPTER VII 

Systems of Cones and Conics 

1. The equation of a system of cones with a common vertex. 

If we are given two cones 

(A) a mn x m x n = 0, | ^ 

(B) b mn x™a s» « 0, J. (1) 
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having the origin 0 as a common vertex, then any cone with 
the same vertex and passing through the points common to 
(1) is of the form 

= O.(2) 

Therefore as 0 varies we get a system of cones all of which 
contain the common points of the two original cones (1). 

The system (2) will contain members which are not proper 
cones but are pairs of planes, namely those members for which d 
is a root of the equation 

| 0 Own j zzz 0. ..(3) 

This is a cubic equation and has three roots; therefore in general 
the family (2) has three pairs of planes belonging to it. We 
shall often refer to these members as the degenerate members 
of the family. 

If we transform to a new coordinate system x r the system 
becomes 

iflmn X n = 0 3 (4) 

the parameter 0 giving the same member in the new variables 
as it gave in the old. Also the determinantal equation (3) becomes 

-0LJ-O (5) 

Now the determinant is known to be a relative invariant of 
weight 2. Hence if it vanishes for any value of 6 in one coordinate 
system, it will vanish for that value in every other system. In 
other words, the roots of the equation (5) are the same as the 
roots of (3), that is, the roots of (3) are invariants. 

Our object is to examine the' different ways in which the 
two cones (1) may be related to each other and we can do this 
by examining the different forms that the system (2) can assume. 

Example. 

Show that tho family of conics (cc w w — 6 p mn ) u m u n » 0 possesses 
degenerate members for the roots of \a inn — = 0, and show that 

these degenerate members arc pairs of points at infinity. 


2, The common polar directions of a family of cones. 

The planes conjugate to the direction l f with respect to the 
two cones are respectively 

b mn x*n n ^0. 
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These planes will coincide if 

a mn — 0 b mn A n , . (6) 

and we see that if this condition is satisfied then the planes 
conjugate to X T with respect to all the cones of the family coincide. 
We shall call such a direction a common polar direction of the 
family . If (6) is true, it follows that 6 must be a root of the equa¬ 
tion (3) and, conversely, if 6 is a root of (3) we can always find 
a corresponding direction X r satisfying (6). There is therefore 
alw r ays at least one common polar direction. 

If X 0 is a common polar direction of the family we have seen 
that there is a number 0 O such that 


K,-e 0 b,,JK = o, 

and 6 q is a root of (3). Hence the cone 

(a mn -d 0 b m J = 0 


reduces to a pair of planes which intersect in the line Xff . More¬ 
over if X Q is a generator of the cone b mn x m % n — 0, we see that 




and X 0 is a generator of every member of the family. But the 
plane conjugate to a generator X Q is the tangent plane along this 
generator. Consequently all the cones have a common tangent 
plane, and we conclude that if a common polar direction is 
a generator of one non-degenerate member of the family then 
all the members touch along this generator. 

If there are two independent common polar directions X 0 
and we have 


a mn ^0 t>mn > a mn \nn * 


Now 6 0 may or may not equal 6 V and we consider the two cases: 
(i) 0 O =j= . We find that 




and consequently 


a „„XK = KnKK = o- 


The directions X Q and X ± are therefore conjugate with respect 
to all the members of the family. 

(ii) 6 0 = 0 X . Here we see that 

a mn (&K + PK) = Q<)b mn (ocXf; + pxf), 
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and every direction in the plane containing Xf and Xf is a common 
polar direction. Let us choose any two vectors in this plane which 
are conjugate with respect to the cone b m n x m x n — 0. Then these 
two vectors are conjugate with respect to any member of the 
family. Therefore if we have two independent common polar 
directions of the family we can always choose two such directions 
which are conjugate with respect to every member of the system. 

If we have three independent common polar directions 
Xf, Xj, Xf, we have 

\X = KKnK, TnX = W m X ■ 

We mean by three independent directions three which are not 
coplanar. We have the following cases: 

(i) No two of the 6 ’s are equal. We see exactly as in (i) of the 
last paragraph that the directions X 0) X' 1S are all mutually 
conjugate with respect to every member of the family. 

(ii) Two of the O’ s are equal, say 0 o = 6 1 . We see that every 
direction in the plane containing X 0 and X x is a common polar 
direction and we can choose two in the plane which are also 
conjugate with respect to every member. Moreover X, is conjugate 
to every direction in the plane of and X’. 

(in) All three of the 0 s s are equal. In this case every direction 
is a common polar direction and we have only to take three 
directions which will be mutually conjugate with respect to 
b mn x m x n = 0 and wc see that they will also be mutually con¬ 
jugate with respect to every member of the system. 

We conclude that if we have three independent common polar 
directions wc can always choose three such directions 'which are 
also mutually conjugate with respect to every member of the family. 

Examples. 

1 . If & mn = Qmn show that there are always three common polar 
direction h which are orthogonal to each other. 

2. Show that if (3) has two distinct roots then there must be two 
independent common polar directions. 

[If AjJ and X x arc the two directions corresponding to the unequal 
roots 0 O and , then X[ ?(• h Aq. ] 

3. If equation (3) has three distinct roots show that there must be 
three independent common polar directions. 

4. Investigate the dual theorems regarding a system of conics 
^cc mn — 0P mn ) u m u n 0, showing that to a common polar direction 
there corresponds a common polar line at infinity, that is, a line at in¬ 
finity which has the same pole with respect to all the conics. 
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3, The canonical forms of the equation of a family of cones. 

We shall now investigate the simplest forms to which we 
can reduce the equation (2), p. 89, of the family of cones and 
in so doing we shall examine the different relations that the 
two cones (1) can have to each other. We may call the cones 

a mn x m x n = 0 , b mn x m x n = 0 

the base cones , and we shall leave aside the singular case whore 
all the cones of the family axe degenerate, so that we can always 
choose our base cones to be proper cones. In other words we 
choose our base cones such that | a mn \ and | b mn | are different 
from zero. 

We shall divide the discussion into different sections accord¬ 
ing to the number of independent common polar directions 
that exist. 

I. Three independent common polar directions . We have seen 
that these three directions can be chosen to be mutually con¬ 
jugate with respect to both base cones and consequently with 
respect to every cone of the family. Let us take these directions 
as the coordinate axes. Since the axes are conjugate with respect 
to both cones we have in our new coordinate system 

C&23 “ ®31 ~ %2 ” ^23 ^ ^31 " h% ^ 

and the cones become 

% (^) 2 + d 22 {x*f + a zz (a ?) 2 = 0 , 
hi {&)* + %*&)* + b z *(&)* =0. 

The determinant i mn — 6b mn is now 

hi $hi , 0 0 

2 ^^22? 0 
® *33 @hn 

= (d n 0 b n ) (^22 0 ^2 2 ) (h 3 — 6 b 3 3 ). 

Hence the roots of the determinantal equation ( 3 ), p. 89, are 

^*11 a 2 2 %3 

^11 ^2 2 ^33 
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Denoting these roots by 6 1 , fi a and 6 S respectively we therefore 
see that the equation of the family is 


1 (0i—0) (^‘) 2 + 2 (&!—0) (as 2 ) 2 + &s 3 (0 3 - 6 ) (a; 11 ) 2 = 0, . (7) 

and the determinant becomes 


fli-0 0 

^11 ^2 2 ^3 3 0 

0 0 


. . ( 8 ) 


There are three sub-cases: 

(A) 6 X , 0 % , 0 3 are unequal . The two base cones intersect in four distinct 
generators and the degenerate members of the family are the three pairs of 
planes given for 6 — 6 t , 0 2 , 0 3 . To 
illustrate the cases we shall show the 
section of the family by a plane not 
passing through 0. The common ge¬ 
nerators are OA, OB , OG,OB (fig. 1). 

The degenerate members are the pairs 
of planes OAB, OGB; OBG, OB A; 

OBB, OGA, and the three common 
polar directions are their lines of 
intersection, namely, OP, OQ, OB. If 
we write any one of the system 8 = 0, 
and if P—0, Q — 0 is any one of the 
above pairs of planes, then the family 
of cones is of the form 

8 + = 



Fig , i. 


(B) Two roots equal, (0 
along the two generators in 
aerators OA and 0 B (fig. 2). 
The degenerate members are 
a pair of coincident planes 
OAB, given by 0 — 0 X = 0 2> 
and the pair of tangent 
planes OP A, OPB . The 
common polar directions are 
OP, OQ, OB, where Q and 
B are any tw$ points on A B 
which are conjugate with 
respect to the cones. If we 
denote the equation of 0 A B 
by P s=s 0, the family may 
be written 


j a=s 6 2 =|= 0 3 ). The cones have double contact 
which af* — 0 cuts the cones, that is, the ge- 



8 + AP 2 = 0. 


(0) All three roots equal, {Q x — 0 2 — 0 3 ). All the cones now coincide 
for the two base cones are identical. The form of the family is merely 

£ = 0. 


94 


ABSOLUTE DIFFERENTIAL CALCULUS 


[CHAP. 


II. Two independent polar directions. Let these two directions 
be 0 P and 0 Q. Now 0 P and 0 Q have each the same polar planes 
with respect to every member of the family and they can be 
chosen so as to be conjugate with respect to every member. 
Also the polar plane of either OP or OQ must coincide with the 
plane OPQ as otherwise the two polar planes would intersect 
in a direction OP, which would be a common polar direction 
and would not be coplanar with OP and 0 Q. Let OP be the one 
whose polar plane is OPQ . Consequently OP is a generator of 
every member of the family and OPQ is the common tangent 
plane to every member along OP. In other words, all the cones 
touch along OP. Moreover the polar plane of 0 Q cannot coincide 
with OPQ. Let it cut the cone B in OP and OR. We shall take 
0 P as the iP-axis, 0 R the x 2 -axis and 0 Q the $ 3 -axis. Since 
OP is a generator and OP, OQ are conjugate with respect to 
both base conics, 

%i “ \i — %3 = \z — 0 • 

Also, since OP is a generator of B and 0Q> OR are conjugate 
with respect to A and P, 

C) — &<, q — Qn~) 0 , 

Hence the determinant becomes 

0 , 2 0 2 j 0 

$21 0 1 s $2 2 > 0 

^ a 0 , $3 ^ 0 3 

== (< 2 33 6 b 33 ) (a 12 — 6 bi 2 ) 2 • 

We see that two of the roots of the determinantal equation, are 
equal. Let the roots be 6 V 6 V 0 3 . Then the family becomes 

m 

2 b V2 (6i - 0) 3 c 1 x 2 + a 22 ( x 2 ) 2 + (0 3 - 0) ( x * y 2 — 0 ? (9) 

and the determinant may be written 

0 , 0,-0, 0 

^12 ^33 ^2 2 ? 0 

0 , 0 , 03^0 


( 10 ) 
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Wo consider the two sub-cases: 

(A) 0x+ 0s* Tilc determinantal equation has only two equal roots. 
The cones have single contact along OP (fig. 3) and there arc two 
other distinct generators OA t OB . The degenerate members are the planes 
OPQ, OQA , given by 0— 0 3 , 
and the planes OPA,OPB 9 
given by 0 = 0 X . The two 
common i>olar directions arc 
0 P and OQ, II we write the 
equation of 0 P Q as P = 0 
and that of O A B as <2 = 0, 
the family of cones may be 
written 

+ XPQ = Q, 

where P = 0 is a tangent 
plane to all the cones. 

(B) () 1 ~ 0.j. The determinantal 
equation has three equal roots. The 
cones have four-point contact along 
OP (fig. 4) and there are no other 
generators common^ The only dege¬ 
nerate member is the plane OPQ , 
taken twice, which is given by 0 = 0 3 . 

The common polar directions are OP 
and 0 Q, Q being any point on the line 
PQ. If we write the equation of OPQ 
as P= 0, the family of cones become 

BA- AF 9 « 0, 




where P = 0 is a tangent plane to all the cones. 

III. One common ;polar direction . Let OP be this direction. 
The polar plane of OP must pass through OP, otherwise this 
plane would cut the base cones in two pairs of distinct lines and 
we could find at least one other direction in this plane which 
would bo a common polar direction. Hence OP is a generator 
and the common polar plane is the tangent plane along OP 
to all the cones, that is, the cones touch along OP. Let OQ be 
any direction in the polar plane of OP and let OP be the inter¬ 
section of the cone B by the polar plane of OQ with respect 
to B. Wo shall take OP as the a^-axis, 0 Q as the ai 3 -axis and OP 
the F-axis. Since OP is a generator of both cones and OP, 
0 Q are conjugate with respect to both cones, 


*11 ■ 


u n ; 


no ■ 


3 ' 


0. 


Since OR is a generator of the cone B and OQ, OP are con¬ 
jugate with respect to B, 
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bo2 =: ^2 3 == ^* 

Hence tlie determinant is 

0 3 Ct-12 0 ^12? ^ 

^21 ^^21? ^2 2 ? ^2 3 

0 , ^3 2 j ^3 3 ^3 3 

— — (&* Ob 33 )(a> 12 0^i2) 2 - 

Now there can be only one distinct root of the determinantal 
equation since there is only one common polar direction. Hence 
if we denote this root by 8, we must have 

%2=Ml2 3 ^3 3 ^33* 

The family of cones is'therefore 

2 \ 2 (0 X — 0) x 1 x 2 + 2 a 23 x 2 x* + a 22 (a 2 ) 2 
+ 688(01-0) (^ 3 ) 2 =0, 

and the degenerate member is given by 6 = 0 X , that is, by 
x 2 — 0, 2a 2Z x s -\-a 22 x 2 — 0. 

The second plane cuts the cones in OP and another generator 
different from OP, that is, there is a common generator other 
than OP. We may simplify our results by taking this generator 
as OR, the i 2 -axis, in which case 

^2 2 ~ 0 • 

The system of cones may then be written 

2 biz (0i - 0) W x* + 2 a 23 Si 3 t* + 6 33 (0 A - 0) (i x 3 ) 2 = 0,(11) 

and the determinant becomes 

0 , 0,-0, 0 

&33&L 0 a 23 .... (12) 

0 ( 6 ,- 6 ) 

The cones have three-point contact along OP (fig. 5) and there is one 
other common generator OR. The only degenerate member is the 
pair of planes OPQ, OPR , given by 6 = 0 X . The only common polar 
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direction in OP. If we 
write the equations of 
the planes OPQ, OPR 
as P = 0 , 0 = 0 respec¬ 
tively, we see that the 
family of cones is 
8 + XPQ=* 0 , 

where P = 0 is a tan¬ 
gent plane to all the 
cones and the plane Q -- 0 passes through the generator of contact. 

We have exhausted all the possible types that can arise and 
our next problem will be to discriminate analytically between 
the different cases. 



Examples. 

1. Show that « 22 cannot vanish in equation (9). 

[Its vanishing would make OR a common polar direction.] 

2 . Show that a 2 3 cannot vanish in equation (II). 

3. Provo tko following dual results for the system of conics 

( a wn — op mn ) u m u n = 0, 

the algebraic work being practically identical with that of § 3 (p. 92): 

I (A). The conics all touch four distinct lines at infinity. 

1(D). The conics touch two distinct lines at infinity in two given 
points (double contact). 

I (0). The conics are identical. 

II (A). The conics touch a straight line at a given point (single contact) 
and touch, two other distinct straight lines, 

II (B). The conics all touch a straight line at a given point (contact of 
the third order) and have no other tangent lines in common. 

III. The conics touch a given straight line at a given point (contact 
of the second order) and have one other common tangent line. 

[The canonical forms of the different cases are exactly similar to those 
above and we have merely to interpret our results by the principle of 
duality.] 


4. The theory of elementary divisors. 

In order that we may discriminate completely between the 
different cases of § 3 (p. 92) we shall have to digress a little into 
the theory of the elementary divisors of a determinant. 

Let a mn and b mn be two eovariant tensors with respect to 
linear transformations, and let us put 

li m n = €t m n 0 l) m n . 


(E 287) 


7 


• • ( 13 ) 
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We wish to consider the determinant 

| Knn i = I ®mn ® ^mn I.* (^-^) 

We know that | h mn | is a relative invariant of weight 2, that its 
cofactors H mn form a relative tensor of weight 2 and that its 
elements ]i mn form an absolute tensor. Thus if the variables are 
given a transformation 

x r = c’x% ® r = y s %* y = | y' 

we have the formulae 

I fojrin Hr 2 1 7i mn j } 

H m,i — c”y™y*H p,J : . (15) 

k -ylyVw 

We shall assume that the determinant | b mn | is not zero. 

Let us take the highest common factor of all the elements 
h mn and let us denote it by D x (0). We see that it cannot be of 
higher degree in 0 than 1, and we shall choose it so that the 
first coefficient is always unity, that is, D x (0) will either be 1 or 
(0— a). In the same way let us take the highest common factor 
of all the two-rowed determinants in (14), or, what is the same 
thing, the highest common factor of all the cofactors H mn . 
We shall denote it by D 2 (0), and again take the first coefficient 
as unity, so that D 2 (0) is one of the three forms 1, (0 — a), 
(0—a) (0—/?). Lastly we take the determinant itself and divide 
— [ b m n\> a ^d we shall denote the result by D z (0) so that 
Z> 3 (0) is a cubic polynomial in 0 whose first coefficient is unity. 

We see from (15) that, since the c } s are constants, the 
highest common factor of all the h mn is also the highest common 
factor of all the h mn and vice versa. Hence D 1 (0) is an invariant 
under the linear transformation and similarly D 2 (6) and Z> 3 (0) 
are invariants. Moreover a determinant can be linearly expanded 
in terms of the cofactors. Therefore D z (0) must contain D 2 (0) 
as a factor and in the same way D 2 (0) must contain D x (0). 
We can then write 


*8 0 ) = 


Ml 

M) 


*8 0 ) = 


*8 0 ) 

A 0) ’ 



(16) 


where the E’s are polynomials in 0, and we see that they are all 
invariants . These polynomials are often called the invariant 
factors of the determinant (14). 
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We shall now factorise each of the invariant factors. Let 
(6 — a) be a linear factor of any one, and let this factor be repeated 
e x times in E x> e 2 times in E 2 and e 3 times in E a . Then such of 
the expressions 

(0~«)s (0—<*)«•, (0- a)*» .... (17) 

as are not merely constants are called the elementary divisors of 
(14) corresponding to the linear factor (0 —a). We therefore see 
that we have elementary divisors corresponding to each of the 
linear factors of the E* s. Moreover since the E 9 & are invariants 
we infer that the elementary divisors are invariants and, in 
particular, the numbers e t , e 2 , are invariants. 

It is the indices that are of importance in (17) and we shall 
often express the fact that (17) are the elementary divisors 
corresponding to the linear factor (0 — a) by the symbol 

( e z e z e i)> .(IS) 

enclosing in round brackets the indices belonging to any one factor 
(0 — a). The symbol (18) is called the characteristic of the factor. 
Also we deduce from (1G) that 

D,(0)^E t (6)E, (0)2? 3 (0),.(19) 

which shows that any factor of the E' s is also a factor of D 3 
and hence is a factor of the determinant (14). Consequently 
when examining (14) for elementary divisors we need consider 
only the linear factors of the determinant. 

As a simple example let us consider the determinant 

0 — a 0 0 

0 0 — a 0 = (9 - a ) 2 (6 - P). 

0 0 6 ~~p 

Here = (6 — a ) 2 ( 0 — /l), D 2 = (0 — a), D x = 1 and so E z = (0 — a) 

( 0 — P ), E 2 =* (0 — a), E x = 1. Corresponding to the factor (0 — a) the 
Symbol is therefore (1 1 0); in practice we leave out the zeros and read 
this (11). Corresponding to (0— ft) the symbol is (1 0 0 ), or, leaving out 
the zeros, it becomes 1 since no bracket is now required. The whole in¬ 
formation about the elementary divisors is then contained in the charac¬ 
teristic [( 11 ) 1 ], where indices inside a round bracket apply to one factor. 

We shall find that we can classify the different cases of § 3 
(p. 92) by means of the elementary divisors of (14), 





100 


ABSOLUTE DIFFERENTIAL CALCULUS 


[CHAP. 


Examples. 

1. Show that D x is a factor of D 2 and D x a factor of jD 3 , and deduce 
that E 2 contains E t as a factor. 

2 . Show that A A contains A 2 as a factor and deduce that E z con¬ 
tains A as a factor. 

[If K mn is the cofactor of H mn in the reciprocal determinant, then 
K mn = | h rs | h mn . But K mn is divisible by A 2 and D x A is the highest 
common factor of \h ta \h mn9 etc.] 

3 . Infer from Exs. 1 and 2 that, in (18), e 3 > e 2 > e v 


5. Analytical discrimination of the cases. 

Let us consider the different cases of §3 (p. 92), examining 
the elementary divisors of the determinant (14) in each case. 
Since the elementary divisors are invariants it is sufficient to 
find them in any coordinate system. 

1(A). The determinant for this particular case is, in its simplest 
form, ( 8 ), p. 93, where d 19 0 2i 0 3 are all different. We have 

AW- i> AW-i, 

E z (d) = (Q~6 1 )(6~d 2 )(d-d 3 ) 9 AW- 1, AW- 1. 

There are three distinct roots and the characteristic symbol for this 
case is 

[HI].(20) 

1 (B). The determinant is (8), p. 93, where 0 X — 0 2 . Hence 

AW- ( 0 - 0 i) 2 ( 0 - 0 3 ), AW-(0-0i). AW- 1. 
AW-(0 — A) (0-Wi A(0) = (0~0A AW-'i- 

There are two distinct roots and the characteristic is 

[(H)l].(21) 

1(G). The determinant is ( 8 ), p. 93, where 0 1 — 0 2 — 0 3 , Hence 

A(0) = (0-0i) 3 , A(0)-(0-0i) 2 , AW-W-W. 

A (0) - (0 - 0iL A (0) - (0 - 0i), A (0) - (0 - 0 X ). 

There is only one distinct root and the characteristic is 

[(HI)].(22) 

n (A). The determinant is here (10), p. 94, where 0 X and 0 3 are not 
equal and a 22 is not zero. 

A(0) = (0-0i) 2 (0-0 3 )> AW-i* AW-i. 

■® 3 (0) = (0-0i) 2 (0-0 3 ), JS a (0) = 1, (0) = 1. 
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Tlie number of distinct roots is two and we find for the characteristic 

[21].(23) 

II (B). The determinant is still (10), p. 94, but now 0 X = 0 3 . 

A(0) - (0 - 0i) 3 , D t (0) - (e-dj, D X (Q) * 1, 

W) = W - 0 X )S ^ (0) - (0 - 0 X ), Jff x (0) = 1. 

There is only one distinct root and we have for the characteristic 

[(21)].(24) 

III. In this caso the determinant is (12), p. 96, in which a 23 is not 
zero. Thus 

A> (0) « (0 - 0 X ) 3 , D % (0) = 1, JD 1 (0) « 1, 

(0) - (0 ~~ 0i) 3 , (0) = 1, E x (0) = 1. 

There is only one distinct root and the characteristic reads 

[ 3 ].( 25 ) 

We observe that the characteristic is different in each case 
and therefore serves to distinguish one case from another. 
Thus if we know the elementary divisors of 

0 k (26) 

we know the canonical forms to which the quadratic forms 

a rytW /y*M 7 ) /y>7H rvftl 

mu'" > u m n ^ 

can be reduced, namely, the particular case of those mentioned 
above whose characteristic is the same as that of (26). 

Consequently if two pairs of quadratic forms a mn x m x n y 
b mn x m x n and a! mn x rm x ,, \ b' mil x' m x' n have the same elementary 
divisors the first pair can be transformed into the second by 
a linear transformation and vice versa. For the family 

(fl"rnn ® ^>1 nn) ® 

can be reduced to its canonical form by a transformation T , 
and the family 

can be reduced to the same form by a transformation T'. There¬ 
fore, denoting inverse transformations by J 1-1 and T' -1 , we see 
that the transformation T-T'~ x will transform the first pair 
into the second, and T'-T -1 will transform the second pair 
into the first. 
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It must be remarked that we have excluded from the dis¬ 
cussion the singular case where both the quadratic forms are 
degenerate, which is the case where the determinantal equation 
vanishes for all values of Q. 

Examples. 

1. Show that the coefficients of the cubic polynomial \a mn — 6b mn | 
are all relative invariants of weight 2. 

We shall let A, B be the determinants | a m „ |, | b mn | respectively. 
A mn the cofactor of a mn in A and B mn the cohactor of b mn in B. When 
we expand we find that 

\a mn -'db mn \« A - A»' n b mn 0 + a m < l B'»"6>— BQK 

Now A, B are relative invariants of weight 2 and A mn , B mn are relative 
tensors of the same weight. Hence the theorem follows immediately. 
These coefficients are often denoted by special symbols, the usual notation 
being J, <9, ® f s Since they are invariants we should expect that their 
vanishing will imply some geometrical relationship between the cones. 
Thus A == 0 implies that the first cone degenerates, and B = 0 implies 
that the second degenerates. We shall find that the vanishing of the other 
two can also be interpreted geometrically. 

2. Show that ii A mn b mn — Q there is an infinity of triads of generators 
of the B cone which are mutually conjugate with respect to the A cone. 
Similarly for a mn B mn = 0. 

[Reduce A to canonical form and at the same time take two coordinate 
axes as generators of B, then calculate the invariant in this system.] 

3. If A ffltl & ffln = 0 show that there is an infinity of triads of tangent 
planes to the A cone which are mutually conjugate with respect to the 
B cone. Similarly for a mn B mn = 0. 

[Choose a coordinate system such that B is reduced to canonical form 
and two of the coordinats planes touch A, and calculate the invariant 
in this system.] 

4. If we are given two conics aL mn u m u n = 0 and P mn u m u ni exa¬ 
mine the elementary divisors of | oc w ” — Qp mn | in each of the cases of 
Ex. 3 (p. 97) and hence distinguish these cases analytically. 

5. Show that the coefficients of the cubic polynomial | « ffln — Qfjmn i 

are relative invariants of weight —2, and find what their vanishing 
signifies geometrically. ° 


EXAMPLES VII. 

1. If a root of | a mn — 6b mn | = 0 is of a certain multiplicity for all 
the first minors prove that it must be a multiple root of the determinant 
of a higher order. 

2. Show that the necessary and sufficient condition that the cones 
A and 5 should have double contact is that (3), p. 89, should have a double 
root which is also a root of all the first minors. 
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3. Show that A and B have simple contact if (3), p. 89, has a double 
root which is not a root of all the first minors. 

4. The cones A and B will have contact of the second order if (3), 
p. 89, has a triple root which is not a root of all the first minors. 

5. If the cone B is the isotropic cone, prove the following properties 
of the family {a mn — 0g mn ) x™ x n = 0 : 

(i) Show that the canonical form must come under section I (p. 92),. 
that is, the form must be, (in rectangular Cartesians), 

( 0 i “ 0 ) (^) 2 + (02 - 0 ) (£ 2 ) 2 + ( 0 3 - 0 ) ( x 3 ) 2 = 0 . 

[This reduction has been already carried out at p. 83.] 

(ii) The common polar directions are the principal axes of A. 

(iii) The degenerate members are pairs of planes whose lines of inter¬ 
section are the principal axes. 

(iv) The cone A is of revolution if it has double contact with the iso¬ 
tropic cone. 

6. If we consider the family of conics (oc mn — 0 g m w ) u m u n = O' 
obtained from the conics u mn u m u n = 0 and the circle at infinity, show 
that they have the following properties: 

(i) The canonical form is 

( 0 i - 0 ) ft ) 2 + ( 0 2 - 0 ) ft ) 2 + ( 0 3 - 0 ) « 2 - 0 . 

[This reduction has been already indicated in Ex. 3 (p. 85).] 

(ii) The common polar lines are conjugate with respect to the circle 
at infinity. 

(iii) The degenerate members are three pairs of points, a pair on each 
of the common polar lines. 

7. Confocal Cones. Let us consider the cones obtained by joining the 
conics of Ex. 6 to the origin. This is a system of confocal cones; show 
that they have the following properties: 

(i) The canonical form of the family is 

W +.y + = 0 . 

(ii) The family has the same principal planes, namely, those obtained 
by joining 0 to the common polar lines of the family of conics. 

(iii) The degenerate members are three pairs of lines through 0 > 
a pair in each of the principal planes. These lines are called the focal lines 
of the family. 

8. If B A mn b mn = 0 show that the planes b mn x” 1 x n = 0 are 
conjugate with respect to the cone a mn x m x n = 0. 

9. Infer from Ex. 8 that the condition that the planes b inn x m x n = 0 
should be orthogonal is g mn b mn — 0. 

10. What are the theorems dual to Exs. 8 and 9 ? 

11. If the tangent planes from the point P to the cone B are conjugate 
with respect to tlio cone A, then P lies on the cone 

A mn (b mn b rs ~ b mr b na ) x r x 8 =*0. 

Also show that the equation of this cone can be written in the equivalent 
form 


e rmj> e ana A™ n B™xr a?-= 0. 
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12. Find the locus of a point P such that the tangent planes from it 
to the cone B are orthogonal. 

[This is the particular case of Ex. 11, where a mn = 

13. Find the locus of P such that the pairs of tangent planes from it 
to the cones A and B form a harmonic range. 

[This is the same problem as Ex. 11.] 

14. If the polar planes of P with respect to the cones A and B are ortho¬ 
gonal show that P lies on the cone 

g mn a mr b n3 x r x 8 *= 0. 

15. If the polar plane of P with respect to the cone B touches the 
cone A show that the locus of P is the cone 

A mn b mr b ns x r x s = 0. 


CHAPTER VIII 
Central Quadrics 

1. The point equation of a central quadric. 

A central quadric is a surface whose equation is of the form 

a mn (®”‘- O (S' 1 — <) = 1.(1) 

The point x[ is called the centre of the quadric. This point may 
without loss of generality be taken as the origin, in which case 
the equation becomes 

a mn x m x n = 1.(2) 

We see immediately that if a mn is taken to be symmetric, as it 
always can be, then it is a covariant double tensor. 

If Xq is any point and a line be drawn through it in the 
direction A r , the equation of this line is 

* r = < + (?*■, 

where q is the distance between the points x r Q and x r , and the 
line cuts the quadric in the points given by the equation 

e 2 71 a* + 2 e % n r < + a m .« = i. . . ( 3 ) 

The roots of this equation are the distances from x[ to the 
points of intersection of the line with the quadric, which we 
shall call Q for brevity. 
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From this equation we make the following observations: 

(i) Defining the polar plane of x r 0 with respect to Q as the locus 
of all points x r such that the points x’ 0 , x r form a harmonic range 
with the points of intersection, we find that the equation of the 
polar plane of as’' with respect to Q is 

(u aTa%=> 1 . ( 4 ) 

(ii) If x‘„ lies on the quadric, the polar plane of x r 0 coincides 
with the tangent plane to Q at x’ 0> and the equation of the tangent 
plane at x’ 0 is (4), where as’ 0 is now a point on the quadric. 

(iii) If x[ is the centre of Q, then x\ = 0, and the equation 
(3) becomes 

e a = l, (5) 

that is, all chords of Q through the centre are bisected at the 
centre. 

(iv) The line through x’„ will touch Q if 

K , X" *?)' = Kn X* X‘) (a,, x r 0 x‘ 0 — 1). 

Hence the equation of the tangent cone from x } 0 to Q is 


K. (®“- <) O* = (*"-<) (*“-<) K.<-1)» 


or, as it may be written, 

!) 2 = K » ** 


1 )(a r X<~l). • ( 6 ) 


Examples. 

1. The distance from the centre to the quadric in the direction X T 
is called the semi-diameter in that direction. Show that this distance is 

l/fh m n ^ n * 

2. Show that l/|/a U) l/| / » 2 2 > l IV a 33 are the semi-diameters in the 
directions of the coordinate axes, provided the axes are Cartesian. 

3. If X r is a generator of the cone a mn x m x n = 0, show that both the 
roots of (5) are infinite. This cone is called the asymptotic cone. 


2. The tangential equation of a central quadric. 

Lot us now find the condition that the plane 

u r x r — 1.(7) 

should touch the quadric Q. If x r 0 is the point of contact the tan¬ 
gent plane to Q is 
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and tliis plane is to be identical with (7). Hence 

Ur= a rru< . 

Multiplying across by A rs , the cofactor of a rs in A, we have 
A rs u r — A x s 0 . 

If A 4 s 0 and if we put <x rs = A rs /A , we get 

a£=a r X,. 

But 

Xq — 1 . 

Hence 

a mn u m u n =l, . 


( 8 ) 


(9) 

( 10 ) 


which is the condition that the plane u r must satisfy if it touches 
Q. We therefore call (10) the plane or tangential equation of the 
quadric. 

Conversely, if the plane u r satisfies the relation (10), we 
shall show that the plane touches a quadric surface. Let be a 
particular value satisfying (10), and let us consider the point 

a r V<= 1.. (11) 

If we denote this point by then 
If | a «| + 0 f we deduce that 

where a rs is the cofactor of oc rs in |a rs |, divided by |a rs |. But 
u° r satisfies (10). Hence 

1 >.( 12 ) 

and the plane u* has for its point equation 

1 ■ 

In other words, the plane u° r is a tangent plane to the surface 
a mn x m x n =l 
and the point of contact is 

a u r u s = 1 . 

So far we have considered only the cases where |a mn | and 
| <x. mn | are not zero. The other cases we shall leave foT the present. 
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Examples. 

1 . Show that the pole of the plane with respect to a ww u m u n = 1 
is a™ u r u" = 1. 

2. Show that the centre is the pole of the plane at infinity. 

3. Prove that the equation of the conic in which the plane uf. cuts the 
quadric is given by 

{d mn u m %l - l) a - (* wn u m u n -~ l)[cTu*u* - 1). 

3. Canonical form of the equation of a quadric. Principal axes. 

We have seen, that the quadratic form a mn x m x n can be 
reduced in an infinity of ways to the form a n (a; 1 ) 2 -f a 22 (it 2 ) 2 
+ (S IJ ) 2 * ^his case the equation of the quadric becomes 

(5? l ) 3 +7*93 (itf 3 ) 2 +0»8 (5B 8 ) 9 s=al.. . . (13) 

We call this form the canonical form of the equation. Moreover 
we know that we can always reduce the equation to this form 
and at the same time choose the axes to be rectangular Cartesian. 
In this last case the coordinate axes are called the principal 
axes and the coordinate planes are called the principal planes 
of the quadric . Also the quantities 

1_ 1 1 

i a n i a -i 2 3 

which are the semi-diameters of the quadric in the directions of 
the principal axes axe called the lengths of the principal semi¬ 
axes. 

Similarly we have seen that the form a mn u m u n can be 
reduced to the form a 11 (%) 2 + a 22 (u 2 ) 2 + a 33 (w 3 ) 2 . Hence the 
plane equation of the second degree can be reduced to the 
canonical form 

?* u (wi) 3 + 5 32 (S2) 3 + 1 * • • (14) 

in an infinity of ways. Moreover we can, in at least one way, 
reduce the equation to (14) and at the same time choose the 
axes to be rectangular Cartesian. 

Examples. 

1. Show that the principal semi-axes of the quadric (2) arc l/](?i> 
l/)'0 a , 1 /]0 3 , where 0 3 , 0 a , 0 3 are the roots of | a mn — 6b mn \ = 0. 

2 . Show that the coordinates of the tangent plane to the quadric (13) 
satisfy the equation 

(gi) a + (M*l + M 2 =L 

Ct>i 1 &'2 2 % 3 
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3. Show that the plane, whose coordinates satisfy (14), touches the 
quadric 

( x 1 ) 2 , ( X ’ 2 ) 2 , (*»)* 


+ ■ 


+ 


= l. 


4 . Two points are conjugate with respect to a quadric if one lies on 

the polar plane of the other. Show that the condition that x\ and zri be 
conjugate with respect to a rnn x m x n — 1 is a mn x 1 " — 1. 

5 . Two planes are conjugate if the pole of one lies in the other. Show 
that nf. are conjugate with respect to a vin u m u n = 1 if a mn uj n u\ = 1. 


4. Classification of the central quadrics. 

By taking the principal axes of the quadric as coordinate axes 
and thus reducing its equation to canonical form we can classify the 
different possible types of central quadrics. Let us take the determinant 

A. = | j ..(15) 

When the equation is in canonical form we have 



0 

0 


0 0 
a 22 0 

0 & 33 


= a l 1 a 2 2 3 * 


(16) 


We divide the discussion into the following cases. 

I. A =J= 0. It follows that A is not zero, that is, none of the a*s vanish, 
and the equation of the quadric is 


%i (a 1 ) 2 + o 22 (*•)■ + as 33 (a: 3 ) 2 = 1.(17) 

There are four subcases according to the signs of the coefficients: 

(i) If all three are positive, the quadric is an ellipsoid. 

(ii) If two are positive and one negative, the quadric is a hyperboloid 
of one sheet. 

(iii) If one is positive and two negative, the quadric is a hyperboloid 
of two sheets. 

(iv) If all three are negative, the quadric is imaginary. 

II. A = 0, but all the first minors not zero . In this case A = 0 but all 
the first minors of A are not zero. Thus one only of the b’s is zero, say « 33 . 
The equation of the quadric is 


«11 (s 1 ) 2 + »22 (* 2 ) 2 = 1, . • ..(18) 

and the quadric is a cylinder, whose axis is the a 3 -axis and whose cross- 
section is the conic given by (15) together with x d — 0. 

(i) If a tl) a 2 2 a *e both positive, the cylinder is elliptic. 

(ii) If one is positive and one negative, the cylinder is hyperbolic. 

(iii) If both are negative, the cylinder is imaginary , 
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II. A — 0, A mn 0. Here -4 = 0, A mn — 0, and therefore two of 
the 3’s are zero, way ri 22 , u 33 . The equation of the quadric becomes 

%i(^) 2 = l.(19) 

and the quadric is a pair of parallel places. 

(i) If a n is positive, the planes are real . 

(ii) If 3 U is negative, the planes are imaginary. 


Examples. 

1. To examine what the plane equation a 11 (%) 2 -fa 22 (u 2 ) 2 — 1 
represents. 

Let u { f be a plane whose coordinates satisfy the equation 

a^K) 2 +a a 2 (w a ) 2 -l,. 

and let us consider the point 

oc 11 n x u { l -f a 22 Uq wg = 1. 

If wo denote its coordinates by a£ we have 


or 


uv 


id 


0 _. 


a— 

But u° i3 «§ satisfies (a), and hence we have 


xl = 0 

cjl = 0. 


a 11 a 5 


22 


I, a?g = 0, 


(a) 


that is, Xq lies on the conic (a; 1 ) a /a u + (® a ) a /a aa = 3 1, fc 3 = 0. Also the plane 
has for its equation in point coordinates uf. x r = 1, or 


^0 | 

~l~ 


X u SB|j 


+ wg a: 3 = 1, 


and we see that this plane for all values of wg touches the conic at the 
point Hence (a) expresses the condition that the plane u r touches a 
conic, or, in other words, (a) is the plane equation of a conic, which is in 
the plane as 3 = 0 and has the origin as centre. 

2 . Show that a 11 (%) 3 = 1 represents two points on the aAaxis having 
the origin as the middle point between them. 

3. Classify the different types of surfaces represented by the equation 
a mn u m u n = 1, showing that we obtain the following cases: 

I. |a ww | “("O; a quadric whose centre is 0. 

II. |a ww | 0, but all the first minors not zero; a conic with centre at O. 

III. |a™ n | = 0 and all the first minors zero; a pair of points, reflections 
of each other in the origin. 

4. If A =s 0, show that the axis of the cylinder a m n x m x n = I is given 
by X T where a rm X m = 0. 

5. If all the first minors of |a mn | are zero, show that a mn x m x n is a 
perfect square. 
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5. Confoeal quadrics. 

Let <*»»«„«„ = 1.(20) 

be tlie tangential equation of a central quadric and let us take the 
circle at infinity 

(J mn u m u n ^0 .(21) 

Every plane u T which touches both (20) and (21) will also touch 
every member of the family 

(a m n — 0 g nin ) Um u n =s 1.(22) 

We call such a family a system of confoeal quadrics , and we 
see that it is a family of concentric quadrics, 0 being the common 
centre. 

The family has four degenerate members. One is the circle 
at infinity, which is given when the parameter 0 is infinite, 
and the other three are the members given by the values of 0 
which satisfy the equation • 

\a mn — 6g mn \ = 0.(23) 

These members we know are conics with their centres at 0, and 
they are called the focal conics of the system . 

We shall now obtain the canonical form of the equation 
of a confoeal system. We can always reduce the two quadratic 
forms ct mn u m u n and g mn u m u n , of which the second is positive 
definite, simultaneously to the forms 

a 11 (%) 2 + a 22 (u 2 f + a 33 (%) 2 and (u x f + (u 2 f + (u 3 f . 

Hence the equation of the family becomes 

(S* - 0) (%) 2 + (* 22 - 0) (u 2 f + (a 33 - 0) (u 3 y = 1. 

Also the values a 11 , a 22 , a 33 are the roots of (23), so that if we 
denote these roots by 0 l3 0 2 , 0 3 the equation of the family is 

(01 - 0) (%) s + (0, - 0) (u 2 y + (0 3 - 0) (u s y = 1. (24) 

Moreover, since g mn is the metric tensor we see that the new 
coordinate system is rectangular and Cartesian. The corre¬ 
sponding point equation of (24) is 

( z 1 ) 2 , (* 2 ) 2 . ( s 3 ) 2 , 

01-0 + 02 - 0 + 0 3 ~0 “ ’ 


(25) 
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and it is seen that all the members have the same principal axes 
and planes. The focal conics are obtained by putting d — 0 l5 
0 2 , 0 3 in (24). For example, putting 0 = 0 3 , we have the conic 

(d 2 - 0 3 ) (u x f + ( 0 9 - 0 3 ) (u 2 ) 2 = 1 , 

and we know that the corresponding point equations are 


\*~ i | 

9. 


i^2 


= 1, x 5 = 0, 


which is a conic in the principal plane x 3 — 0. Similarly the 
other two conics are in the remaining principal planes. Thus the 
focal conics lie on the common principal planes of the family . 


Examples. 

1. Show that only one eonfoeal can be drawn to touch a given plane. 

2. SI low that the locus of the pole of a given plane with respect to 
a system of confocals is a straight line. 

3. Show that tlio tangent planes to two confocals at any point of 
their intersection are at right angles. 


EXAMPLES VIII. 

1. Show that the line x r — x* 3 + qX r lies wholly on the quadric if 

* *0 * 0 = 1 * <hnn < ^ = 0 , Ct mn X m l n = 0 . 

Such a lino is called a generator and we see that the generators of a quadric 
are parallel to the generators of the asymptotic cone. 

2. Two diameters or lines through the centre are conjugate when their 
directions satisfy the relation a mn A™ = 0. Show that the locus of all 
diameters conjugate to X r is the plane a mn x n = 0/ which is called the 
plane conjugate to X T . 

3. If the axes are conjugate with respect to the quadric, then 
a 12 s=» a 23 — a ai — 0. Hence when the quadric is expressed in canonical 
form the coordinate axes are conjugate with respect to the quadric. 

4. By examining the invariant g mn a mn in coordinates which are 
Cartesian and in which the axes are conjugate with respect to the quadric, 
show that the sum of the squares of three conjugate semi-diameters 
is constant. 

[The invariant in such a system is H—-—]——1. 

L ^22 a s3 j 

5. By examining the invariant g\a mn \ in the same coordinate system 
show that the tetrahedron, whose vertices are the extremities of three 
conjugate semi-diametors and the origin, has a constant volume. 
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6. Examine the invariant g mn a mn in coordinates which are rectangular 
Cartesian and deduce that the sum of the squares of the reciprocals of 
three semi-diameters, which are mutually orthogonal, is constant. 

7. Show that the tangential equation of the unit sphere g mn x m x n = 1 
is g mn u m u n — 1 and show that the circle in which it is cut by the plane 
at infinity is the circle at infinity. 

8. Show that the principal axes of a quadric are given by 

a rm X m = 6X r 

where 6 is a root of | a mn — 6 g mn | — 0. 

[This is a vector equation, and by considering the case where the coor¬ 
dinate axes are the principal axes (p. 107) we see that it is satisfied only 
by the principal axes.] 

9. Show that the direction perpendicular to the polar plane of 
with respect to the quadric is given by the vector arj. 

10. Prove that the conditions that a mn x m x n = 1 should be of revolu¬ 
tion is that there exists a value of 6 which makes all the first minors of 
| a mn — 6g mn | vanish. Express these conditions explicitly when the coor¬ 
dinates are rectangular and Cartesian. 

11. If a mn x m x n — 1 is a right circular cylinder show that the con¬ 
ditions of Ex. 10 are satisfied together with A = 0. 

12. Examine the surface 

fam n®rs mr &ns) ^ *£ r ^ ^m n % m ^ 9 

when the coordinates are chosen such that X r is the rc 3 -axis and at the 
same time the quadric a mn x m x n =l is reduced to canonical form. 
Hence show that it is the equation of the cylinder which envelopes the qua¬ 
dric and whose axis is in the direction X r . 

13. To investigate -plane, sections of a central quadric , let X r be the direc¬ 
tion conjugate to the given plane and let us take our axes such that X r 
becomes the a^-axis and the quadric reduces to its canonical form. Prove 
that the given plane becomes parallel to x 3 = 0 and that all parallel 
sections are similar. 

14. If £ r x r — 1 is a plane cutting the quadric, show that the cylinder 
passing through this section with its axis in the direction conjugate 
to the plane is 

a™ f r £ 8 {a mn x m x" - 1} = (£ r x*f ~ 1. 

15. Show that the principal semi-axes of the section of the quadric 
by £ r x r — 0 are l/)0 1? l/}0 2 , where 6 1) 0 2 are the roots of 

&'mn @ Qm n ? I’m 

£n , 0 = ’ 

and that the principal directions X r of the section are given by 

farm @g r m) ~ &ly> 

fm^=0. 

[These are vector equations. Examine them in the coordinates suggested 
in Ex. 13.] 
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16. Circular Sections. If we choose d so that it satisfies the equation 
\a mn —.0 g mn \ show that the planes ( a mn — 6g mn ) x™ x n = 0 cut 
the quadric a m n x ,n x 11 — 1 in circular sections, and show that these planes 
intersect in pairs in the principal axes of the quadric. 

[Reduce the quadric to its canonical form, the axes being the principal 
axes.] 


CHAPTER IX 
The General Quadric 
1- The general equation of a quadrie. 

The general equation of a quadric is 

a mn or m + 2 b ni + 0 ( 1 ) 

where a mn is a double symmetric tensor, b m is a vector and c 
an invariant, all having constant values. 

If Xq is any point P and we draw a straight line through P 
in the direction X r cutting the quadric in points P, 8 , then the 
lengths of PR and P8 are the roots of the equation 

Q 2 a mn X n X 1 + 2 Q (a m n < i r + b m X n ) + a mu x'“ x n 0 

+ 26 m < + o = 0.(2) 

From this equation we have the following results. 

(i) The locus of a point Q such that (PRQS) forms a har¬ 
monic range is the plane 

= -k»« + 2& n »r+o], 

or 

a mn oc™ or™ + b m (pc™ + oc™) + c = 0. ... (3) 

This is the polar plane of P with respect to the quadric. We define 
two points P, Q as being conjugate with respect to the quadric 
when the polar plane of one passes through the other, and we 
see that the condition that x[ and x\ be conjugate with respect 
to (1) is that 

+ KK +0+0 = 0 (4) 

(ii) If P lies on the quadric, one root of (2) is already zero and 
a second is zero if Q (any point on PRS) lies on the plane 

a mn x':(y-x:)+b m (x"‘-x:) = o, 

or, as it may be written, 

(E 287) 


8 
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a m n* m < + K(* m +<)+ <>=== 0 .( 5 ) 

This is therefore the equation of the tangent plane at P, and we 
see that it is also the polar plane of P. 

(iii) If P is not on the quadric, the equation (2) has equal 
roots if Q lies on the tangent cone from P to the quadric. That 
the roots may he equal Q must lie on the cone 

[a mn x™ {x a - <) + b m (x m - <)P 

= - <) K ■- K) K, < < + 2 K <+ o), 

that is, on the cone 

= »* + 2 b m x m + c) (a mn < < + 2 < + c) (6) 

which we therefore see is the equation of the tangent cone from 
P to the quadric. 


Examples. 

1. If we draw a line through P parallel to a generator of the cone 

a mn x m x n = 0, 

one of the intersections with (1) is at infinity. 

2. The line x r = x r Q + q X r will lie wholly on the surface if 

a mn xl + 2 l m < + c = 0, a mn X m x'S + b m X m = 0 . 
a mn X^X n ^ 0. 

Such a line is called a generator of the quadric. 

3. Show that the middle points of all chords drawn in a fixed direction 
X r lie on the plane a mn x m X n + b m X m = 0. 

4. Show that all chords which are bisected at a given point x J lie 

on the plane ( a mn x™ + b n ) ( x n — — 0. 


2. The centre. 

If we can choose the point x r 0 such that 

a rm x 7 + b r = 0. .( 7 ) 

we see from (2) that every line through this point cuts the quad¬ 
ric in a segment which is bisected at P. Such a point P is called 
a centre of the quadric. Hence the existence of a centre depends 
on the existence of a solution of (7). 
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These are the equations of three planes and we have discussed the rela¬ 
tions of three planes at p. 58. Erom the discussion given there we infer 
the following results about the existence of a centre for the quadric (1): 

I. \a mn \ 4=0. There is a unique finite point of intersection of 
the planes and consequently there is a unique finite centre. 

II. A = 0, but all the first minors of A are not zero . There are two 
subcases: 

(i) b m A mr =^0 t where A mn is the cofactor of a mn in A. There is a 
unique centre at infinity. 

(ii) b m A mr s= 0. There is a finite line of centres. 

III. A—0, and all the first minors are zero. Again there axe two sub¬ 
cases : 

(i) a rB =j= k b r b & . There is a line of centres at infinity. 

(ii) a r8 = Jcb r b 8 . There is a plane of centres. 


Examples. 


1. If A 4= 0, show that the unique centre is given by x r Q = a rs b 89 

where a rs is the cofactor of a rg in A, divided by A. 


2. Show that 


A(c~ a mn b w b n ) « 


am. n bm 
b n C 


3. If A 4 = 0, show that the equation of the quadric can be written 

a m n (as™ ~ o (*“ - «o) + 4 = 0 > 

where x r Q is the centre. This is the equation of a central quadric. 

4. !{n Ex. 3 show that if A = 0 then the quadric is a cone with vertex 
at x r 0 . 


3. The reduction of the equation of a quadric. 


"We shall now turn to the problem of reducing the general 
equation (1) to the different canonical forms in which it can 
be expressed. We shall use the notation 


A = 


'mn 


( 8 ) 


and as before A will denote \a mn | and A mn its cofactors. 

We have seen that the quadratic form a mn x m x n can be re¬ 
duced to the form 


a n (^) 2 + a 2 2 (a 2 ) 2 + a 3 3 (a 3 ) 2 
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in an i nfi nity of ways, and for at least one of these the axes 
are rectangular Cartesian. We shall suppose one of these trans¬ 
formations has been effected, and we divide the discussion 
into the following cases. 

I. liO. The quantities a u , a 22 , d 33 are not zero, and the quadric 
can be written 


" n v + h 

Also 


Go 2 l ~r =-*- 


-f- c - 


y M ; 


o. 


A —• &il ^2 2 ^3 3^ 


(W 9 


Hence we can write the equation in the form 

5 u G?-5i) s +^,(3 1 -?•)* +^,(3 *-*°f + ~ = 0. . . (9) 

A 

(i) A 4= 0. Then A 4= 0 and the equation (9) is the equation of a central 
quadric whose centre is the point 

(ii) = 0. Then A — 0 and (9) is the equation of a proper cone whose 
vertex is the point x£. 

II. A — 0, but all its first minors do not vanish. Here one and only 
one of the g s s is zero. Let it be <z 33 which vanishes. The equation of the 
quadric becomes 

«U fa + jr) +«2s(s a +J- 2 -) + 2& 3 S3 + C-h--|i = 0. 

\ %i/ V a n 

Also 

A 11 = A 22 =» 0, A 88 = d 2 2 ■> A mn ^ 0 (m^n). 


(i) b m A mr are not all zero. Then b m A mr are not all zero and hence 
b 3 4= 0. The surface can be written in the form 

«u(s l — »S) a +a 2 o( 52 — *o) 3 + 2 & ~3 (* 3 — *o) = 0. . . . (10) 

The quadric is a paraboloid. Moreover if the axes are rectangular 
Cartesian the point x r Q is called the vertex and the parallel through it to the 
a; 3 -axis the axis of the paraboloid. From the previous section we see that 
there is a unique centre at infinity. 

(ii) b m A mT — 0. Then b m A mr — 0 and consequently b s — 0. The 
quadric becomes 

“n (X 1 — + a a2 (a 9 — ®j*) a + c — A — A = o. . . (m 

“11 “2 2 

This is the equation of a cylinder whose axis is the line through (a*J, 0) 

parallel to the a; 3 -axis. There is a line of centres* namely, the axis of the 
cylinder. If it should happen that 


c 



*11 



= 0, 
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the cylinder degenerates into two intersecting planes, the axis of the cylinder 
becoming the line of intersection. In this last particular case it is easy to 
verify that all the first minors of A, and therefore of A also, are zero. 

III. A. — 0 , and all its first minors vanish. Here two of the quantities a n , 
^ 22 ? «3 3 vanish, say a n = a 22 = 0. The equation of the quadric reduces to 

+ +26 1 S 1 + 26 3 ^ + c- |i 0 , 

”'3 3/ #3 3 

Our choice of coordinates only restricts the it 3 -plane and we can transform 
the x l and & 2 axes in this plane so that one of the quantities b l9 & 3 becomes 
zero, say b v 

(Q a mn + & km b n . Then a mn 4 = k~b m T) n , from which we conclude 
that & 2 =j= 0. The equation can now be written 

«3S (» 3 - »S) a + 2 6 a (a 2 — »*) = 0 .(12) 

The quadric is a parabolic cylinder whose axis is parallel to the a^-axis. 
If the axes are rectangular Cartesian we call the line through (0, x\ 9 sc®) 
parallel to the x l - axis the line of vertices. There is a line of centres at 
infinity. 

(ii) a mn s= hb m b n . We now have b 2 == 0 , and the equation of the 
quadric is 

<*». + [ e - =0.< i3 > 

The quadric becomes a pair of parallel planes. If it should happen that 



then (13) is the equation of two coincident planes. There is a plane of centres. 

This exhausts all the possible types of quadrics in point-coordinates. 

Examples. 

1 . Show that the types of quadrics may be classified as follows: 

1. A =|= 0. (i) A 4= 0 , a central quadric; (ii) A = 0 , A mn =)= 0, a para¬ 
boloid. 

II. A = 0, but all first minors do not vanish, (i) A =(= 0 , a proper cone; 
(ii) A 0, A™ n ^0, a cylinder (elliptic or hyperbolic); (iii) A=A mn ~ 0 , 
a parabolic cylinder. 

III. A ^ 0, all first minors vanish but not all second minors, (i) A — 0 , 
A mn 4 s 0 , a pair of intersecting planes; (ii) A = A mn = 0 ,a pair of parallel 
planes. 

IV. A = 0 and all its second minors. A pair of coincident planes. 

2 . Discriminate between the cases according to the nature of the 
centre or centres. 

3. Show that A and its cofactors are relative tensors of weight % 
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EXAMPLES IX. 

1. Show that if is a point on the general quadric (I), p. 113 , then 

a mn x m x 11 + 2 b m x m + c = a mn (x m - x% 1 ) (x 11 - a?J) 

+ 2 [a* w ^ ** + b m (x m + «?) + c]. 

Deduce that the tangent plane at cuts the quadric in the same two 
lines as those in which it cuts the cone a mn (x m — x% l )(x n — x%) — 0 , 

% Deduce from Ex. 1 that the tangent plane to a quadric cuts it 
in two generators which are parallel to two generators of the cone 
a mn x m x n = 0 and which intersect in the point of contact. 

3. Show that the plane coordinates of the polar plane of x% with respect 
to the quadric are 

o rm s” + K 

* 


4. The polar planes of two points Xq, x r x with respect to the quadric 
intersect in a line called the 'polar line of the line joining the two points. 
Deduce from Ex. 3 that the six coordinates of the polar line of (A r f ft r ) 
are proportional to 

e rmn a mp b n P + ier mn e<™a mp a nQ v t , 
b T b m e 71 m n fip ci r m b n cct r m * 

5. Show that the normal vector to the quadric at the point x$ on it is 
proportional to 

6 . Show that the equation of the enveloping cylinder whose axis 
is in the direction is 

(a m n + b m >) a = a m „ A” A” (a m n & + 2 b m x™ + c). 

7. If a mn — g mni show that the quadric can always be reduced to the 
form (9), p. 116. It is the general equation of a sphere. 

8 . Show that the locus of the middle points of all chords drawn in a 
given direction ?S is a plane through the centre. 

9. If the reduction in § 3, p. 115, is to rectangular Cartesian coordinates 
we may say for brevity that the quadric has been reduced to its principal 
canonical form . Show that a lu a 22 > a 33 in the principal canonical form 
are the roots of | a mn — 6g mn | = 0 . 

10. If two of these a? s in the principal form are equal the quadric 
is of revolution. Show that in this case ] a mn — Qg mn \ — 0 has a double 
root which is also a root of all the first minors. 

11. I£ A =$= 0, A 0 } show that the principal semi-axes of the central 

quadric are \A/A6 1 \' 2 , \A/AQ 2 \^, \A/A6 3 \^ } 6 li 0 a , 0 3 being the roots 
of \a mn — 6g mn \ = 0 . 
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12. If the quadric is a paraboloid, show that the direction X r of the 
axis is given by the equation a T8 X s = 0, and if A r is a unit vector show 
that the vertex of the paraboloid satisfies the equations 

a r8 x° + b r = (6 m X m ) A r , (b r + b m X™ X r ) x* + c = 0. 

[These are tensor equations and, referring to (10), p. 116, we see that 
they are true when the quadric is in its principal canonical form.] 

13. If the quadric is a cylinder or a pair of intersecting planes show 
that the axis is given by the intersection of the planes 

a rm x m H- b r = 0 
which have in this case a line in common. 

14. If ca mn = b m b n show that the quadric reduces to two coincident 
planes and that the equation of this plane is b m x m + c = 0. 

16. Show that the quantities 

a mn a ffmn A wrt A A 

9 mn ’ g ’ g’ g 

are all absolute invariants. Hence deduce that if we transform from 
one set of orthogonal Cartesian coordinates to another, then 

OjUL + aaa+0S3* A 11 + A 22 + A 33 , A, A 
are unchanged in value. 

16. The condition that the plane u T x r = 1 touches the general quadric is 

a m n b m U m 
b n C — 1 — 0. 

u n — 1 0 

17. Classify the different types of surfaces included in the plane 
equation a mn u m u n + u m + y — 0. If we put 

A = , A = | a w ‘ w |, 

show that we have the following classification. 

I. A 4= (i) A =)a 0, a quadric not passing through the origin 

(ii) A = 0, i ww =(:0 3 a quadric passing through the origin. 

II. A « 0, but all the first minors do not vanish, (i) A =|= 0, a conic 
whose plane does not contain the origin; (ii) A = 0, A mn =|=0, a conic 
in a plane through O. (iii) A = A wn = 0, a conic passing through O . 

III. A =0, all first minors vanish but not all second minors, (i) A — 0,. 
A m n 4= 0, a P air points whose join does not pass through O; 
(ii)A = A mn = 0, a pair of points on a line through O. 

IV. A as 0 and all second minors vanish. A pair of coincident points. 

18. Show that a wn u m u n + u m — 0 is the tangential equation 
of a paraboloid if A =j= 0 and of a parabola if A — 0. 
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CHAPTER X 
Affine Transformations 

1. Affine transformations. 

We have seen that a transformation of the form 

Z r = a , : a K s + l> r .(1) 

where the a 3 s and V s are constants, can be regarded as a change 
of rectilinear coordinate axes, that is, the quantities x r , X r are 
the coordinates of the same point referred to different systems 
of coordinates. These equations can be looked at from another 
point of view. We shall now regard them as transforming a 
point p, whose coordinates are x r : into a point P, whose coordi¬ 
nates are X r referred to the same coordinate system. Such a trans¬ 
formation is called an affine transformation and we see that points 
are transformed into points, planes into planes and straight 
lines into straight lines. But it is not the most general of such 
transformations. In fact, we see that the plane at infinity is 
transformed into itself. The transformation (1) is also often 
called a homogeneous deformation or strain , especially in the 
theory of elasticity. 

We shall consider the transformation as taking place in 
two stages. First let us take the transformation 

.( 2 ) 

which differs from (1) only in the absence of the V s, and secondly 
we transform X[ into X r by the relations 

X" = X[ + V .(3) 

These two transformations combined give (1). Now the second 
of these, namely (3), gives merely a constant displacement , 
equal to h r i to every point of space and such a transformation 
we shall neglect, so that we consider for the present only trans¬ 
formations (1) in which the V s are zero. 

Since a r . H x 3 is a contra variant vector for all values of x r > 
we conclude that a r . H is a mixed double tensor. Also we see that 
to every point p there is a unique point P. If the determinant 

| I .(4) 
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which is an invariant, is not zero, we can solve the equations 
(1) uniquely for the x’s and the transformation is reversible , 
that is, every point P is the transform of a unique point p . 

We notice that when the V s are zero, the transformation 
leaves the origin unaltered. 

Examples. 

1 . If I ci r - =j= show that the inverse transformation is 

-b H ), 

where ci/ is the cofactor of a* r in | a v . l n | , divided by | <f\ |. 

2. Show that two successive affine transformations are equivalent 
to an affine transformation and that the determinant of the combined 
transformation equals the product of the determinants of the two single 
transformations. 

3. If | a r ' S | =* 0, show that the transformation is not reversible. 

[We can find values Xq different from zero such that a r - s x\ = 0. Hence 

both the points x% and the origin are transformed into the same point If, 
which shows that the correspondence is not one-to-one.] 


2. The quadric of a transformation. 

We confine ourselves to the transformation 

XT a* a x% .(5) 

in which the origin is unchanged. We shall suppose that g mn is 
the fundamental metric tensor in our coordinate system, so that 

- ow-o 

gives the square of the distance between the points x[ and x[. 
Let us consider the locus of the points which after trans¬ 


formation lie on the unit sphere 

g mn xrx*= 1 .\ . . ( 6 ) 

The original points must satisfy the relation 

g m nc&a'? a araf -1.(7) 

This is the equation of a central quadric which we shall refer 

to as the quadric Q. Its principal axes are given by 

= .( 8 ) 

where 6 is a root of the equation 

.( 9 ) 
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Let a 15 a 2 , a 3 be the roots of this equation and X r (1) , X m the 
corresponding principal directions. We know from the theory 
of quadrics (cf. p. 84) that 


vi n *3 

9mn a 'r A {j 


0, if 4 + 
Cf-i if i = j 


. . ( 10 ) 


Therefore we see that the vectors 


which are the transformed vectors of the original triad X {i)i 
are mutually orthogonal and are of magnitudes ]/oc*. Let these 
directions be denoted by the unit vectors A r {i) . We conclude 
that if 

.ax) 

then 

.(i2) 

i-l 

Let us refer the points x r to the directions X H) as axes, 
and the points X r to A r {i) as other axes. The connection between 
the coordinates of corresponding points is 

X' 1 = l/oqas 1 , X' 2 = 'fa 2 x 2 ) X' z = ]/a^£C 3 , . (13) 

where dashed letters refer to one set of axes and undashed 
to the other set, both systems of axes being rectangular Cartesian. 


Examples. 

1. Show that there always exists an orthogonal triad of directions 
which remain orthogonal after the transformation. 

2. If | ctf* | =j= 0, show that the points of the unit sphere g mn x m x n = 1 
axe transformed into points on the quadric 

g mn K™ a; w X’X*==I. 

Prove that A £*j are the principal directions of this quadric and the lengths 
of its semi-axes are (/ct*. 

3. Show that the lengths of the semi-axes of Q are l/faq. 

4. Show that g mn a v \a 7 ^ and g mn cc r m a/ are symmetric tensors. 

5. If Op cuts the quadric Q in the point q , show that the length 
of Op is stretched by the transformation in the ratio 1 /Oq. 
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3. Pure Strain. 

Let us now consider transformations in which the orthogonal triad 
of directions , which remain orthogonal after transformation, are also 


invariable in direction. In this particular case 

-*&) = *&>..(14) 

and 

a r . a Af 4) — ]/«i Af 4) , [not summed for i].(15) 

Let us choose axes which are Cartesian and rectangular and which 
coincide with . We see that in this coordinate system 

a r . & = ]Iqc s 6 £, [not summed for a].(16) 

Consequently the double covariant tensor, a r& — g rp a?,, has for its 
components in this system 

a r8 = [not summed for a],.(17) 

from which we conclude that a r8 is a symmetric tensor. If we refer to the 
quadric 

.< ]8 ) 


as the quadric Qi', we see from (15) that the axes of these quadrics Q and^ 
coincide and that the semi-axes of Q x are 

KF*. (a*F^i («sF^* 

Such a transformation is called a pwre strain and the common axes 
of Q and Q x are called the axes 0 / the pure strain. 

If p is transformed into P their coordinates are connected by the equa¬ 
tions (5). But in a pure strain a r - 8 x* is in the direction of the perpendicular 
to the polar plane of p with respect to 61 • Therefore the transformed vector 
OP in a pure strain is along the normal to the polar plane of p with respect 
to Qi* 


Examples. 

1 . Show that the general transformation (5) consists of a pure strain 
together with a rotation of one set of orthogonal axes to another. 

2. If there exists an orthogonal system of axes in which the mixed 
tensor a r . s has all its components, for which r and s are unequal, zero, 
show that the associated tensor a r8 is symmetric and conversely. 

3 . If a ra is a symmetric tensor, show that the transformation (5) is 
a pure strain. 

4. Prove the following construction for the point P when p is given: 
Let II be the foot of the perpendicular from 0 on the polar plane of p 
with respect to Q v then P is the inverse of 17 with respect to the unit sphere 
with centre 0. 

5 . In order that a transformation may be a uniform dilatation from 0, 
show that it is necessary and sufficient that a r <g = Jcd 8 . 
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4* Rigid body displacements. 

We shall say that the transformation (5) is a rigid body transformation 
when the distance between every pair of points remains unaltered under 
the transformation. Also the origin is a fixed point and hence the distance 
of any point from the origin is unaltered by the transformation. Thus 
we must have 

g mn X m X n = g jnn x m x n .(19) 


Moreover if this equation is satisfied for every point and its transform, 
then the distance between every pair of points is unaltered. Hence equation 
(19), true for all values of x r , is the necessary and sufficient condition that 
a displacement be one of a rigid body. The condition is therefore 


. a" = g r 


( 20 ) 


This may also be seen geometrically from the fact that the quadric Q 
must be a sphere. 

Now 

j Qin n a °-s J = | n | * s | ~ | Qm n | | s | 3 • 

Hence equations (20) give 

K* | a = 1,.(21) 

and \a r ^\ is either plus or minus one. If we suppose the rigid body trans¬ 
formation to be a continuous one, then (21) holds all the time, whilst 
initially a** = d*. That is, \a r . H |, which must be continuous, is initially -j- 1 
and its square always equals + 1 • Therefore we must have 

| efts | = 1.(22) 

Again, let us inquire if any points remain invariable under the rigid 
body motion. Such points must satisfy the equations 


(a r - s — 6 h)x s ==0 .( 23 ) 

That this may be satisfied for non-zero values of x r we must have 

=0. 

We have 

p } | | Ct - a da [ = j Quin &vr (ct^s — d«) | 

^ | Qrs Qms CL™r [ ” Q | da — oT* # J . 

Hence 

But this determinant is of the third order and therefore a change of sign 
in each constituent changes the sign of the determinant. Therefore 

\a> r -& d» | = 0 .(24) 

and (23) is true for certain non-zero values of x r . If these equations are 
true for a given point zcj they are also true for all points on the line joining 
it to the origin. Consequently there is a line of invariable points through 
the origin. 
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Let 11 a choose our coordinate axes x r so that they are orthogonal 
Cartesian and this line becomes the # 3 -axis. Then (23) becomes 

S^o = «• 

Equations (20) for s = 3 give 

Hence the transformation is 

X t = a\ x 1 + alx x 2 , X a = x 1 + a% x\ X 3 = x *. 

Also the remaining equations (20) arc now 

(*i) a + (5 , ! 1 ) B «l, 

5-t ^2 4- 6“i a?a = 0, 

(S*a) 9 + (a a a) a = 

and if wo put, a\ — cos a, = sin a, we deduce with the help of (22) 
that 

= —• sin a, a\ ~ cos oc. 

Tims the transformation is 

X 1 =3 x 1 cos a — ic? sin a, X 3 = x 1 sin oc + x* cos a, X 3 = x* , 

which is a rotation through an angle a round the * 3 -axis. Also the invariant 
a } ' r equals (a x -± + o# fl + «%), that is, 

of* ?* 5=5 1 -j- 2 cos oc.(25) 

Wo therefore find that the transformation (5), p. 121, where the a’s 
satisfy the relations (20), is a rotation through an angle a round a direction 
X r where 

= eos-i i («*',— 1), .(26) 

and A r is the solution of the equations 

« -<K=°.( 27 ) 

Thero cannot be more than one solution of these equations unless a = 0, 
that is, unless aC a =s <5£ and the transformation consists merely of the 
identical relations X r = x r . 


Examples. 

1. Show that in a rigid body motion the roots of the equation 

laf.-effl-O are (1, e ia , e~ ia ). 

2. If the rotation is of amount ot round a line through O in the direction 
X r , show that the a's are given by 

— cos a <5?y + (1 — cos of) X r X a — s rmn g m » X n sin a. 
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3. Defining a half-turn as a rotation through two right angles, show 
that a half-turn is given by 

4. Show that two successive rotations round a point are equivalent 
fco a single rotation. 


5. Infinitesimal deformations. 

Let us next consider a small homogeneous deformation, 
so that the point X T is near the original point x r . Thus if we put 

= £ + .(28) 

the quantities ¥. s are infinitesimals of the first order. We shall 
neglect all quantities of the second or higher orders. 

Putting b rs — g rp b? s , we shall use the notation 

S rs — 2 (b rs b$r) j CO rs 2 fors ^sr) * • (29) 

so that s TS is a symmetric double tensor and co rs a skew-symmetric 
tensor . AJso 

b rs 8 TS ~j~ co rs , 

and hence the transformation is 

r = <f+{e: M -+ o/.,) x\ 
or, writing X T — x r = 6 x T , 

d x r = (8% + (J0 r . s ) X s .( 30 ) 

If we take successively the infinitesimal deformations 

X[ = x r +e: 8 x s 

XI^X' + CD^X*’ . (31) 

we find that the combined effect is 

-r « z; + e:,x: ~x r + 8 :,x*+ a>: s x\ 

when we neglect quantities of the second order. Thus the succes¬ 
sive transformations ( 31 ) give ( 30 ) and the transformations 
may be taken in any order. We are therefore led to discuss 


separately the transformations 

dx r ^e: 8 x% .( 32 ) 

dx r =*<oV s x s , .( 33 ) 


where e rs is symmetric and co rs is skew-symmetric. 
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Let 11 s first consider (32). We see from § 3, p. 123, that it 
is a fure strain. The quadric Q becomes 

(0m« + 26 wn ) 

and the quadric Q 1 is 

“h &mn) X m X n “ 1. 

Thus they are both connected with the quadric 8 whose equation is 
&mn X 7n X n 5*= X.(34) 

In fact, Q = 2 $ + £, Q x — S + 17, where Z 1 = 1 is the equation 
of the unit sphere. The quadric (34) is called the strain quadric, 
and we see that the displacement 8 x r of the point x r is along the 
perpendicular to the polar plane of x r with respect to 8 and the 
magnitude of the displacement is the reciprocal of the per¬ 
pendicular from 0 on this polar plane. 

Let us now consider (33). We easily see from § 4, p. 124, 
that (33) represents an infinitesimal rotation round a certain 
line through 0, or we may see this as follows. We know that 
co is skew-symmetric. Let us define the vector 

to = ..(35) 

and let us choose rectangular Cartesian axes x r such that this 
vector is along the ^ 3 -axis. In such coordinates all the components 
of co rs vanish except the two cd 13 , co 21 , which are equal in magni¬ 
tude but opposite in sign. We then find 

Sx 1 = — Socx 2 , Sx^docx 1 , dx 3 = 0, . (36) 

where we have put co 12 = — o> 21 = — <5 a. This is an infinitesimal 
rotation round the a; 3 -axis and of amount doc. We can easily 
verify that the magnitude of co r is doc. Hence the vector co r not 
only gives the direction of the axis of rotation but its magnitude 
gives the angle of rotation. The rotation is therefore completely 
defined by co r . 

We conclude that the most general infinitesimal trans¬ 
formation (30) is obtained by two successive infinitesimal trans¬ 
formations, one a pure strain and the other a rotation. 

Examples. 

1. Show that, if dr~j- b r .» is to be an infinitesimal rotation, then b r8 
must be skew-symmetric. 

2. Show that two infinitesimal rotations round 0 , defined by the 
vectors and are together equivalent to a rotation round 0 defined 
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by oo r = co£ + G>ai and the order of the rotations is immaterial. Thus 
the combined effect of two infinitesimal rotations is given by the vector 
sum of their vectors and infinitesimal rotations can be treated as vectors 
in their combination. 

3. Two infinitesimal deformations are together equivalent to an in¬ 
finitesimal deformation whose tensor is obtained by adding the respective 
tensors of the two original deformations. 

EXAMPLES X. 

1. Show' that there always exists at least one line through 0 such that 
it transforms into itself under the transformation (5), p. 121. Such a 
direction we call an invariable direction. 

[If X r is an invariable direction, (a r - a — 6 <$«) k* = 0, where 6 is a root 
of \ar.'—Q6l | — 0.] 

2. If there are two (three) distinct roots of | a r > s —6 <5£| —.0, show 7 
that there are two (three) independent invariable directions. 

3. Show that no three coplanar directions can be invariable directions 
unless two of the roots of this equation are equal, and in this case all direc¬ 
tions in the plane are invariable. 

4. If there are three distinct non-coplanar invariable directions, 
find the form of the transformation referred to these directions as axes. 

= X 3 = aSa® 3 ]. 

5. Classify the different types of affine transformations (5), p. 121, 
according as there exist 3, 2 or 1 independent invariable directions. 

6. If | a?* | is zero, show that there exists a direction such that every 

point on the line through p in this direction is transformed into the same 
pointP (the transform of p). Also show that if all the first minors of | \ 

are not zero, there is only one such direction. 

7. With the notation of § 2 (p. 121), show that (i) | a r - s | == ]/aj oc 2 a 3 , 

(ii) any volume v is transformed into a volume V where 

V/v = } a x a 2 a 3 = | a r - s |. 

8. A shear. All points in a certain plane are fixed and all points in 
any parallel plane are displaced parallel to a fixed direction of the given plane 
a distance which is proportional to the distance between the planes. If p r is 
perpendicular to the given plane and X T parallel to the fixed direction, 
show that for a shear 

s — (5T -f- h TT fig . 

9. Simple extension. All lines parallel to a given direction are extended 
in a fixed ratio and all lines perpendicular to this direction are invariable in 
length. Show that, if X r is the given direction, 

a ? : 3 = (s r * + kx r z 3 . 

10. If a r * 3 represents a rotation round the direction A r , show that 
the tensor 

^mn COS 0 C {g mn A n ) 

is skew-symmetric. 
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[Calculate it when A r is the # 3 -axis and the coordinates are rectan¬ 
gular.] 

11. If a?. A is a rotation and a mn is symmetric show that the rotation 
must be through an even number of right angles. 

12. If the rotation is not a half turn, the axis of rotation is given by 
the unit vector e rwln a ww /(—2 sin a). 

13. Show that two half turns round parallel lines are equivalent to a 
simple translation in the direction perpendicular to both lines and equal 
to twice the distance between them. 

[Use the formula of Ex. 3 (p. 126).] 

14. Show that two successive half turns round intersecting lines is 
equivalent to a rotation round the perpendicular to these two directions 
and through an angle equal to twice the angle between the lines. 

15. A rigid body is moving round a fixed point 0, show that a vector 
i r , which is fixed in the body, has its components, referred to fixed axes 
in space, changed in a time 61 by an amount 

*>*:„(*, 

co rs being skew-symmetric. 

(i) Show that the velocity of any point of the body is given by 

x r ^Q r .*x» 

where « lim co r >»jdt. 
dt—y 0 

[The vector Q r ~ — J- e rat Q st is called the angular velocity vector .] 

(ii) Show that any vector fixed in space has its components, referred 
to axes fixed in the body, changed by an amount 

<sr'=-a>r* £\ 

16. Show that the most general infinitesimal transformation of a 
rigid body is of the form 

which is a translation p r combined with a rotation round a line through 
the point ajJ. Show that x r Q can be chosen so that ft r is parallel to co r . In 
this ease the line through a?J is called the central axis of the displacement. 


E (287J) 
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PART III 
Differential Geometry 

CHAPTER XI 
Curvilinear Coordinates 

1. General coordinate systems. 

The position of a point in space is determined by its co¬ 
ordinates referred to an orthogonal Cartesian system of axes, 
and we shall denote such a system of coordinates by (y l , y 2 , y z ). 
In Part II we took a linear transformation of the y* s and arrived 
at a system of rectilinear coordinates. Let us now take the 
more general functional transformation and let us examine 
what kind of coordinates we obtain. 

We take the transformation 

xr = fr(y\y* >y *), .( 1 ) 

where f 1 , f 2 , p are arbitrary functions of the y* s, which we shall 
suppose possess derivatives up to any required order. Also it 
is well-known that if the determinant 

dx r _d(x 1 , x 2 , x 3 ) 

dif ~d \y 1 ,y 2 i y*) ^ 

is different from zero, then the transformation (1) is reversible, 
that is, we can solve (1) for the y% giving 

f == g r (x 1 , x 2 , x 3 ) .(3) 

Prom the formulae (1) and (3) we see that to each set of values 
y r there is a unique set x r and vice versa . Hence the variables 
x f determine a point in space uniquely and we cal] them (for 
reasons which will very soon be apparent) curvilinear coordinate^ 
of the point. 


iso 
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We shall examine what geometrical significance these co¬ 
ordinates have. Now 

f 1 (y 1 , y 2 , y z ) = const .(4) 


is the equation of a surface and as the value of the constant 
varies we get a family of surfaces. Thus x 1 = const, gives us a 
family of surfaces and to say that a point has x 1 as its first 
coordinate merely means that the point lies on a certain member 
of the family (4). Similarly x 2 = const. 
and x 3 = const, are the equations of two 
other families of surfaces and to say that 
a point has coordinates x 2 , as 3 means that 
it lies on certain members of these two 
families. In other words, we are given 
three families of surfaces and the posi¬ 
tion of any point P is determined by 
giving the three members of these families 
of which it is the intersection. Moreover 
the condition that the determinant (2) does not vanish merely 
expresses the fact that the three surfaces obtained by taking a 
member of each family intersect in one and only one point, 
thus defining the position of that point uniquely. 

The surfaces x 1 = const., x 2 — const., x 3 = const, we call 
the coordinate surfaces and we shall refer to them briefly as the 
x^-surfaces, the x 2 -surfaces and the x 3 - surfaces respectively. 
Also the intersections of these surfaces give us three curves 
through every point P, two of them lying on each coordinate 
surface. These curves we shall call the coordinate curves. We 
see that along the curve which is the intersection of the x 2 -surface 
and the x 3 -surface x 1 alone varies, the other coordinates being 
constants, and we shall refer to this curve as the x^curve. Simi¬ 
larly we shall call the other coordinate curves the x 2 -curve and 
the x 3 -curve. The coordinate curves in this system of coordinates 
are thus seen to be curved lines and the name “curvilinear 
coordinates” is now justified. 

If we take any other system of curvilinear coordinates x r , 
they are also connected with the y r by formulae of the tjqpe 
(1) and (3). Hence x r and x r must be related by formulae 

x 7 = x r (as 1 , as 2 , as 3 ) . 

x r — x r {x 1 , x 2 , x 3 ) j 



(5) 
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that is, the transformation from one set of curvilinear coordinates 
to another is a functional transformation . Moreover the determinant 

\dx r I 
\d x s I 

is different from zero. It is obvious that rectilinear coordinates 
are particular cases of curvilinear coordinates, namely, the 
cases where the functions f r in (1) are linear functions. 


| dx r 

S 1 

*C> i 

| dy m 

\d x s | 


Examples. 

Verify that the following curvilinear systems have the properties 
mentioned: 

1 . Spherical Polar Coordinates. These are defined by 

yi ~= x 1 sin x 2 cos x 3 f y 2 = x 1 sin x 2 sin y A = x 1 cos a; 2 . 

The ^-surfaces are spheres centre 0 , the a; 2 -surfaces are right circular 
cones, the a; 3 -surfaces are planes through the y 3 -axis. Give the formulae ( 1 ) 
for this system. 

2. Cylindrical Polar Coordinates. 

y 1 = x 1 cos x 2 , y 2 = x 1 sin x 2 , y 3 = x 3 . 


The ^-surfaces are cylinders with the ?/ 3 -axis as their common axis, the 
^-surfaces are planes through the 2 / 3 -axis and the £ 3 -surfaces coincide 
with the 2 / 3 -planes. 

3. Elliptic Coordinates . 


= ffo 1 


— a) ( x 2 — a) (a ; 3 — «■)]- 


( 6 - 


■ a) (c a) 

((x 1 - 

y* — *- 


'}• H 


- c) (a : 2 — c) (a ; 3 ■ 
{a — c) (6 — c) 


(x l - b) (x 2 - b) (a ? 3 - b) 


(c — b) (a ~~ b) 


■«n' 


i 


where a>b>c> 0 . Here the coordinates satisfy the inequalities 
x 1 5 ? a > a ; 2 ^ b > X s c. Show that the ^-surfaces are ellipsoids, the 
a: 2 -surfaces are hyperboloids of one sheet, the ^-surfaces are hyperboloids 
of two sheets and all the quadrics belong to the family of confocals 

(Z/T/t* — a) + ( 2 / a ) a /(* — 6 ) + ( 2 / s ) 2 /(* — c) = 1 . 

4. Parabolic Coordinates. 

y 1 = a; 1 a; 2 cos a 3 , y 2 = a; 1 x 2 sin a; 3 , y 3 = J [(a ; 1 ) 2 —* (a; 2 ) 2 ] • 

The ^-surfaces and the a 2 -surfaces are paraboloids of revolution and 
the .^-surfaces are planes through the y 3 -axis. 
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2. Tensor-Fields. 


We have already discussed tensors with respect to general 
functional transformations at pp. 30—33. For example, the 
system a Ht is a relative tensor of weight M, contravariant in r 
and covariant in s 9 t 3 with respect to the transformation (5) 
if its transformed components satisfy the relations 


~r 


d x i M dx r d x n d x* m 
d x? d x m d x s dx t a ' ip 


( 6 ) 


We must now mention a point which did not arise in the 

d x^ 

case of linear transformations. The coefficients ;r— in (6) are 

0 x s w 


functions of x r and therefore also of x r . Consequently if a[ t 
and a' Ht are two sets of quantities satisfying (6) for one point x r > 
these equations will not in general he true at other points. 
In other words, a Ht is a tensor at the point x r and is not in general 
a tensor at any other point, that is, tensors are now localised 
at points. Thus all the algebraical operations that we have 
described in Chapter II (p. 19) apply to tensors at a given 
point and not to tensors at different points, e. g., the operation 
of multiplying together two tensors to obtain a third must 
be performed on two tensors at the same point. 


Again let us suppose that the a r Ht are functions of x r , and 
that the new components d[ t9 which are also functions of x r 3 
satisfy (6) at every point where the functions are defined. Then 
we are given a tensor at every point of a region of space and 
such an aggregate of tensors we call a tensor-field . In the sequel 
we shall be dealing mainly with tensor-fields and for brevity 
we shall refer to them merely as tensors, since there will be 
no confusion. Hence when we speak of a tensor being defined 
over a certain region of space we mean a tensor-field defined 
over that region. We have of course tensor-fields of different 
orders just as we have tensors of different orders. Thus we have 
invariant or scalar-fields and vector-fields. 


The case of most importance for ns is the case where M — 0 in (6), 
that is, where the tensors are absolute , and it is to be understood that all 
the tensors dealt with axe absolute tensors unless the contrary is explicitly 
stated. 
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Examples. 

1. Prove that 

I dx* P 1 dx m dx n dx 1 ' dx* nfwj) dx r dx s dx' 

,f ~dW mnp dx r dx s dx l> dx J 6 dx m dx n dx 1 ' 


and deduce that e r8t and e rst are relative tensors of weights — 1 and 1 
respectively. 

2. Prove that the Kronecker deltas are absolute tensors. 

3. Show that the differentials dx r form a contravariant tensor. 

4. If cp is an invariant function, show that is a covariant vector. 
This vector is sometimes called the gradient of cp. 




= 


and hence 


dcp d(p dx s dtp da; s “] 
d x r ~~ d x s d x r ~~ d x s dx r \ 


3. The line-element and the metric tensor. The s-systems. 


Let P be the point whose coordinates are x r and let Q be 
a neighbouring point with coordinates x r dx T . If we denote 
the infinitesimal distance PQ by ds , we call ds the element 
of length or the line-element, and we wish to find an expression 
for ds in terms of the differentials dx r . 


If we refer back to our orthogonal Cartesian system in which 
the coordinates of P are y r and those of Q are y r + d y r , we see, 

from the elementary parallelepiped at 
P whose edges are dy 1 , dy*, dy*, that 

ds* = (dy 1 )* + (dy*)* + (dy*)* 

= dy* dy*. 
d y* 7 

=-—dx r . 




7 






V 

D 

dy* 



But 


dy* 


Hence we see that 

where we have put 
9* 


dx T 


ds* = g mn dx™ d x n 




i =1 


dx m d X n 


dy* dy* 


( 7 ) 

( 8 ) 


These last equations show that g mn is symmetric, and since 
ds is an invariant it follows from (7) that g mn dx m dx n is an 
invariant for arbitrary values of the contravariant vector dx L 
Consequently we conclude that <g mn is a double covariant tensor 
and we call it the fundamental or metric tensor. 





XI] 


CURVILINEAR COORDINATES 


135 


If we denote by g the determinant \g mn \ and by G mn the 
cofactor of g mn in < 7 , we know (p. 15) that 

3! 9 = e rst e mnp g rm g sn g t;p) 21 G n « = #***&”g 9r g 98 (9) 

But e rst is a relative tensor of weight 1 (p. 30). Hence g is a 
relative invariant of weight 2 , and G mn is a relative tensor of 
weight 2. Moreover ( 8 ) gives us the result 

d y 1 2 

9 — | 9mn I = Q x nl > 

so that g cannot vanish and is positive. Therefore, if we put 

Qmn 

gtn n — _ # . ( 10 ) 

that is, g mn is the cofactor of g mn in g } divided by g } we see 
that g mn is an absolute contravariant tensor . Also we see that 
the quantities 

e r 8 i =y 7 e rstJ =-L e r S « .... ( 11 ). 

fa 

are absolute tensors and we shall call these systems the e-systems . 

When we are given a contravariant vector A r , we can form 
an invariant A by means of the equation 

L 

A=z(g mn A”'A") 2 ,.( 12 ) 

and we call A the magnitude of the vector A r . Similarly we define 
the magnitude of the covariant vector B r by the formula 

1 

B=*(g™"-B ori B n y ,.(13) 

and we define a unit vector as one whose magnitude is unity. 
If we divide (7) by ds 2 we see immediately that 


dx m dx n 

9mn ~irir 


(14) 


and we conclude that -=— is a unit vector . 
ds 


We remark here that all that has been said at p. 44 regarding the 
lowering and raising of indices by means of g mn and g mn to obtain 
associated tensors applies without alteration in the present circumstances. 
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Examples. 

1. Verify the expression of ds 2 in each of the coordinate systems 
(p. 132): 

(i) Orthogonal Cartesian . 

ds 2 = ( dx 1 ) 2 + (dx 2 ) 2 + (da: 3 ) 3 . 

(ii) Spherical Polar, 

ds 2 = (da; 1 ) 3 -f (a; 1 ) 2 (da; 3 ) 2 + (a; 1 ) 2 (sin a; 2 ) 2 (da; 3 ) 2 . 

(iii) Cylindrical Polar. 

ds 2 — (da; 1 ) 2 + (a 1 ) 2 (da; 2 ) 2 + (da; 3 ) 2 . 

(iv) Elliptic . 

^ (a; 3 - a; 1 ) (a; 2 - a; 1 ) (da: 1 ) 2 (a; 1 - a; 2 ) (a: 3 - a; 2 ) (da; 2 ) 2 

Ads - (aP - a) (a; 1 - 6) (a; 1 - c) + (a; 2 - a) (a; 2 - b) (a; 2 - c) 

(a: 1 - a; 3 ) (a; 3 - a; 3 ) (da; 3 ) 3 
(a; 3 — ) (a: 3 — b) (a; 3 — c)' 

(v) Parabolic. 

ds 2 = [(a; 1 ) 2 + (a; 2 ) 2 ] [(da; 1 ) 2 + (da; 2 ) 2 ] + (a; 1 x 2 ) 2 (da; 3 ) 2 . 

2. Prove that the magnitude of A r is given by 

A 2 = A r A r , 

-sphere A r is the vector associated with A r , 

3. Show that the quadratic form g mn dx m dx n is positive definite. 

4. Show that the vector A r /A is a unit vector. 

5. If the coordinate system reduces to a rectilinear system show 
that g mn becomes the metric tensor of p. 41. 


4. The angle between two directions. 

If P is the point of coordinates x r and Q is a neighbouring 
point of coordinates x r -j-dx r , we see that Q is determined 
uniquely by the differentials dx r . But PQ obviously defines 
a certain direction in space and hence the differentials dx r 
define a direction from P. 

Let X r be a contravariant vector whose magnitude is X. 
We can always find differentials dx r in one coor dina te system 
such that 


dx r = eX r , 


(15) 
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where e is an infinitesimal positive factor, and the relation 
will hold in every coordinate system since it is a vector equation. 
Also using (7) and (12) we have 

ds*= e z g mn X m X n = s 2 Z 2 

that is, £ = ds/X. Hence (15) reads 


dar_Xr_ 

ds ~ X 


(16) 


It is easy to see that X r jX is a unit vector, which we may 
write A r , so that 

X r = XA r , — = 1^,.(17) 

and we conclude that every unit vector 7J defines a direction in 
space. We see from the first of (17) that every contravariant 
vector consists of a magnitude and a unit vector and thus it also 
defines a direction which we call the direction of the vector. 

If we are given two directions at P defined by the unit 
vectors X r , ja r , let us consider the invariant g mn X m When 
the system reduces to a rectilinear system we have seen at 
p. 43, that this invariant becomes cos 0 where 6 is the angle 
between the directions. Therefore the angle 0 between the directions 
is given by 

cos 0 —firm**" .( 18 ) 


Also if A r , B r are two vectors whose magnitudes are A and P, 
we see that the scalar product of A r , B r is 

g mn A m B n = ABcos6 ) .(19) 

6 being the angle between the directions of A r and B J \ In 
particular, the condition that the directions A r }j u r should be 
orthogonal is 

= 0 .( 20 ) 

We shall leave the student to prove, by taking a special 
coordinate system, that the Vector product of A r , B r satisfies 
the equations 

s rmn A m B n = ^4Psin0^ r , 

where v r is the unit vector perpendicular to both A r and B r . 
The sense of v r can be determined in a manner exactly analogous 
to that explained at p. 47. 
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Examples. - 

1. If £j! 2) , e[ a) are the unit vectors along the directions of the tangents 
to the coordinate curves at P, show that they have the components 

= «j, 4> = 7 = 

If/ll ! 9 - 2-2 I 93 3 

2. If 8 lt , 6 23 , d sl are the angles between the coordinate curves at P, 
show that 

COS d 12 — ~^=z, COS d 23 — , COS 0 31 — . 

}'011 022 1022 033 }'033 011 

3. Show that if the coordinate curves are mutually orthogonal, then 
the coordinate surfaces are mutually orthogonal. The coordinates are 
then said to be orthogonal curvilinear coordinates. Show that the necessary 
and sufficient conditions for this are that 0 12 = g 23 — g sl = 0 at every 
point of space. 

4. Show that the coordinates of Ex. 1, p. 136, are all orthogonal 
coordinates. 


EXAMPLES XL 

1. Deduce from (8), p. 134, that 

^Multiply (8) by and use the fact that—™ — <5J.J 

0 ,•» , dx r dy i , , A ,,, dx m dx n 

2. Prove that —— = g rm -and deduce that g mn ~ ~— r —- . 

dy % dx m dy l d if 

3. If A r , fi r , v r are three unit vectors, show that 

e r8t X r /a 8 v l — sin y sin 0, 

where y is the angle between y r , v r and 6 is the angle which the direction % r 
makes with the plane containing ju r , v r . 

[Take special axes to evaluate the invariant.] 

4. If s TSt h r fi* v* = 0, show that there exist quantities a, /? such that 
v r = u.7f + ftu r , that is, the directions are coplanar. 

5. Show that e,. 8i X T (i* v* is positive if the vectors A r , y r , v r can be 
deformed without becoming coplanar so that they coincide with the 
positive directions of the coordinate curves. The triad (A r , /n r t v r ) is then 
said to have a positive orientation . 

[See p. 47.] 

6. Show that e T7nn fi m v n jsm d, when d is the angle between y r , v r , 
are the covariant components of the unit vector orthogonal to and v r . 

7. Deduce from Ex. 6 that the covariant components of the unit 
vector orthogonal to the ^-surface are 

0, 0, -■). 

Fsu £72 2 sin 01 2 / 
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8 . Show that the lengths of small elements of arc along the coordinate 
curves are 

ds t = ^g 11 dx 1 t ds 2 = ( ig^dx*, ds z = }g zz dx 3 . 

9. Element of Volume. Show that the element of volume d V is given by 

d F= Ijg dx 1 dx 2 dx 3 . 

[If small lengths ds lt ds 2 , ds z are taken along the coordinate curves, 
we see from Ex. 3 that the volume of the small parallelepiped formed 
by them is d V — ds x ds 2 ds s s rst e r {1) sf g) e{ 8) = y~g ds t ds 2 dsj\ g ±1 g 22 g s s . 
Then use Ex. 8 .] 

10 . If the curvilinear coordinates are orthogonal , show that 


0 =* 011 028 038 * 9 11 = n > 

0X1 



9mn ^g mn = 0, (w + »). 


11 . If A* is a unit vector, show that the cosines of the angles which 
its direction makes with the coordinate curves are 


^1/f 011 9 ^2/F02 2 > Kl F03 3 * 


12. If 99 =3 cow-sZ. is the equation of a surface, show that the unit 
normal vector to the surface is given by 


d cp 
dx m 


dcp d(p y 

dx m dx n ) 


j^For every direction dx f on the surface we have T~ r dx r ~ 0 .J 

13. Show that the angle between two surfaces 9 0 = const, and t/i = const. 
is given by 

COS 6 = ff m n jJL ^,kg mn Vm<Png ,i ’ 1 Vv‘>f'^ • 


14. Deduce that the angle cp x2 between the coordinate surfaces x x = const, 
and x 2 » const, is 


cos <p x 2 = g ] 


*!h : 


f 12 ]l n ll f.2 2 


15. The condition that two surfaces cp — const, and y) — const, cut 
orthogonally is 

..JhL 0 . 


g m 


dx m d x n 


16. If is an absolute tensor, show that ^gA r t is a relative tensor 
of weight 1. It is sometimes called a tensor density. 
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CHAPTER XII 
Covariant Differentiation 

1- A parallel field of vectors. The Christoffel symbols. 

A curve in space is defined as the locus of a point whose 
coordinates depend on a single parameter. Let AB be a given 
curve and let the coordinates of any point P on A B be functions 
of the parameter t. If we take any vector at a given point of 
the curve and at every other point of A B take the vector equal 
to it in magnitude and parallel to it in 
direction, we shall obtain a vector X r defined 
at each point of the curve and the com¬ 
ponents of X r will be functions of t. In 
other words, we have a parallel field of 
vectors along A B, and our object is to find 
the equations which such a vector-field 
must satisfy. 

Let us return to our original Cartesian coordinates y r and 
let Y r be the components of the vector-field in this coordinate 
system. Since the components of parallel vectors are equal 
in Cartesian systems, we see that the Y r are all constants along 
the curve and consequently the derivatives of Y r with respect 
to t are zero. Now 

yi — vm d V % 
dx™‘ 

Therefore, differentiating with respect to t, we have 



dX m dy l 


+ X™ 


d 2 y i dx n dY l 


dt dx m 

If we multiply these equations by g r v 


dx m dx n dt dt 

dy i 

y y ‘ 

to 3, we obtain, from (8), p. 134, 
dX r 


= 0. 


dt 


d 2 y l dy i „ 

-L- qTP .. . J . .Fm 

y dx m dx n dx# dt 


dxv 

dx n 

~~dt 

d 2 y i 


and sum i from 1 


= 0. 
dy* 


(l) 


This leads us to consider the expression --- - 3 — . Referring 

ox m dx n dxv & 

again to (8), p. 134, we get, on differentiating these equations 
partially with respect to x v , ' 




and the parallel vector-field along AB must satisfy this dif¬ 
ferential equation. 

It is well-known from the theory of differential equations 
that if a vector-field X r satisfies (6) along AB, and has a given 
value at one point of AB, then the vector-field is unique 
and completely determined along AB. But we have seen that 
the field obtained by taking the parallels to the given vector 
is one solution of (6). It is hence the unique solution and we 
have proved the converse theorem that any field of vectors 
along A B satisfying (6) is a parallel vector-field along the curve. 

The quantities [mn, p] and , defined by (4) and (5), 

are of the greatest importance. They are called the Ghristoffel 
symbols of the first and second kinds respectively, or they are 
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sometimes referred to as the three-index symbols .* It is seen 
at once that they are symmetrical in m, n — an important 
property. 

If we take a vector at a given point of space and take at 
every point of space the parallel vector, we shall in this way 
define a parallel vector-field X r , whose components are functions 
of the coordinates x r . Moreover if we take any curve issuing 
from a point P, the vectors of the field along the curve must 

dX r dX r dx n 


satisfy (6). But we now have - g ^ 
tion of the x 3 s, and (6) becomes 
r dX r 


since X r is a func- 


idx n 


+ \ 


/ r 

mn 


Z-1 i* = 0. 
J at 


This relation must be true for all curves starting from P, that 

dx n 

is, for all values of the vector at P. Consequently the 
parallel vector-field satisfies the equation 
dX 


d x 8 


+ 


r 1 
ms) 


( 7 ) 


and the converse is also true. 


Examples. 

I. To find the relations connecting the Ghristoffel symbols of two curvi¬ 
linear coordinate systems . 

Let x r and x r be the two curvilinear systems. We shall as usual 
distinguish by bars the quantities belonging to the second coordinate 
system. Let A r be an arbitrary parallel vector-field defined over all space 
and let A r be its components in the new system. Since they are parallel 
vector fields we have from (7) 



Now A r —A i -x—r and hence 
dx i 


* These symbols are very often written in the form [^] and . We 
have adopted the modified notation above since it is more in conformity with 
onr convention that a dummy index in a term should be once an upper index 
and once a lower index. It must be borne in mind, however, that the symbols 
are not tensors. 
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dA r __ dA l dx r dx j d 2 x r dx* 

' dx 3 dx j dx i dx s dx i dx i dx 9 


We deduce from (a) that 


I r 1 A m = -I i ) ax ' dx ’ A*\A t — — 

\msj [jkjdx i dx 8 dx i dx j dx 3 * 


‘~m 7t d X™ 1 Q "x$ 

If we put A m = A and multiply the equations (/?) by , we 

have 

d 2 af f r \ dx 3 dx* ( i \ dx r 

_dx k dx l \st)dx k dx l \kl) dx*_ ~~ 

This relation is true for all parallel fields A r and therefore we have the 
final result 

d 2 x r _/ ^ 1 f r \ d ® 8 da ; 4 

dx k dx l \ Trijdx 1 J d#* <9# 4 * 


2. Prove the similar relation 


d 2 x l _____ f t ) dx 1 i i )dx i dx k 
dx r dx 8 }r<sj dx* \jk}dx r dx 3 ' 

3. Show that [mn, r ] and {mn} are symmetric in m and n. 

4. Deduce from Ex. 1 that the Christoffel symbols are not tensors. 

5. Show that if the coordinates are rectilinear the Christoffel symbols 
are all zero. 

[The gr’s are then all constants.] 


2. The intrinsic and covariant derivation of vectors. 

We are now in a position to return to the problem which 
we mentioned at p. 33, namely, the problem of forming new 
tensors by the differentiation of given tensors. We confine our¬ 
selves first to invariants and vectors, and of course we are 
dealing only with absolute tensors. 

The case of invariants is particularly simple. If <p is an 
invariant function of a parameter % then in the new variables 

x T we have !p= cp. But is the limit of a ratio 

as 81 tends to zero, and ^ is the limit of an equal ratio. Conse¬ 
quently 
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and we see that is an invariant . Again if 92 is an invariant 
function of x r we have 

dip ___ dcp dx m ^ 

SF do™ daf.^ 


which shows that is a covariant vector. Thus the ordinary 
ci x r 

derivatives of invariants furnish ns with invariants and vectors 
without further modification. 

Let us next consider the case of a covariant vector. We consider 
a covariant vector X r defined along a curve G 9 so that it is a 
function of a parameter t, and let us take an arbitrary contra- 
variant vector A r at a given point of the curve together with 
all its parallels along the curve. In other words A r is a parallel 
field along G and satisfies ( 6 ), 'p. 141. At any point of 0 we 
know that (X r A r ) is an invariant, and therefore its derivative 
with respect to t is also an invariant. But 


L 

dt 


(X r Ar) 


dX r 

dt 



dx n 

dt 


Hence we conclude that 

dX„ ( m ) dx n 1 
dt-~\rn\^~dT lA 

is an invariant. But A r is an arbitrary parallel vector-field 
and it follows from the quotient law that 


dX r dX r / m\ doc n 

dt ~~irr \rn)" Xnv ~dT 


is a covariant vector. We call it the intrinsic derivative of X r 
with respect to t and to distinguish it from the ordinary derivative 
S X 

we have denoted it by . Thus we see that to obtain a new 

vector by differentiating X r we must add to the ordinary 
derivative a number of terms containing the Christoffel symbols. 
Let us consider the vector equation 


dt dt \rn) m dt 


. ( 11 ) 


X 
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If it is satisfied in any one coordinate system it is satisfied 
in every other. If the axes are Cartesian we have seen that 
the g mn are constants and therefore the Christoff el symbols 
in such a system are all zero, that is, (11) reduces in this case to 

_ r\ , 

dt ~~ 9 

from which it follows that the components of X r in Cartesian 
coordinates are all constants. Consequently the X r form a 
parallel field along C and (11) is the equation that a covariant 
parallel vector-field along 0 must satisfy. 

We next take a contra variant vector-field X r along O and 
we leave the student to prove in exactly the same manner, by 
taking an arbitrary covariant parallel field A r , that 



is a contravariant vector , which we call the intrinsic derivative 
of X r with respect to t. 

We pass on to the case where we have vector-fields defined 
as functions of x r throughout space. Let X r be such a contra¬ 
variant vector-field, and let us take any curve (parameter t) 
issuing from a point P. We know that (12) is a contravariant 
vector. But 


dX r _ dX* dx* f r \ Xm dx n f r \ 
dt dt 9 \mn\ dt \m$) 

and therefore 

P£' + { Mx-'ifl 

Jdx* [ms] J dt 


X™ 


dx s 

~dt' 


is a contravariant vector. This is true for all curves starting 

d x s 

from P, that is, for all values of at P, and hence (by the 


quotient law) the expression in square brackets is a tensor , 
contravariant in r and covariant in s. This tensor we call the 
covariant derivative of X r and we denote it by X' }S , the comma 
before the index s indicating that the vector has been derived 
with respect to x s . Thus 



E (2S7), 


10 
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We prove in a similar manner that if X T is a covariant vector- 
field defined throughout space 



is a tensor, covariant in both r and s , and we call it the covariant 
derivative of X T . 


Examples. 

1. Prove that ~~ (g mn X m X”) = 2 g n „ X™ —■. 

■j n D TJ 

2. Prove that — (X 7 " F OT ) = —F m + X m ~~~ . 

8 X T 

3. Show that the equations of parallel vector fields are —= 0, 

o t 

X%=0. 


3. The intrinsic and covariant derivatives of tensors. 


We shall now extend the results of the last section to the 
derivation of tensors of any order. Let X r H be a typical tensor 
of the third order, which is defined along a curve in terms 

dX r 

of a parameter t. We already know (p. 33) that - j —- is not 

a z 

a tensor, and our problem is to find how we modify this 
derivative in order to obtain a tensor. Let us take three 
arbitrary 'parallel vector-fields A r> B r , C r along the curve. Then 
at each point of the curve Xff t A r B s O t is an invariant and 
consequently its derivative with respect to t is also an in¬ 
variant. But 


d_ 

dt 


(■ X r , t A r B‘(f) 


dX 


dA„ 


dt A r B‘G' + x:r-^B>0' 


+ KA 


dff 

dt 


(f + X: t A r B 


a d& 

dt 


The parallel vectors satisfy (6), p. 111, and (11), p. 144, and 
therefore, when we substitute from these equations the values 
of the derivatives of A r , B r 9 (7, we obtain without difficulty 
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■(X: t A r B s Cf) = 


dK ■ 

,7 ji ~r 




Since the right-hand side is an invariant and A r , B r , G r are 
arbitrary vectors, we conclude from the quotient law that the 
expression inside the square brackets is a tensor of the same 

(5 

type as X r st . We denote it by and call it the intrinsic 
derivative of X 3t with respect to t . Thus 


\ (d‘VC n 




Again let us suppose that X 3t is a tensor-field defined 

throughout space so that the components of the tensor are 

functions of x . If we take any curve passing through a point 

P we know that along this curve the expression (15) is a tensor. 

^ dX^ dX> st dx u , ,, . , 

But —jfi = —™ ~r—, and we see that (15) can be written 
(ycc U/C 




" v w 

tuj* m 


which is therefore a tensor. This result is true for all curves 

dx r 

passing through P, that is, for all values of at P. Hence 

the expression inside the square brackets is a tensor with one 
covariant index more than X[ t . We call it the covariant derivative 
of X r Ht and denote it by X 3Uu , the comma again indicating 
differentiation with respect to x u . Thus 


. , f r 

st,u dx u mi 


f m\^r 
\su} Xmi 


I m \ r 


x; m . (16) 


The processes we have described are quite general and can 
be applied by the student to obtain the intrinsic and covariant 
derivatives of any type of tensor. 
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1. Show that 

(5 x: ax: 


x;> 

Z, Show that 


dt 

dx t 


- + 


Examples. 


/ r l dx? _ f m 

[mn] dt 

l Sn 


m\ 
etj 

-r dX r 

_ d Jj. 

X ‘- r ~ Qx* ' 

dx r ’ 


T r dx” 


4 Conservation of the rules of the ordinary differential cal¬ 
culus. Ricci’s lemma. 

We already know from the ordinary differential calculus 
how to find the derivatives of the sums and products of functions, 
and we shall show that the same rules apply to find the intrinsic 
and covariant derivatives of the sums and products of tensors. 

We first of all y mark that if our coordinate system is recti¬ 
linear then the g m n are all constants and the Christoff el symbols 
are identically zero. Consequently reference to (15) and (16) 
shows that in rectilinear systems the intrinsic derivative of a 
tensor is identical with its ordinary derivative and the covariant 
derivative is identical with the partial derivative. Therefore 
if we are given any relation connecting the ordinary and partial 
derivatives of tensors in rectilinear coordinates we have merely 
to substitute the intrinsic derivative for the ordinary and the 
covariant for the partial derivative in order to obtain the cor¬ 
responding tensor relation which is true in all coordinate systems. 
For example, let us suppose that three tensor-fields A r s , B r H , O r 
together with their derivatives are connected by the relation 

dt d x* 


in a system of rectilinear coordinates. We see that the relation 


3 a: 

dt 


K. t G‘, 


which is a tensor relation, is true in a particular system of 
coordinates and is therefore true in every curvilinear system. 

Let us consider the sum of two tensors A j a} B r si which is 
defined by 


c:=~a:+b:. 



XII] COVARIANT DIFFERENTIATION 

If these are functions of a parameter t we see that 


149 


dO: _ dA' dB ; 
dt dt dt ’ 


and in particular this relation is true in any rectilinear system. 
We conclude therefore that 


80: 8A r , , dJBT 

it ~~8r + ~dT ! 


(17) 


and we prove in the very same way that 




• (18) 


so that these two formulae show that the ordinary rules for 
finding the derivatives of a sum also hold for intrinsic and 
covariant derivation. 

We next consider the product of two tensors B[ t and, 
to include every case, we may suppose the product is contracted. 
Thus 


By ordinary differentiation we have 


dOU 

dt 


dt at 


, A r 

+ A "‘ dt ’ 


and in particular this relation is true in any rectilinear system. 
Hence we have the tensor relation 




dt 


dt 


B\ 


\+A'*& 
■ ^ m dt 


(19) 


in every system, and similarly 


fir _ A-r jym , jr jyrn 

w #t,u ■ u st "T 'H-m -D s t, u p 


( 20 ) 


which show that the ordinary rules hold also for the products 
of tensors. 

Having dealt with the rules of intrinsic and covariant dif¬ 
ferentiation of tensors, we come to some important theorems 
that must be mentioned in this connection. If we take the 
fundamental tensor g rS3 we have seen that its components 
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are all constants in rectilinear coordinates and therefore 


djrs 
d x* 


= 0 


in rectilinear systems. Consequently we must have in every 
coordinate system the tensor equation 

°>.( 21 ) 


that is, the covariant derivative of the fundamental tensor is zero. 
This important result is known as Kicci’s lemma, and we see 
that the same method proves that the covariant derivative of 
the associated tensor g rs is also zero. 

Again, the e-systems and the Kronecker deltas are constants 
in any rectilinear system and we conclude that 


*rst,u 


rst 
£... . 




d rp 

1 1 it 


= 0. 


( 22 ) 


In other words, the covariant derivatives of the e-systems and 
the Kronecker deltas are all identically zero . A direct conse¬ 
quence of these results is that when we are finding the intrinsic 
or covariant derivative of any combination of tensors, the fun¬ 
damental tensors , the e- systems and the Kronecker deltas can all 
be regarded as constants for the purpose of differentiation. 

As an example, let us prove that two indices may be contracted either 
before or after the process of covariant differentiation has been performed. 
We first note that contracting two indices in a tensor is exactly equi¬ 
valent to multiplying by <5J and then contracting, e. g., A r f\ n — tiff A'}. p . 
Therefore, since the Kronecker deltas may be regarded as constants for 
covariant differentiation, 

= 81{AI P )„ 

and this proves our statement. 


Examples. 

1. Prove that A (g i mn X m 7 n ) = g m n 7 n + g mn X m 

2. If X r = g rs X\ show that X Ttt ~ g r8 X* t and deduce that if 
X r is a parallel vector-field so is I r . 

3. Show that the raising and lowering of indices can be performed 
before or after the operations of covariant and intrinsic derivation. 

4. Show that A (g mu x» r«) = X m , r r« + X- 7 m , r . 

5. Prove that if X is the magnitude of X r , then I, r — X m> r X m /X. 
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5. The divergence and rotor of a vector. The Laplacian. 

If we are given, a vector-field X r we know that X' iit , its 
covariant derivative, is a mixed tensor. From this we can form 
the invariant 

© = x: #r ,.( 23 ) 

Let ns see what value & takes in Cartesian coordinates. 
Now in Cartesians the covariant derivative becomes the ordinary 
partial derivative. Hence we have in a Cartesian system 

ax* 8X 2 dX 3 
d x 1 d x 2 d x 3 ' 

This expression is called the divergence of X r , which is therefore 
given in general coordinates by (23). If we take the associated 
vector X T9 it is obvious that & is also expressed by the equi¬ 
valent formula 

® = g mn x m ,n .(24) 

which gives the divergence in terms of the covariant components 
of the vector. 

Moreover if there exists an invariant function cp such that 
the covariant vector X r is given by 

v d<p 

X * = F7r = (P -" 

then X r is called the gradient of cp. Also in this case the divergence 
of X r is written A (p , and we see from (24) that 

A cp g nin (f> } ww . ........ (25) 

In orthogonal Cartesian coordinates we easily see that this 
reduces to 

. __ d 2 q? d 2 q> d 2 cp 

A<p ~ {da + [dx*f 

and this expression is called the Laplacian of cp . Hence the 
Laplacian of cp in general coordinates is given by (25). 

Lastly, let us take the covariant derivative X r n of the 
covariant vector X T and let us form the vector 

R r = s rts X S}t * . . (26) 

This vector is called the rotor , or rotation , or curl of X r . To 
find its expression in a Cartesian coordinate system we remark 
that e rst = e rst in such a system and the covariant derivatives 
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become partial derivatives. Hence the components of R r are 
now seen to be 


(dx s 

dXX 

(dX l 

dX 3 \ 

(dX 2 

dXA 

Kdx 1 

dx S J’ 

\d x s 

dx 1 )’ 

V dx 1 

dx v 


It is to be noted that if X r is the gradient of a function 9 d, then 
X rH = X ur and we conclude that the rotor of a gradient is 
identically zero. 

Examples. 

1. Show that [r£,s] -f 

2. Show that \rs,t\ = g mt ')• 


6. The Riemann-Chris toffel tensor. The Lam6 relations. 

We have seen how to obtain the covariant derivative of 
a tensor and since this is also a tensor we may proceed to take 
its covariant derivative. The resulting tensor we call the second 
covariant derivative of the original and we can obviously continue 
in this way to find covariant derivatives of any order. 

Let us examine the second covariant derivative of a vector X T . 
Taking the covariant derivative of (14), p. 146, we have, by 
(16), p. 147, 



d*X r _ \m\dX m _ jm\dX m __ \m\dX r 
dx s dx t \rsjdx t \rt] dx s \stjdx m 



Let us permute s and t in this formula and subtract the two 
expressions. Owing to the symmetrical properties of the 
Christoffel symbols we have 

X r)St -X r)U = R* rst X^ .(27) 

where we have put 
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Now the left-hand side of (27) is obviously a tensor and 
therefore the right-hand side is also a tensor. But X p is an 
arbitrary vector and we conclude from the quotient law that 
R^ rilt is a tensor. It is called the Riemann-Ghristoffel tensor and 
it will be noticed that it consists only of th.eg mn and their deri¬ 
vatives up to the second order. 

Let us lower the index p to obtain the associated tensor R prst , 
that is, 

_ TD>n 

prst if 


and we shall now find an expression for this associated tensor. 
We have 


d Jw\ __ _d__ 

C JvmQ xS ~ Q x s 


_ M gjjW 

ft}) \rtf d x s 


d {m} 

= a# K pi - \ rt j ([? s >»] + [»»,ri)• 

But 

p -am d [m\ d fm\ 

* rsl 9 P m^.r,t — y»™g x s\ rt j »»”>d x t\ rs J 

, f m\ r _ \m\ r 

+ \ rt \i ms >rt-} rs )i mt >vr 

Substituting the above results, we get 


When we substitute the values of the Christoffel symbols (4), 
p. 141, in the first two terms this becomes 


1 

f d*9, t 



d*9rt \ 

2 

\d x r d x s 

d x p d x* 

dx r d x t 

d x* d x s ) 


+ g mn ([rs > m}[pt ) n] — [rt,n%\[ps,n\). (30) 


We deduce from (30) that R ffrst satisfies the relations 

R$rst ^ Rrvst> 

Ryrst 5=1 ' Ryrts} 

Rprst ~ Rstipr * 

The first two of these equations express the fact that R &rsi 
is skew-symmetric in p, r and also in s, t. 


(31) 
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Let us put 

.(32) 

If we multiply this equation by £ t - VT Sj B t and sum i,j from 1 to 3, then. 

_ i * kl ? mn T3 _i s mn r> _ p 

s ipr S jst® — IT Vp r 0 a t t prmn 

owing to the skew-symmetrical properties of B vrst . Thus 

Bprst— £ivr Cist 8*1 .(33) 

Moreover, using the last of equations (31), 

S u = i e ikl £ jm n B klmn = i s ihl e jm ” R mnlsl 


= s ** 1 R mnhl = , 

that is, S ij is a symmetric double tensor. Hence we conclude that in a 
space of three dimensions the Riemann-Christoffel tensor can be expressed 
in terms of a symmetric double tensor S ij . 

We next return to (27), and we examine what this tensor 
equation becomes in a Cartesian coordinate system. Since 
covariant derivatives become partial derivatives we see that 
the left-hand side becomes 

d 2 X r d 2 X r 
d x s dx t d d x s ‘ 

But this is identically zero since the order of partial differentiation 
is immaterial. Consequently the right-hand side of (27) is also 
zero for all vectors X r and therefore 

£',„. = 0.(34) 

that is, the Riemann-Christoff el tensor is identically zero* It 
results also from (32) that 

6^=0, .(35) 

and conversely if S ij vanishes identically then (33) shows that 
R p rat does so too. The conditions (35) are six in number and 
these are six relations which must be satisfied identically by 
the fundamental tensor g mn . We call them the Lame relations . 

Example. 

Show that S n = — -# 2323 * £ 23 — — ^ 3 ii 2 > etc. 

y o 

* The reason why the Riemann-Christoff el tensor vanishes is that our 
space is Euclidean and so admits of Cartesian coordinate systems. In higher 
differential geometry we treat of more general spaces in which the Riemann- 
Christoffel tensor does not vanish. 
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EXAMPLES XII. 

1. By writing out in full the tensor equation g r .*, t = 0, prove that 

2. By writing out in full the tensor equation e r9 t t3l — 0 and putting 
r, s, t = 1, 2, 3, prove that 

£ log yT _ f ® 1 

da? 7 ’ [rap]’ 

3. Deduce from Exs. 1 and 2 that 


l_ dQggr°) 

Mn dx l 


T- + { r 1 g m n = 0, 
\mn\ 


4. Show that the contravariant components of the rotor of X r 
in general coordinates are 


h 


(dx s 

dX,\ 

\dx 2 

d&) 


l /ax 


da; 1 > 


\ J_ » _ 

/’ Vda; 1 




5. Show that the divergence of X r is given by 

x:. 


j IJXfU'XT- 


[This is the formula for the divergence which is most useful for purposes 
of calculation.] 

6. Show that the Laplacian of <p is given by 

7. If X r * is a contravariant tensor, show that 


XV., a = ^=Jf- s {h i") +!"•( r 1 

’ f^dx 8 ' [mn J 


ft 

and show that the last term disappears if X rs is skew-symmetric. 

8. If B r& is the contracted tensor B p ritp , show that 
B r8 •— 8 r9 Sg r8i 

where 8 rs is the associated tensor of S rs , and 8 — g mn 8 mn . 

[Use the relation g mn e mvr e n8i — g^ 8 g r t ~ g 9 tg r ^ 


9. Orthogonal Curvilinear Coordinates . Show that we have the following 
results when the coordinates are orthogonal: 

(i) 9 mn = 9 mn = 0(m^n), g^=-f~, g 33 = X g 33 = . 

i/ii g% 2 g 33 

(ii) If we put g n — hl, — g S3 = h%, 

then ds 3 = hi (i d x 3 f + h\ (d x 3 f + hi (d x 3 f. 
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<iii) [//,!•] = 0, [ij, i] — 


[i i, j] = h s 


dhi 
dx } 1 


... n , 3h, 



a u= 1 [" d'hk __ djh d loghi — d log ^ 3 ' ] 

~ hf hf h k id x l d x J dx l dx } dx } dx i J’ 

[Note that in the above formulae the summation convention has 
been dropped, and that in (iii), (iv), and (vi), i, j , k are all unequal.] 

10. Write down the formulae of Ex. 9 for {spherical polar coordinates. 
[Here 7q = 1, h 2 — x\ h 3 = a; 1 sin x 2 (p. 136).] 

11. Write down the formulae of Ex. 9 for cylindrical polar coordinates . 
[Here \ = 1, \ = a?-, h 3 = 1 (p. 136).] 


CHAPTEB XIII 
Curves in Space. 


1. The tangent vector to a curve. 


A space curve is the locus of a point whose coordinates 
are functions of a single parameter. Thus the coordinates of 
a point on a curve 0 are given by equations of the type 

x r — x (t) .(I) 

Prom (7), p. 134, it is clear that the arc-length s along the 
c / curve satisfies the equation 



(ds y dx m dx n 

dt> ~ CJmn dt gr 


and consequently the arc s is given by the integral 



dx m dx n \i 
dt ~dt) dt 


( 2 ) 


We shall usually take the arc s as the parameter along the 
curve, and we have the relation 

9mn ds ds ~ 1 
dcd 

which shows that is a unit vector. 
ds 


(3) 
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Let P be a point on the curve and let its coordinates be 
x r . Q is a neighbouring point on C corresponding to an incre¬ 
ment ds in the arc and its coordinates are x r + dx r . The 

vector LtPQjds is called the tangent vector and we shall denote 
it by X. Thus the tangent vector X is given by 


doer 

ds 


K 


• (i) 


and we see from (3) that X is the unit tangent vector of the 
curve C. 


2. Normal vectors. The principal normal and Tbinormal. 

Any vector, which is orthogonal to the tangent vector, is 
said to be a normal vector of the curve. Hence the condition 
that a vector /a' be normal to 0 is 

g m rr n = 0 .( 5 ) 

Since X is a unit vector, 

1. 

and if we take the intrinsic derivative (p. 148) of this equation, 
we get 

g n 1 -^- = 0. 

6 X* 

This shows that the vector —— is normal to the curve. Let 

ds 

(5 X 

us denote the unit vector co-directional with by u \ Then 

os 

1 d/r 

.( 6 ) 


where % is chosen to make // a unit vector. The normal vector 
p!' is called the principal normal of G and % is called its 
curvature at the point in question. 

Now let us take //. Since it is a unit vector we prove, 
in exactly the same manner as for X\ that its intrinsic deri- 

s r 

vative is orthogonal to /u r . Also if we differentiate (5) in¬ 
trinsically with respect to s we have 


SX U 
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9mn ^ 9m 


-li = p 


This equation may he written in the equivalent form 

»..**(£+ »r)-o, 

which shows that the vector + % X j is orthogonal to X r . 

But we have also the equation 

l C 

/ showing that it is orthogonal to p. There- 
/ fore the unit vector /, defined by the 

A v r equation 

v ' = T(w + xi ')’ ■ ■ < 7 > 

y/p is orthogonal both to X r and to p. The 

quantity x is chosen to make v a unit 

vector and we see that pH\ v form a 

mutually orthogonal triad of vectors. The sign of x is not 
always positive but is so chosen that the invariant 

^y**== + i;.(8) 

in other words, the vectors (X\ //, v r ) are to form a triad 
with a 'positive orientation (cf. p. 48). 

The vector v is called the binormal of 0 at the point, 
and x is called the torsion of the curve. 


Examples. 
3X m <U n \i 


i-o ii > / dX m oX n \ 

1. Prove that k = [g mn -jj- . 


2. Prove that r = s r8t X r p* —-. 


3. Show that v r = s rmn X m [j, n where X r9 ji r are the associated vectors 
of X r and ^ r . 

4. Show that \x r = — —— «• — — r 1 


T T \ Ss 


■ + « A, ^ . 
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3. The Frenet formulae. 

Since v is perpendicular to X and // and satisfies (8) we 
easily prove that 

r rmn * 
v = S 

Hence 

^ = . (») 

<5/1 S 

If we lower the indices in (6) and (7) and solve for and 

ds os 


we get 


n r 


tv.*— a; A . 


Substituting these values in (9), 

^ = s rmn * ^ + s™* 4 (*>■„-* A.) = T e rffl U m n = - %ii r . 

We combine this last formula with (6) and (7), and we 
obtain the following relations: 


= tv r — 


These formulae are called the Frenet formulae of the curve and 
we see that they are relations connecting /\ (/, /. 


Examples. 

1. Using cylindrical polar coordinates prove that the curvature of the 

circle x 1 = a, x 2 — t 9 x 3 = 0 is —. 

a 

In cylindrical coordinates ds 2 — ( dx 1 ) 2 + (a; 1 ) 2 (dx 2 ) 2 -J- (da; 3 ) 2 and 
we can verify that the only non-zero Christoffel symbols are 


1 H=| 2 1 = -I 

’ \l2 J 121/ a: 1 


The tangent vector to the circle x 1 = a, x 2 = t, x 3 = 0 is 

„ dx r /_ dt A 
= TT = ( 3T» 0 
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and it must satisfy g n „X m k n = 1 at all points of the curve, that is, 

(§)’—■ (0-i- 


Consequently = 


. The first of the Frenet formulae give us 


57} dX 1 
ds ds 


__1 

ds a’ 


/ 1 1; ™ = { 1 1 
\mn] ds \ 22 J 

{ 


dP <U 3 
<5s ds 


, da n . 

A m -=— = o. 

I ww | ds 


Also f.c r is a unit vector and so 


tC* — 9m n fa ft™) fa ft n ) * ^2 * 


We conclude that « = — and fi r == ( — 1, 0, 0). 

2. In Ex. 1, show that r=0and (0, 0, 1). 


3. Show that xv r = s rsi 2, s 


6X* 
ds ' 


4. Parallel vectors along a eurve. The straight line. 


If a vector X r is defined along a curve then it must be 
given as a function of the arc s of the curve. Now we have 
seen at p. 141 that, if the vector X r is a parallel field of 
vectors along a curve, it must satisfy the tensor equation 


8X r _dX r ( r 1 X „ t dx n 
ds ~~ ds ^ \mnj ds 


(ii) 


Also its covariant components X r satisfy the corresponding 
tensor equation 



We can use this result to obtain immediately the equation 
of the straight line in general curvilinear coordinates. The 
tangent vector of a straight line is always in the same direction 
along the curve, that is, the tangent vector forms a parallel 
vector field and must satisfy (11). But the tangent vector is 

„ dx r 
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Hence the equations of a straight line are 


6 2L 

6s 


<Px’- 

ds 3 


{ r 


) dx nt dx n 
n\ ds ds 


= 0 . 


(13) 


We may obtain these equations in another way by observing 
that (13) is a tensor equation and in Cartesian coordinates it 

reduces to — 0, which are the equations of a straight 

line in such coordinates. 

Reference to the Frenet formulae shows that (13) merely 
expresses the fact that k = 0. Hence we see that the straight 
line has zero curvature , and this property is characteristic of 


the straight line. 


Examples. 


dx r 


X. If we 'put ® = g mn x' m x' n , where x' T === — 3 show that the equations 
of the straight line can he xoritten in the form 


d_ / d® \ d® 
ds\dx' r J d x r 


(«) 


Here we are denoting derivatives with respect to s by dashes. We have 

d® 9 , , , v n 

dx' r ~~ dx' 1 ' ^ mn X m X n ) ~ %9rm X 1 

Therefore 

d 9rm 

dx n 


d ( d®\ 

ds W rl ~" ffr 


j=2g rm x" m + 2 x' m x' n 


and 


Consequently 

d / d® 

55' 


dx r dx r 


l\d X'r] 


8® 
dx r 


■ 2 g rv x"* 2 [- mn, r] x’ m x >n 


1 2 g T p ^3 


+ 


| ^ 1 %' m x‘ 
{mn) 


■f»y 


But the equations of the straight line are 


aj //p -f - 


^ \x' m x' n = 0. 
mn) 


Hence our theorem is proved. 

This result is sometimes of value in calculating the symbols . 
If we form the equations (a) and solve them for x" r , we see that on the 
other side of the equation we have — x' m x' n . In other words, the 

symbols we require are the coefficients of the quadratic form in x' T . 

E (287) 11 
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2. Use the method explained in Ex. 1 to find the Christoffel symbols 
for cylindrical polar coordinates and also for spherical polar coordinates. 


EXAMPLES XIII. 


1 . Prove that ~ ,u r + « (w r — 

1 r5 X s 

2 , Show that t — ™ e r8t ~r~ tw- 

OS O 6 ’** 


3. Prove the formulae ^ v r 

os 2 d.s 


d% 


■i*+«)*'-&*• 


4-p-= x (* Ar - xvr '> ■ 


dr 
' Is 1 


a -n .r , <3A r (5 2 A S <5 3 A f g dfr 

4. Prove that e rt( —^-{-j, 

6v r d~v* d 3 v* __ 5 d /x\ 
€rst Ss Ss 2 Ss 3 ~’ T ds\T}' 


5. Find the curvature and torsion at any point of the curve x l = a, 
x 2 = t, x 3 ~ ct where ds 2 == ( dx a ) 2 -f {x 1 dx 2 ) 2 -j- (daf 5 ) 2 . 

[This is die circular helix in cylindrical polar coordinates,] 

6 . Prove that the tangent vector in Ex. 5 always makes a constant 
angle with the vector ( 0 , 0 , 1 ) at each point. 

7. If (a X r + b // + cv r ) forms a parallel vector-field along G, prove 

x da t f\ d"b _ dc ~ ~ 

that -- #0 = 0 , - 7 —— rc = 0 . -7 -f- t & = 0 . 

dtf ds 1 ds 

8 . If small distances, s, are taken along a curve and the tangent 
straight line at P giving the points Q and P, prove that 

(?)—■- 

9. If two curves G , Cf have the same tangent at P, and Q, It are 
two points taken at small distances s along the curves, prove that 

—x'lA ,' r 9 =« 2 +^ /2 — S^^COS^, 

where d is the angle between their principal normals. 

10. Let a curve G be drawn from a point P to a point Q and let C 
be a slightly varied curve whose coordinates at any point differ from 
those of the corresponding point on C by tf, an infinitesimal vector* 
prove that the difference in the lengths of the enrves is approximately 

8L = — I >cfi r r} r ds, 

Jp 

11. Deduce from Ex. 10 that if Q is the curve of stationary length 
for all curves passing through P and Q„ then u — 0 and G is a straight line. 
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CHAPTER XIV 

Intrinsic Geometry of a Surface 

1. Curvilinear coordinates on a surface. 

Let ( y \ if, if), as before, be the Cartesian coordinates of a 
point in space. A surface is defined in general as the locus of 
a point whose coordinates are functions of two independent 
parameters. Thus the equations of a surface are of the form 

(u\ u 2 ) (r = 1,2,8), (1) 

when u 1 and a 2 are the parameters. In other words, any point 
on the surface is uniquely determined by two numbers u 1 , u 2 
and we can therefore call these quantities coordinates of a 'point 
on the surface . It must be remembered 
that again 1 and 2 are indices dis¬ 
tinguishing the coordinates and u 2 
does not mean u squared. 

Let us examine the geometrical 
significance of these coordinates 
(u 1 , u 2 ). If u 2 is kept constant and 
u 1 alone varies, then the point (1) 
depends upon a single parameter and 
therefore describes a curve. Moreover 
this curve lies wholly on the surface 
and we see that when we give u 2 a series of constant values 
we obtain a family of curves on the surface. These curves we call 
the u 1 -curves and along them u 1 alone varies, that is, the equations 
of these curves are u 2 = const. Hence if we are told that the 
point P has a certain coordinate this means that P lies 
on a certain iP-curve, namely u* = u 2 0 . 

In the same way we have another family of curves, given 
by u 1 = const., along which u 2 alone varies. These are called 
the u 2 -curves and we now see that each point of the surface 
is determined as the intersection of a member of .each family. 
Thus geometrically the two coordinates (u 1 , u 2 ) give the two 
curves, one of each family, which pass through the point. We 
shall often refer to the u 1 - and ?/-curves briefly as the coordinate 
curves and we shall call u 1 , u 2 a system of curvilinear coordinates 
on the surface , 
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All the properties of a surface which can be described 
without referring to the surrounding space are called intrinsic 
'properties of the surface and their description constitutes the 
intrinsic geometry of the surface . It is this intrinsic geometry 
we wish to deal with in the present chapter and we shall find 
that the curvilinear coordinates {u x 3 u 2 ) are the most appropriate 
coordinates to use for this purpose. 

There is obviously an infinite number of possible coordinate 
systems by means of which we may determine points on our 
surface. We may, in fact, take as coordinate curves any two 
families of curves which fulfil the condition that each member 
of one family intersects each member of the other in one and 
only one point. If u 1 , u 2 is another coordinate system on the 
surface, then u 1 , u 2 are clearly functions of u 1 , u 2 and conversely. 
That is, there is a functional transformation between the co¬ 
ordinates of the form 

u 1 = f 1 (#, #), u 2 * / 2 {u\ u 2 ) (2) 

and this transformation is reversible, so that 

u 1 = cp 1 (ip-, u 2 ) } u 2 = qr (u x , u 2 ), (3^1 


Examples. 

1 . Show that the surface y % — f(y\ y 2 ) may be put into the para¬ 
metric form y 1 — u\ y 2 = u 2 , y 3 = f(u\ w a ). What are the coordinate 
curves ? 

2 . Show that y 1 = a cos u 1 eos % 2 , y 2 = a cos u 1 sin u 2 , y® = a sin u l 
are the parametric equations of a sphere and determine the coordinate 
curves. 

3. Show that 

y 1 __ u 1 u 2 y 2 1 — u 1 v? y z u 1 — ^ 2 

a 14 ~ vlu 2 ’ b 1 -|- u x u 2 ' 1 

are the equations of a hyperboloid of one sheet and that the coordinate 
curves are the generators. 


2. The conventions regarding Greek indices. Surface tensors. 

We therefore see that the curvilinear coordinates on a sur¬ 
face are two in number und we are now dealing with two variables 
[u\ u 2 ). Up to the present we have used italic indices to denote 
our variables, which have been three in number, and we have 
adopted certain conventions regarding these italic indices, 
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namely, that such an index tabes the range of values 1 to 3 
and a dummy index is to be summed from 1 to 3. We shall 
find it convenient to adopt an indicial notation for our new 
variables (u 1 , u 2 ) also, but to avoid changing any conventions 
we have made for italic indices we shall now adopt Greek indices. 
Thus we may write our variables 

* B (* = 1,2). ..W 

We shall also make similar conventions regarding these Greek 
indices and they will be two in number. 

A repeated or dummy Greek index in any term is to be summed 
from I to 2. 

A free or unrelated Greek index is to have the range of values 1,2. 

It will be observed that all the remarks of Chapter I can now be 
repeated with Slight modifications when we use Greek indices and the 
new conventions respecting them. For example, a system of the second 
order will be denoted by a a $ and will stand for any one of the array of 
quantities 

a n> a l 2 
a 2 j, a 2 2 * 

Again we shall have 
2 

: 2J a a 8 uCC %i (u 1 ) 2 + a 3 2 u l u 2 + a n u 2 ^-fa 2 2 ( u 2 ) 2 . 
«,/>'=1 

The corresponding skew-symmetric e-systems in Greek indices are 
double systems , namely, e a/ ? and e a ^, which have the following values 

= e 2 2 == 0, ~ 6 21 " ^ 9 ,x\ 

o11 — ^ 2 — 0, = - e 21 == l, (5 ' 


and we have now two Kronecker deltas, defined by 

^ = e“ s e^ ; .(6) 

The first has the value 0 unless a, /5 and A, y are permutations of 1, 2, 
in which case it is + 1 if the two permutations are the same and — 1 


if they are opposite. The second delta has the usual properties that it 
equals 1 if a and A are equal and is zero if they are unequal. We leave 
to the student the development of the theory of determinants of the 
second order analogous to that given in Chapter I. 

The transformations (2) and (3) between two different 
systems of curvilinear coordinates on a surface can be written 
in the brief form 


u a = f (u 1 ,^), 
u a = cp a (it 1 , it 2 ). 


( 7 ) 
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We have therefore a theory of tensors of different orders for 
the transformations in these variables which is the same in 
every respect as that already developed for the variables x r . 
Thus a triple system a“ y in Greek indices is a relative tensor 
of weight M, contravariant in a and covariant in ft and y, 
when its components a Q ar in the new variables satisfy the re¬ 
lations 


duf du Q dv? du y a 
du v \ du a du a du 0 *® 7 ’ 


. . ( 8 ) 


The theorems in tensor algebra proved in Chapter II (p. 19) 
are of course equally true here as are also the observations 
regarding tensor-fields at p. 133. When M ~ 0 in (8) the tensor 
a* y is called as before an absolute tensor and this is the most 
important class of tensors for us. 

If we want to distinguish these tensors in Greek indices 
from those in italic indices we may call them surface tensors 
since they are tensors under a transformation of surface co¬ 
ordinates. The others we may call space tensors since they 
are tensors under a transformation of space coordinates. 


Examples. 

1. Show that the determinant a s= | a a p | satisfies the equations 
e y8 a 7Ct a 8 p = e^ 8 a ay ap S = ae a p. 


2 , Deduce from Ex. 1 that 

2 ! a = e a ? a a pa yS . 


3. Show that the cofactor of a a p in a is A a P where 

A*P=e**eP*ay 9 . 

4. Prove that 


dvr : 

-iduP 

du a 

R 

dvT 

du* : 

du* 

90 e e<” 

e 1 = 

du v 


du a dv? 
du Q du° 


and deduce that e a p, e a & are relative tensors of weights — 1 and 1 res¬ 
pectively. ' 


5. If a a p is an absolute tensor, deduce from Exs. 2, 3, 4 that a is 
a relative invariant and A a & a relative tensor both of weight 2, and hence 
that the cofactor A a @, divided by a, is an absolute tensor. 
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3. The element of length ^nd the metric tensor. 

Let P be a point on the surface whose coordinates are u* 
and let Q be a neighbouring point of the surface with coordinates 
u^-i-du 01 . We shall denote by y r and y T -f- dy r the Cartesian 
coordinates of P and Q in space. From the relations (1), p. 163,. 
we have 

dlf = % du “ .( 9 > 

If we let ds be the elementary distance between P and Q we 
know that 

ds*=j](dyr)K 

1 

Hence we conclude from (9) that 

ds 2 = a a fi du a du$, , 

where we have put 

dy r dy r dy r dy r 

a «P ~ Ju* Jut ~ £ du 8 dui> 

We see that a a/? is a function of the u s and is symmetric 
in a,/S. Also since ds is an invariant it follows from (10) that 
a^pdu du? is an invariant for arbitrary values of the contra- 
variant vector du*. Consequently our quotient law tells us 
that a a p is a double covariant tensor , which we call the fundamental 
or metric tensor, and the element of length on the surface is 
given by the formula (10). 

If we denote by a the determinant \cb a ^\ and by a a the 
cofactor of a B in a , divided by a , we prove as at p. 135 that 


a a ^ is a contravariant tensor, and we have 

.( 12 ) 

Also if we form the systems 

... . (13) 
y t it 


we see that these are also tensors which we may call the s-sy stems. 
When we are given a contravariant vector A a we define 
the magnitude A of A a by the equation 

A=(a afi A a A^, 


( 10 ) 

( 11 ) 


(14) 
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and similarly the magnitude of a covariant vector B a is 


.(15) 

Also a unit vector is one whose magnitude is unity and hence 
X* will be a unit vector if it satisfies the equation 

a ttfi X a ?f= 1.(16) 


If we divide equation (10) by ds 2 we have 

dv^ch/__ 
a '»* ds ds ~ 1 ’ • 


(17) 


that is, the vector — is a unit vector, 
ds 

With the aid of the tensors a a ^ a af> we can raise and lower 
indices in the usual manner and these operations obey the 
same laws avS in the case of space tensors. 


Examples. 

Show that the ds 2 for the following surfaces have the values mentioned. 

1. y l — u\ y 2 = u 2 , y z = }(u\ u 2 ); ds 2 = (1 + /f) (d#) 2 + 2 f 1 f 2 du 1 du‘ 2 ' 

+ (1 + /l) where f a = -^L. 

2. The sphere, y 1 = a cos w 1 cos u\ if ~ a cos u 1 sin it 2 , if = a sin u 1 ; 

ds 2 = a 2 ( du 1 ) 2 4* (cos u 1 ) 2 ( du 2 ) 2 . 

3. The circular cylinder. y 1 = a cos u\ y 2 = a sin u l > w 3 == u 2 ' 
ds 2 = a 2 {du 1 ) 2 + {du 2 ) 2 . 

4. y 1 = u 1 cos u 2 , y 2 — u 1 sin u 2 , y* = 0; ds 2 = (du 1 ) 2 + (u 1 du 2 ) 2 . 

[This surface is the plane y 3 = 0 and the coordinates are polar 
•coordinates.] 


4. Directions on a surface. Angle between two directions. 

If we divide (9) by ds we get 

dy T dy r du a 

~k~W°H 7 .( lg ) 

Now we know that the direction T?Q is given completely by 
~ in Cartesian coordinates and (18) shows that is given 
du* 

w ^ en -~gj~ is given. Hence the direction PQ on the swrface is 
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. But if we are given 
du a 


du a 

completely determined by the unit vector 

(If 

any unit contra variant vector X* we can always find such, that 

QjS 

.w 


and it follows that a unit surface vector X* determines a unique 
direction on the surface. Also any contravariant vector A a 
consists of an invariants, its magnitude, and a unit vector A a fA. 
Consequently every contravariant surface vector defines a 
magnitude and a direction on the surface. 

Let us next consider two directions on the surface at P, 

defined by the vectors . The corresponding space 

vectors in the Cartesian coordinates are given by 
dy _dy r du a dy r _dy r dufi 


ds du a ds 


Ss duP Ss 3 


( 20 ) 


and we know that the angle 6 between the two directions is 
given by - 

ydfSjf 

ds ds ^ Ao 


cos 1 


r=l 

Hence substituting for —• and 

CLS OS 

their values in (20) and remembering 
we obtaii 

du a du^ 


ds ds 


the values of a a ^ 9 we obtain 


cos 8 ~ a 


ds ds 


( 21 ) 



If X *, pi a are two unit vectors the two directions defined by 
them are given by 

du * _ du a _ 9 

cIs ~ A ’ 8s ’ 


and we conclude that the angle 6 between the two directions X* : ju a 
is given by 

cos 8 = a a p X* . (22) 

These directions will be orthogonal if 0 = nj2 and hence 
the condition that the directions X*, y be orthogonal is 

<W*y = 0.(23) 
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If we take the direction v “ defined by 

.(24) 

where X a is the associated vector of the unit vector X a s we see that 

a ar *‘f-a ar J a t? r *f*a- 

But 


a a - y eP a e s * = ~ a ay *)•"&' 


tt e s r-. 


of*. 


Therefore 


a ay v a v? = a$ d X 8 = dp S X s = 1, 
which shows that (24) is a unit vector. Moreover 

a ar v a ff = a ar el ,a A ll Xr=e/ la l/ik a = 0 


and we conclude that v a is the unit vector orthogonal to X a . If we 
multiply (24) by v a and sum a from 1 to 2, then 

1 = eP a AfiV ct = e a $X a /, 

and we see that e a ^k a v^ is positive. Now 

e a fi ^ ~ e ecftf- l<X ^> .(25) 


where X a , p a are any two vectors, and we say that the rotation from X a 
to p a is 'positive if e a pX a is positive. Consequently the vector (24) 
is such that the rotation X a ~~*v a is positive. 


Examples. 


1 . If unit vectors ef x) , s“ 2 , are taken in the directions of the coordinate 
curves, show that 

«&> = i<5«, 

l«n F«22 


Along the coordinate curve u 2 = co^, we have du 2 = 0, and thus 
the element of distance along it is given by ds 2 = % 1 (^w 1 ) 2 . Consequently 
the unit vector ef x) is 


s (n = 



du* \ 
ds ) 




S 


a 

1 


and similarly for the vector ef 2) . 

2. If X a , p a are two unit vectors such that the rotation X a , is positive , 
show that e a p X a yfi — sin 6. 

3. If co is the angle between the coordinate curves, show that 

cos a) = - . Consequently the condition that the coordinate curves 

If a u fa 2 

be orthogonal is a 12 ~ 0, and the coordinates are then said to be ortho¬ 
gonal curvilinear coordinates. 
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4. Show that the rotation from the u 1 -curve to the u 2 -curve is positive 

j . 1 a 

and sin co = . ... 

I a n a 22 

5. Element of area. Prove that the element of area dS on the surface 
is given by dS = du 1 du 2 . 

[If we take small distances ds x , ds 2 along the coordinate curves, then 
dS = ds x ds 2 sma), and we have ds x — ]/ a n du 1 , ds 2 = 


5. The equations of a geodesic. 

Any curve on the surface is determined by giving the co¬ 
ordinates u a in terms of a single parameter t. Thus the equations 
of a curve will be of the form 

.(26) 

Also if we denote by dots differentiations with respect to t, 
we see that the length of the curve between the points A and B 
on it is 

X = j (a fffi u a u^)Tdt, ...... (27) 

Let us consider curves passing through two fixed points 
A and B. Of all such curves there is in general one and only 
one whose length from A to B is less than that of the others. 
This curve is called the geodesic joining A 
and B, and if our surface were a plane 
we know that the geodesic would be the 
straight line. Our present problem is to 
find the equations of this geodesic through 
A and B. 

Let us denote by J 7 the geodesic through 
A and B and let us take a neighbouring 
curve J 1 ' also passing through A and B. 

We set up a one-to-one correspondence 
between the points of F and P in such 
a way that if P, coordinates u a } and P\ coordinates u' a , are 
two such corresponding points, then PP' is a small vector. It 
may therefore be written eof, where e is an infinitesimal and 
co a is a finite contravariant vector. Hence 



u' a =~-u a + eoi 


( 28 ) 
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and as we move along F we see that co r is a function of the 
parameter t which vanishes at the points A and B . Thus 
the length of F ' between A and B, is a function of e and can 
be expanded in ascending powers of e by means of Taylor's 
series. Remarking that for e = 0 we are on F } we obtain 


L' = L + e 


dL' \ 
de Jo 


+ 2I 62 


+ • • ■, • . (29) 


where the suffix 0 means that e has been put equal to zero 
after differentiation. The second term on the right of (29) is 
called the first variation of the length L and is usually denoted 
by 6L. Since /Ms a geodesic its length is less than that of any 
other curve F' through A and B . In other words, L' is a minimum 
for £=0, and consequently, by the ordinary rules of the 
, (dL'\ __ „ . . .. 


differential calculus, 


must vanish, that is, the first variation 


SL is zero if F is a geodesic. We proceed to find an explicit 
expression for dL, and by expressing that it vanishes for all 
neighbouring curves we shall arrive at the equations of F. 

Let us put 


cp{u,ii) = {a a ^u a uPy 


where u , u stand symbolically for w 1 , u 2 and u 1 , u 2 respectively 
Thus 

cp' == (p{u\ u') = cp (u + e co , u + sco), 


- d <P r) x 


9(P - a 
du a ’ 


Hence 


9 Jl) = , £p.«K, 

de)o l A \du a + dii aW \ dL 


When we integrate by parts we have 


< £ d(p .« 
a co dt —* 

A OU 




and the integrated part disappears since co a is zero at A and B. 
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dL = s 



it (al“)l 


of dt, 


. . . (31) 


and we have found an expression for the first variation of L . 

If r is a geodesic SL must be zero for all neighbouring 
curves through A and B, that is, (31) must vanish for all arbitrary 
values of the vector of along F. Therefore we must have 


d ( 3 g>\ d<p 

dt \du“J du a ~ 


(32) 


These differential equations, together with the conditions that 
r passes through the given points A and B s will in general 
define the curve F completely. They are therefore the equations 
of F, and we shall write them in a more explicit form. 


We have 


dcp 


dcp 1 dapy 

Ju a ~ 

) 

9 

du a 2cp du a 

and (32) reads 

A 1 

(a a/i uP\ 

1 da ?f> _ 

dt 

\ Cp ) 

2 cp du a u u “ 


Thus far our parameter along F has been perfectly general. 
We shall now simplify matters if we take as parameter the arc s 
of the geodesic, in which case (30) gives cp = I along F. The 
equations of F become 

d f duP\ 1 duP du y __ 
ds\ a P ds) 2 du a ds ds ’ 

or 

d <x a fi duP du y 1 d a$ y duP du y ___ 
a< *P ds 2 du y ds ds 2 du a ds ds 


If we introduce the symbols 


l>M 


1( dap y 
2 \du a 


d Ob# y 0 a a a\ 

duP "" duy ) 9 


. . . (33) 


these equations can be written 
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Raising the index a, we obtain the final form 


d 2 u a ( a \du^ dtd 
~diF + 1/SyJ ds ds 


• • (34) 


where we have put 

.( 35 ) 

The quantities (33) and (35) are called the Christoffel symbols 
of the surface, and reference to p. 14 1 will show that they are 
formed from the a aJ3 in exactly the same way as the Christoffel 
symbols of space were formed from the g rs . Moreover we know 
that the curve of shortest length, or the geodesic, between 
two points in space is the straight line and we see from equa¬ 
tions (13), p. 161, that the equations of the geodesic on the 
surface and of that in space are of exactly the same form. 


Examples. 


du a 


1. Show that if we put ip = a a p u /a u'P, where u' a = the equa¬ 
tions of the geodesic can be written 


± ( ll. \ _ - r> 

ds\du' a ) du a ~ 


[These equations are often useful in calculating the Christoffel symbols 
for any particular coordinate system. For when these equations are solved 
with respect to the second derivatives of u a with respect to s, we see 
from (34) that on the right-hand side of the equation the coefficient of 

dvJ 3 du Y . ( a 

Isis 18 ~\tBy 


2 . 


Show that [a f} 9 y] and 



are symmetric in a, and show that 


^7 = l>y»£I + [fiy, a], [a p,y] = « yrf 


3. For the surface of Ex. 1, p. 168, show that the Christoffel sym¬ 
bols are 

{ll}='*/i/ii> {12) = (22} = -^ a j 1 } = * /a /11 • ■ 

\ /a/a2» 
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where we have put 


C> 2 / 

du a du 1 * 9 


and h s= 


1 + /i + fl 


4. Orthogonal curvilinear coordinates . If the coordinate curves are 
orthogonal, prove that 



#12 ~ 

a 12 

— 

= 0, 

1 

a ±J - — — 

’} 


_ 1 







a n 



#2 2 



['ll 11 -5 

1 

a. 

#11 

rio 11 __ 

1 d 



11 91 



2 

d 

w 1 5 

L 1 "? • L J — 

2 du 2 


li, , 


[22,1]- 

— 

1 

2 

d #2 2 

du 1 

= -[12,2], 

[22,2] = 

1 d ^22 

2 du? ' 


1 da 

11 


f 1 

1 1 

da 



1 da» 

11 

2 a n du 1 


12 

2 «u 

du 2 

9 


2 du 1; 

2 1 

1 

5«u 


1 

da^2 



1 da 22 

11 } 

2 (1% 2 

du 

2 ! 


2 O 22 

du 1 

3 

122/ 

2 c& 22 dw 2 


5. Obtain the Christ off el symbols for the surfaces of Ex s. 2, 3, 4 

(p. 168). 


6. The transformation of the Christoffel symbols. Geodesic 
coordinates. 

We shall now take two coordinate systems u a i u* and examine 
how the Christoffel symbols of the two systems are related. 
We denote by bars quantities which refer to the ^-coordinates. 

Let us take any geodesic F and let u a , u a be the coordinates 
of a point on it referred to the two coordinate systems. These 
are functions of the arc s of J 7 and of course 5 is an invariant. 
We have 

du a du a du Q 

ds ~~ du Q ds 3 . (36) 

and, on differentiation, 


d^_du a d*_u Q d*u u du?<M 
ds 2 du Q ds 2 du®du a ds ds 


• . . ( 37 ) 


But the point lies on the geodesic and we must have in both 
coordinate systems 



oc | <2^/ 

ds 2 

/?yj (2^ (2s 

d 2 u Q 

g 1 d!w T 

ds 2 

err/ ds ds 
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Therefore 


a \ dvf du Y _ du?( o ) dv^ dtf_ _ d 3 ^ duT cfa T 
flyi ds ds du^lat) ds ds du a du r ds ds 


or, from (36), 

/ d*u a 
\d u a du z 


ox) du e 


a ( dv? d u Y \du a du T 
Pyf du a du r ) ds ds 


The geodesic P was chosen quite arbitrarily and hence (38) is 

true for all values of 4^-. Also the coefficient of ^-in(38) 
ds ds ds 

is easily seen to be symmetric in o, r. Consequently 


9^-W« + Wl^ = °' ' ' <39) 

which give us the relations connecting the Christoffel symbols 
of the two systems. Since it involves the second partial de¬ 
rivatives of u a with respect to u e 9 we see that the Christoffel 
symbols are not tensors. Starting from the formulae 

ds du G ds ’ 

we deduce in the same way the reciprocal relations 


a \du^ du Y __ 


d 2 u“ 


q\ du a 


dv? du r 


du a du T \ax\du Q \py\du a dHP v 

We have already seen that if we take rectilinear coordinates 
in space then the fundamental metric tensor of space, g rS3 has 
constant components in such a coordinate system, and the 
Christoffel symbols are everywhere zero. It is not possible in 
general to find such coordinates on a surface but we shall now 
show that we can always choose a coordinate system in which 
all the Christoffel symbols vanish at a given point 0. Coordinates 
of this nature are called geodesic coordinates for the point 0. 

Let u a be a given coordinate system and let Uq be the co¬ 
ordinates of the given point 0 in this system. If coordinates 
u a exist such that all the Christoffel symbols in it vanish at 0, 
then (40) tells us that we must have at the point 0 


du a du T 


oc 1 d v? d u Y 
fty) du a du 
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and, conversely, if these equations are satisfied then j ^ j all 
vanish at 0. Let us make the transformation of variables 

«“ = < + «“ - i | ff “ } u c u r .(42) 

We see that the point 0 is given in the new coordinates by 
u a — 0 and that 


at 0. Also 

d*u* J a 1 

du Q du io"r) 0 5 

which shows that (41) are satisfied at the given point. Hence 
the new variables are geodesic coordinates at 0. It is important 
to notice that in geodesic coordinates the Christoffel symbols 
are generally not zero everywhere but only at the point in 
question. 

Examples, 

1. Geodesic polar coordinates. Find the line-element when the coordinate 
curves are the geodesics passing through a given point 0 and their ortho¬ 
gonal trajectories. 

Let us take as ^-curves the geodesics passing through a given point O 
and let us take as u 1 the distance along each geodesic measured from 0. 
We may take as u 2 the angle which the geodesic OP makes with a given 
geodesic OG . We see therefore that the coordinates 
(u 1 , u 2 ) are exactly analogous to polar coordinates / 

in the plane. Such coordinates may be appropriately / s 

called geodesic polar coordinates. / / 

Along the geodesic u 2 = constant we have Q // 
du 2 = 0, ds = du 1 . Hence a n — 1 and //P 

du 1 __ du 2 __ n j/ 

u~~ 9 fy * 

Also these curves must satisfy the equations of O 
geodesics (34), p. 174, that is, 


MH- 

Therefore, since [11, r] — a r8 j^j 


we have 


Also at the point O, u 1 = 0, and we see that, for all small displacements 
on the surface at O t ds 2 = (du 1 ) 2 no matter what value du 2 is given. 
Thus for u 1 = 0, a 12 = a 2z = 0. Consequently from (a) it follows that 
E (287) 12 
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« 12 is zero everywhere and the coordinate curves are orthogonal. The line- 
element is therefore of the form 

ds 2 — (^w 1 ) 2 + a 22 ( du 2 ) 2 . 

Moreover if we take small distances OP, OQ, each equal to u 1 , along 
the two neighbouring geodesics obtained by giving u 2 the values u 2 and 
u 2 -j- we see that PQ — 2 d-u 2 and the angle POQ equals du 2 . 

Also the surface approximates to a plane at 0, so that approximately 

PQJu 1 — du 2 . 

We conclude that, if } a 22 is expanded in ascending powers of u 1 , we have 


the remaining terms being of higher degree than the first in u\ 


2. Prove that 





3. Deduce from Ex. 2 that if all the Christoff el symbols vanish at 0, 
so do the first derivatives of a a ^, and vice versa. 

4. Show that geodesic polar coordinates at 0 are also geodesic co¬ 
ordinates at 0. 


7. Parallelism with respect to a surface. 

Let C be a curve on the surface and let there be defined 
a surface vector X a at each point of G . The coordinates u a of 
any point on 0 are functions of a parameter t and the com- 

__ ponents of the vector-field X a are also 

j functions of t. 

/ X ,£ V / If we take another coordinate system 

Ls j u a , then the new components X a of the 

Jp j vector-field satisfy the equations of 

/ / transformation 

L——- A X a = d Xx°, . , (43) 


and are also functions of t. Differentiating with respect to t> 

dX a ^du a dX° flV Y «du z 
dt du a dt du°du x dt 

d% a 

If we substitute for tt-ww-v from (39) we have 
du du x 1 


dX a _ du a dX° f q ) du a yc __ f a 1 du? du Y du x 

dt lU^\py)du a lR A It' 
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dX* , \ a 1 j fi d& = du a r dJ? f e 1 Y cdi? , 
dt ~M/9yJ dt du Q dt 1 ox] dt ^ 


( 44 ) 


This expresses the fact that 

dX^ dj£ ( a\ tdu v 
dt dt + \/J r / JC dt 


. * ( 45 ) 


2 $ a contravariant vector, which we shall call the surface intrinsic 
derivative of X u . 


Let us consider the equation 

8X a dX a 
dt dt 


+ 


OC | yj 5 du y 


J3yl dt 


(46) 


This is a vector equation and therefore if it is satisfied in one 
coordinate system it is true in every other. Now (46) is a dif¬ 
ferential equation of the first order and, if we are given the 
value of X a at any given point of C } then (46) defines a unique 
vector X K at every other point of the curve. Thus we have a 
unique vector-field defined in this way along C. It will he seen 
that (46) is exactly similar in form to (6), p. 141, which is the 
equation satisfied by a system of parallel space vectors along 
a curve. We shall therefore say that the system of surface 
vectors defined by (46) is a system of 'parallel vectors with respect 
to the surface. This is our definition of parallel vectors with respect 
to the surface and it will be noticed that surface vectors are 
defined as parallel along a curve on the surface . Thus if we are 
given two points A and B of the surface and a vector X a is 
given at A then we can define a parallel vector at B only when 
we are given a curve joining A and B, and in general this 
parallel vector at B will depend on the particular curve taken. 

Expressed in other terms, if we are given a closed circuit 
on the surface and, starting with a given vector at a point of 
the circuit, we take the parallel vectors along the curve with 
respect to the surface, then there is no a priori reason why 
we should arrive at the same initial vector when we have com¬ 
pleted the circuit. In fact, the parallel propagation with respect 
to a surface of a vector round a closed circuit generally results 
in a new vector when we have again arrived at the initial point. 
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Examples. 

1. If X a is a vector-field satisfying (46), show that a a ^X a X^ remains 
constant along the curve. Deduce that the magnitudes of two 'parallel 
vectors are equal. 

jjjse the result that — ([ay,/J] + [fiy, a]) 

2. If X tt > F a are two parallel vector-fields show that a a p X a Y^ remains 
constant. Deduce that the angles between two vectors and their parallels 
are equal. 


3. If our surface is a plane and rectilinear coordinates are taken in 
the plane, show that the equation for a parallel vector-field becomes 
dX a 

== 0 in such coordinates. In other words, the parallel vectors with 

respect to the plane as defined by (46) are identical with the ordinary 
Euclidean parallels in the plane. 

du a 

4. Prove that the unit tangent vector X a ss-—- of a geodesic G is a 

CL S 

parallel vector-field along the geodesic. 


6 X a ~ 

From (34) the equations of G can be written -r— ~ 0. 

os 


5. If X a is a parallel vector-field along a geodesic G , show that it 
makes a constant angle with G. 

[We see from these examples that surface parallelism as we have 
defined it possesses many of the properties belonging to ordinary Euclidean 
parallel vectors in space.] 

6. If X a is a parallel vector-field along a curve G , parameter t , show 
that its covariant components satisfy the equations 

^ = lr _a 

St dt \pa} y dt - 


8. Intrinsic and covariant differentiation of surface tensors. 

We are now in a position to consider the problem which 
corresponds to that already discussed for space tensors in 
Chap. XII, p. 140, namely, the problem of forming new tensors 
by the differentiation of given surface tensor-fields. The method 
of approach is exactly the same as that of the chapter mentioned. 
Having defined parallel vector-fields along a curve with respect 
to our surface the student has merely to read over §§ 2, 3, 
pp. 143—147, substituting surface tensors for space tensors and 
surface coordinates for space coordinates. We shall therefore 
confine ourselves to stating the results for a typical surface tensor. 
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If is a surface tensor defined along a curve 0 , in which 
case its components are functions of a parameter t , then the 
quantities 


tf-STjgy _ , / « \ # u* / <7 \ « 

dt dt dt \fir) ^ 



du T 

~dt 


(47) 


form a tensor of the same order and type as Xp Vi and we call 
it the intrinsic derivative of Xp y with respect to t. 

Also if Xp Y is a tensor-field defined over the surface, its 
components being hence functions of w a , the quantities 


•y-a _ dXly 

A fly, 6— du s 




(48) 


form a tensor with one covariant index more than Xp y . We 
call it the covariant derivative of Xp y} and we see that covariant 
differentiation is indicated by a comma just as in the case of 
space tensors. 

Let us take geodesic coordinates at a given point 0 of 
the surface. In such coordinates the Christoffel symbols vanish 
at the point 0, and (47) and (48) immediately show that at 0 
the intrinsic and covariant derivatives of a tensor reduce to 
the ordinary derivatives. Thus, following the argument of § 4, 
p. 148, we conclude that the rules of the ordinary differential 
calculus for finding the derivatives of the sums and products of 
functions also hold in finding the intrinsic and covariant deriva¬ 
tives of the sums and products of tensors. We leave the student 
to formulate the rules in the manner of the section quoted*. 

Moreover, when we adopt geodesic coordinates at 0, the 
ordinary derivatives of the fundamental tensors a a p, and 
of the determinant a are all zero. Consequently it follows 
that the covariant derivatives of the metric tensors a a/3 , a a ® and 
of the e-systems and Kronecker deltas are all zero , a result similar 
to that already found for space. These tensors can therefore 
be regarded as constants when finding the intrinsic or covariant 
derivatives of any combination of surface tensors. 


* The analogy is not quite complete. In the previous case we used recti¬ 
linear space, coordinates in which the Christoffel symbols are everywhere zero 
whereas here the surface Christoffel symbols vanish only at a given point. 
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Examples. 

1. Show that ^ (X a Y a ) — Y a + X a . 

_ dX„ dXp 

2. Prove that X^ " X /? ( a = ^" 

3. Show that {ap y X^ Y v ) = Xp i0e Y p + XP Yp fCe . 

4. Show that the raising or lowering of indices can be performed 
before or after the operations of intrinsic and covariant derivation. 

5. Prove that two indices may be contracted either before or after 
the operations of intrinsic and covariant derivation. 

6 . If A is the magnitude of X a 9 show that — Xp >a X^jX. 

7. Writing out in full the tensor equation s a p, y = 0 and putting 

a, p — 1 , 2 , prove that _ 

d log l a (01 

e%y 1 M' 


9. The Riemann-Christoffei tensor. The Gaussian curvature 
of a surface. 


Let X a be a covariant vector-field defined over the surface; 
its covariant derivative is given by 


• f g 1 Y 

“•P duP !a/?r a 


Since this is also a tensor we can take its covariant derivative 
and the resulting tensor we call the second covariant derivative 
of X . We denote this second covariant derivative by X , 

J ^ j a, p y 

and we shall see that it is not in general symmetric in f} 
and y. The procedure is exactly the same as that of p. 152, 
and we shall leave the student to prove the following results. 
We have the formula 


X(X f Py X^yP 

where we have put 


■ R. a p y X#, 


(49) 


b: 


«PY : 


d (<f) 

duP lay/ 




C}\;L 


)-r ,d 




.}• (50) 


Equation (49) shows that R d a p y is a tensor and (50) tells us 
that it depends only on the metric tensor and its derivatives. 
It is called the Riemann-Christoffel tensor of the surface. Also, 
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Rsixpy — Q>S <7 R.(xpy j 

and it possesses the skew-symmetric properties 

•^SaPy ~ RsayP> 

^dapy ~ ~~ R<xdPy> 

that is, R Safiy is skew-symmetric in <5,oc and in /$, y. 

Let ns put 

K=*±e*“ sPrlts^, .(51) 


which shows that K is an invariant of the surface. If we multiply 
this equation by e Xfl s ar we get 

Ke Xfl s az = i 


But, owing to the skew-symmetric properties of R SafSy3 

til tiWiafir 


Hence 




showing that the Riemann-Christoff el tensor of a surface can 
be expressed in terms of the invariant K and the s-systems. 
This invariant K is called the total curvature or the Gaussian 
curvature of the surface. It is of course intrinsic and is a function 
of the a's and their derivatives. 


Examples. 

1. Show from (52) that K = E 1212 /a. This formula enables us to- 
calculate K in any particular case. 

2. Prove that 

= h [«**1-35? w.« + {^}- fc} 

3. If the coordinate system is orthogonal, that is, if u 12 = 0, then 



[This follows by direct calculation from Exs. 1 and 2.] 

4. If the line-element is of the form ds 2 — {du 1 ) 2 + a z 2 ( du 2 ) 2 , show that 

K= i_ d*y^ 

K* (dv>y 





184 


ABSOLUTE DIFFERENTIAL CALCULUS [CHAP. 


10. The geodesic curvature of a curve on a surface. 

Let Q be a given curve on our surface and let us take as 
parameter the arc s of the curve measured from some fixed 

point on it. The curve is therefore 
given by equations of the form 

u a = u a ($) ... (53) 

and we have the equation 

du a du? 



^ ds ds 


• (54) 


satisfied at every point of the curve. 
If P is a point on the curve whose coordinates are u a and 
Q is a neighbouring point of 0 corresponding to an increment ds 

in the arc, then the infinitesimal vector PQ has for its com¬ 
ponents du a . Thus the tangent vector to C, which is the limiting 

position of the vector PQ as Q tends to P, is given by the vector 
d 

• Moreover this vector is a unit vector as may be seen from (54). 
Consequently the unit tangent vector of C is given by 

da * 




ds 


(55) 


Since X a is a unit vector at each point of 0, we have 


= 1. 


Differentiating this equation intrinsically with respect to s, 
a 0 " 

77 ~ 0, 


which shows that the vector — is perpendicular to X a . Conse¬ 
quently, if we denote by ju a the unit vector orthogonal to l a , 

.< 66 > 

where a is an invariant. We choose the sense of ju a such that 
the rotation (X a 5/ w a ) is 'positive and reference to p. 170 shows 
that this is the same as imposing the condition 

/ = + 1 


(57) 
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When we have fixed the sense of pi 1 in this way, equations 
(56) determine a uniquely not only in magnitude hut also in 
sign. The vector jj a is called the unit normal vector of C and the 
invariant a is called the surface or geodesic curvature of the curve . 
Owing to the manner in which we have chosen jn a we have 

= e@ a Xp, A® = e tt P ftp .(58) 

Differentiating the first of these intrinsically with respect to s, it 
becomes 

= e/5 “l7 = = - tfA®. 


Consequently we have the two related formulae 


67F 

ds 

d>* 

ds 


= — ol a . 


(59) 


The student will notice that there is some resemblance between these 
formulae and the formulae (10), p. 159, connecting the curvature and 
torsion of a curve in space. We may hence refer briefly to (59) as 
the Frenet formulae of the curve G relative to the surface . 


Examples. 


1. If G is the geodesic touching O at P and if equal arc-distances , 5 , 
he talcen along G and G from F, giving the points Q and R respectively, 

prove that as s tends to zero the vector QR tends to the normal vector and 
(QR/s 2 ) -> af2 . 

Let the coordinates of P be u a . If we expand the coordinates of R 
in terms of s by Taylor’s series we get 





2 



the remaining terms being of order higher 
* 9 ^ , du a , dV dX a 

ds ds 3 ds 

Hence this expansion becomes 

1 d 

+ + . (i) 



Also expanding the coordinates of Q. in powers of 5 and denoting 
by bars quantities referring to the geodesic G , we have 


a fdu^X 1 fd 2 u a \ „ 

+y *+1 fe-) 4 ' 

Now, since the curves touch at P, 


+ ■ 


fdu a \ 

\dsj" 


X a and from the equation 
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of the geodesic we have 


d 2 u a \ _ f a) (d u‘*\ /dv)‘\ ___ ( a \ ^ du?_ 

ds 2 ‘J~~ t/?yj \ <2$ / \ / Wj ds 

at the point P. Hence 

+ ,-< 

Subtracting (ii) from (i) we get for the vector Qfi when 5 is small 


• . (ii) 


that is. 




uS*-l ‘-f-W 

,■*0 s 2 2 8s 2 r 


and our result follows immediately. 

A . A . 8 r 8)P 

2. Prove that o'- = a a p -jj- ~jj~. 

dX$ 

3. Prove that or = e a p X a = — s a/9 — 




4. If C is a geodesic show that a = 0, and conversely if a = 0 then 
the curve is a geodesic. Thus geodesics are curves whose geodesic curvatures 
are zero . 

r dX a 1 

The equation of a geodesic can be written — 0. I 

K *W. X J ° 1 *£. a. d TL 


5. Prove that °Pr J7- 

6. Use Ex. 5 to deduce that the geodesic curvature ct x of the ^-curves 

is given by __ 

,,=41^-4^ j 
(/a du 1 \]/a 11 J ya du 2 

and find the similar formula for the geodesic curvature <r 2 of the ^-curves. 
|~For the ^-curves we have ss (-1=., oVl 

L ^ \y au ’ j j 

7. When the coordinate curves are orthogonal prove that 

_ 1 d (log a u ) _ 1 d (logOaa) 


11. Beltrami’s differential parameters. 

If 99 and ip are two invariant functions of position on the 
surface and if we denote by (p ta and ip >a their derivatives with 
respect to u a , that is, 

.« 
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then these derivatives are covariant vectors. Consequently the 
quantity 

F(<SP ,^) = a ap <p, a ip fff (61) 

is an invariant, and is often referred to as Beltrami's mixed 
differential parameter of cp, yj . 

If ip is put equal to 9 0 then (61) gives the invariant 


p?> = P(y, (p) — a afi (p ta <p, fi , .... (62) 


which is called Beltrami's first differential parameter of cp, and 
the symbol yep is read “Nabla cp ". 

Again, if X® is a contravariant surface vector, we may take 
its covariant derivative and contract the two indices, giving X® a . 
This is obviously an invariant and, writing it out in full, it reads 


X 


a 
> a 


9Z“ 

du a 


+ 


f « 
l/SaJ 


Z' 5 


(63) 


This invariant may be called the surface divergence of X a in 
analogy to (23) of p. 151. Using the result (p. 182) that 


/ K 


•} 


1 dja 
fa, di/ 


the divergence of X® may be written 

z% = AA(yaz“),.(64) 

]/ a du 

which is the formula of most use for calculation. 

In the particular case where X® is the vector a a/J cp } ^ cp being 
an invariant function of position, its divergence reads 




a “Va,S' 


This invariant is called Beltrami's second differential parameter 
of cp and is often denoted by A cp. Thus* 

A<p = a^<p, afi .(65) 

Using (64) it may be written in the equivalent form 


A _ 1 d l r~ 9<P 


( 66 ) 


* The notation used here for the first and second differential parameters 
is that adopted by Blaschke, Vorlesungen ilber Differentialgeometrie. These diffe¬ 
rential parameters are sometimes also denoted by A x cp and A z rp. 
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Examples. 


1. Prove that 


V (u 1 , v?) s= 


2. Prove that 


}a L du 1 \yaj du~ \\aj J 

jd(u . ) = 4f_L.f5a\__L.f«uy. 

L<^ 3 VT^/ dw 1 \|'V_ 

3. Prove that the angle 6 between the curves <p = const,, ip = const,, 


is given by 


- V y) 

M v<P’Vy 


Deduce that the two curves are orthogonal if V {<p, ip) “ 0. 

[This result may be proved by taking as coordinate curves u 1 ss <p, 
u 2 == ip and using Ex. 1.] 

4, Beltrami's formula for the geodesic curvature of a curve. If a curve 
is defined by the relation <p = const., prove that its geodesic curvature 
is given by 

A cp ■ f 1 
cr = — -== — V \ <P, -?=- 


[This is an invariant equation. Let us take as special coordinate 
system u 2 *~= (p and the coordinate curves orthogonal. The given curve 
is then a fp-curve. Use Ex. 1 and 2 of this section and Ex. 7, p. 186. 


12. Green’s theorem on a surface. 

Let us now consider a closed circuit G on the surface. We shall first 
define the positive sense of description of the circuit. If we take the 
simple circuit defined by the curves u 1 = 0, 
u 2 = 0, u 1 = 1, u 2 = 1, we define as the positive 
sense of description that in which the curves 
C are described in the order named, and the 
opposite sense is negative. The sense of des¬ 
cription of every other circuit is positive or 
negative according as it is or is not the same 
as the positive description of the above simple 
circuit. 

Denoting the interior of G by S, we know from Green’s theorem 
that, if P and Q are functions of position, 


• • ( 67 ) 


the sense of description of G in the contour integrals being positive. 
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Now let 1“ be a vector-field defined throughout S and let dS be the 
element of area, that is, 

dS = y a d^du 2 . 

Then 


But from (64) 


Hence 


X* a d& 

's 


JfX“ a dS = ff X a , a \ a du 1 du\ 






du 1 


(]a X 1 ) + du 1 du 2 


r 

Jo 




, du 2 
ds 


idu l \ 

ds) 


■ dS : 


'(-'*•77 


ds. 


Now if we denote by pb a the unit inward normal vector of G its covariant 
components are given (p. 185) by 

_ dJ 

” B «P ds ' 

Therefore Green's formula takes the form 

ff s X%dS=- J c X a tSds .(68) 

In this result let us put 

where cp> ip are invariant functions of position. Then 

X\ = a a/l <p,py,a + a a0 <P,/laV = V (<p,yi) + ft 1 <p, 
and (68) becomes 

J/ S P(<P, v) dS = - f c rp (<p :a /**) ds - fA yds.. . (69) 


Examples. 

1. Prove that ff (cpAip — ip A cp) dS + f((pip, a — ^9\ a ) P* & s = 0* 

j j $ j c 

2. Prove that J f V<pdS — — J c f ((p, a ^ a ) ds — jf (pAcp dS. 

3. Deduce from (67) that, if X a is a covariant vector-field, then 
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EXAMPLES XIV. 


1. If co is the angle between the coordinate curves prove that 


tan co = 


|la 
a 12 


2. If a double system of curves on the surface is defined by the 
equation b a p du*duP = 0, show that the angle between them is given by 


tan 


|la a a $ b a p 


Deduce that the double system is orthogonal if a a $b a p^ 0. 

[Note that the quantity equated to tan 0 is an absolute invariant, 
take the double system as coordinate curves, i. e. 6 U = b 22 = 0, and 
use Ex. 1.] 


3. Let us take a curve G on the surface and take the family of geo¬ 
desics cutting it orthogonally. If we take this family of geodesics as the 
id-curves, u 1 measuring the distance along each geodesic from the curve G, 
show that the line-element is of the form 


ds 2 = (du 1 ) 2 + a 2 2 ( du 2 ) 2 . 


4. Gaussian geodesic coordinates . If in Ex. 3 we take G to be a geodesic 
and take as u 2 the distance measured along G, then a 22 (u 1 , u 2 ) of Ex. 3 
satisfies the relations, for all values of u 2 , 


u a2 (0, u 2 ) — 1, 



5. If the Gaussian curvature of a surface is zero and we use Gaussian 
geodesic coordinates, show that the line-element is 

ds 2 « (du 1 ) 2 -f (du 2 ) 2 , 

which is the same as that of a plane in rectangular Cartesian coordinates. 
[Use Ex. 4, p. 183, together with the conditions of the last example,] 

6. If K is not zero but a constant, show that in Gaussian geodesic 
coordinates 

ds 2 = (du 1 ) 2 4- cos 2 (iKu 1 ) (du 2 ) 2 , (K > 0), 
ds 2 = (du 1 ) 2 + cosh 2 (f^Ku 1 ) (du 2 ) 2 , (K < 0). 


7. If jti a is the unit normal to a family of curves prove that the geo¬ 
desic curvature a of the family is given by 

o* = — mV 

j~May be proved by taking the family as u 1 -curves and the coordinate 


system orthogonal, 


in which case 
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8. If the coordinate curves are orthogonal and the tangent vector 
of a curve G makes an angle 6 with the curve u 2 = const., prove that 
the geodesic curvature of G is given by 

d6 

o = ——j- o l cos 6 4- cr 2 sin 6. 

(IS 

9. If the line-element is ds 2 — ( du x ) 2 -f a 22 (du 2 ) 2 and G is a geodesic, 
show that the formula of Ex. 8 reads 


— = — a sin 6. 
ds 

Deduce that ^ 

dO _ d]fa 22 sind 
ds On? | l a 22 

10. Laguerre's formula. If o 19 cr 2 are the geodesic curvatures of the 
coordinate curves and co is the angle between them, show that 

^ II d 2 co d , v-v . d , . , 


{ d 2 co 

d 

\du 1 du 2 

du 1 


(<7 a l /ct 2 2) 


'(hi) 


11. If we have two curves intersecting orthogonally at a point P 
and ds 19 ds 2 are the elements of length along these curves, and o 19 o 2 
their geodesic curvatures, prove that 

. d 2 cp d 2 cp dw . d(p 
Acp ~d^ + d4~ ax dsl + a ' l dsl' 

12. Parallel propagation round a closed circuit . If, starting with a 
given vector at the initial point , we propagate the vector as a parallel vector 
field round a closed circuit , prove that the final vector on completion of the 
circuit makes with the original vector an •angle equal to j§KdS taken through¬ 
out the interior of the circuit. 

|Let us take the coordinate system such that the line-element is 

given by ds 2 = (du 1 ) 2 + a 22 (du 2 ) 2 , and let A a be the given parallel 
vector-field, which we may take to be a unit vector-field. If A a at any 
point makes an angle 6 with the ul-curve through the point, then 

« ao sin0 

A 1 = cos 0, A~ =_ 

y ^22 


Since i“ is a parallel vector-field 


— 0. Now 


<5 A 1 d . , 

-w=r s (OOBe) + 


1 \ A ^- 

/tvj ds 


1 l a* — 

22J ds 


_ _ ' /) ^ v w w 

* ds 2 du 1 ds 

Equating this to zero, we get 

dO _ du 2 

ds du 1 ds * 
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and when we integrate this round the contour we obtain for the requira 
angle a the value 


Thus (p. 183) 


■jIb"— 

-Hi 


^ 1^22 dv? 


avr 

Jo ihF 17 ds = 


-IL 


Js\a i 


■TS^ dS - 


Js ( 0U )~ 


13* Gauss i theorem. Show geometrically that, when a vector is given 
a parallel displacement round the sides of a geodesic triangle ABC , 
the angle a of Ex. 12 equals A -+- B -j- G — n. Hence 


B = A + B + C-n^ [f Kd8. 

j 


B is called the excess of the triangle. 

14. Bonnets theorem. If a is the geodesic curvature of a curve C 
forming a continuous closed circuit, prove that 


J^ads-j- Jj s KdS *= 2rc. 


[Instead of taking A a of Ex. 12 as a parallel vector-field, take it 

SA 1 

as the unit tangent vector of G. Observe that — now equals — o sin 0 

o s 

by the surface Frenet formulae and in this case a = 2tz.] 

15. If the circuit G has corners at which the exterior angles are 
oq, co 2 , co 3 , etc., show that the formula of Ex. 14 is modified in accordance 
with the result 

2 > + f 0 *d* + jj s KdS = 2n. 


16. Deduce from Ex. 15 that for a surface triangle A B G 

f G &ds + f J & KdS =* A C — ye. 

[This is a generalisation of Ex. 13.] 


17. If Acp is the angle between two neighbouring geodesic tangents 
to a curve G at points distant As apart, then the geodesic curvature 
of G is given by 

a = Lt 42 . 
d s->0 A s 


[This is an immediate consequence of Ex. 16 applied to the elementary 
triangle formed by the two geodesic tangents and the curve.] 

18. If we have an infinitesimal circuit A S and Axis the angle between 
the -initial and final positions of a vector which is given a parallel dis¬ 
placement round it, prove that the Gaussian curvature of the surface 
is given by 


A = Lt 


Ac 


dS ~>0 
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CHAPTER XV 

The Fundamental Formulae of a Surface 

1. Notation. 

In t]ie last chapter we have developed the intrinsic pro¬ 
perties of a surface, that is, those properties which can be 
described without reference to the surrounding space. We are 
now going to investigate the properties of a surface in its re¬ 
lation to the surrounding space. 

Consequently in this chapter we are dealing with two 
distinct systems of coordinates, namely, the three curvilinear 
coordinates for the surrounding space which we denote by 

x r (r = 1 , 2, 3), 

and the two curvilinear coordinates of the surface which we 
denote by 

u a (cc = 1 , 2 ). 

We shall understand that the following conventions hold as 
regards the indices: 

(i) Italic indices , if repeated, are to be summed from 1 to 3 
and, if free, are to have the range of values 1 to 3. 

(ii) Greek indices , if repeated, are to be summed from 1 
to 2 and, if free, are to have the range of values 1 to 2. 

There will now be tensors of the surrounding space and 
also tensors of the ‘surface. The former will be indicated by 
italic indices and the latter by Greek indices. Moreover in 
this chapter and the next we shall be dealing with quantities 
which will be tensors both of the surrounding space and of the 
surface; such quantities will possesess both Greek and Roman 
indices. Thus a set of quantities represented by A r J would form 
a set of double contravariant tensors in the x- coordinates and 
also a set of covariant vectors in the u-coordinates. Again B r 
would represent .a contravariant vector in the x’s and a set 
of invariants in the u’ s, and so on. The notation will become 
clearer as we proceed. 

It is obvious that to examine tensorial character with 
respect to the cc-coordinates we have merely to keep the u- 
coordinates fixed and change the space coordinates; and to 
examine tensorial character with respect to the u- coordinates 
we have merely to fix the x's and transform the u’ s to new 
surface coordinates. 

E (2S7) 


13 
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1. If we fix the ^-coordinates and transform to x T show that the 
new components of the tensor A 7 a satisfy the equations 


A 


a,3 ' 


A m n 

: 


dx r dx s 
dx' n dx n ‘ 


2. If we fix the ^-coordinates and transform u a to u a show that 
the new components are 

Jr, jr. W ^ 

A-ati — ■ a <rt Qtft ■ 

3. If we transform both systems x r , u a to new systems x r , u 01 simul¬ 
taneously the new components of A ^ are given by 

Jr, _ A mn ^ 

“ ar dx m dx >l 0u a dud * 


2. The tangent vectors to a surface. 

The equations of a surface may be written 
x r = x r (u\ u 2 ) . 


a) 


If we take a small displacement du a on the surface the cor¬ 
responding components of the displacement in space are given by 


dx r 


dx* 


du 


- a du a . 


( 2 ) 


How dx r is a space vector and it is also a surface invariant, 
that is, its components are unaltered if the t^-coordinates alone 
are transformed. Similarly du a is a surface vector and is also 
a space invariant. Hence if we regard (2) first from the point 
of view of a transformation of space coordinates and then 
from the point of view of a transformation of surface co- 
0 x r 

■ordinates, we see that is a contravariant space vector and 

also a covariant surface vector, so that it may be appropriately 
represented by 

.( 3 ) 


SC 


du a 


du a 


Corresponding to every direction on the surface, the 

cl s 
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same direction in the space-coordinates is seen from (2) to be 


dx r __ r du* 
ds X * ds 


(±) 


Moreover every vector defines a direction and a magnitude. 
Consequently for each surface-vector A* we have the space- 
vector 

A r ~xlA a .( 5 ) 

and these two vectors define the same direction and the same 
magnitude. The vector A r whose direction is tangent to the 
surface may be called a tangent vector of the surface . 


3. The first groundform of a surface. 

The line-element in space is given by 


ds* — g vln dx m dx n .(6) 

and that on the surface is 

ds* = a„ fl du* du® . (7) 


If we take a displacement on the surface and therefore also 
in space the two values for ds* must be equal. But the connection 
between dx r and du* in the same displacement is given by (2). 
Therefore we must have 

9mn dx '“ cl X ” = 9mn clv ? = Cl afj du “ dv? 

for all surface displacements du*. That is, 

. ( 8 ) 

since both a a p and g mn are symmetric in their indices. Thus 
if we know g mn and the equations of our surface we can im¬ 
mediately write down the a a 

The differential quadratic form 

A ms a afi du* du® .(9) 

is called the first groundform of the surface and we denote it 
briefly by A. It obviously gives the square of the length of 
an elementary displacement du* on the surface. 
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Examples. 

1 . Show that - 7 = % r x and 7 = are the unit space-vectors tangent 

]«u 

to the ^-curves and u 2 -curves respectively. 

2. Show that a xa /]/ a n a 2 a is the cosine of the angle between the 
coordinate curves on the surface. 

3. Show that the magnitudes of A r and A a where 

A r = a£ A a 

are equal and deduce that these vectors define the same direction on 
the surface. 

4. Prove A a = x^A r . 

4. The normal vector to the surface. 

We shall now find an expression for the normal vector to 
a surface at any point on it. 

Let X a , Y a be two surface vectors which are such that 
the rotation (X* Y a ) is positive, that is, this rotation is the same 
as that of the ^-curves to the u 2 -curves. The corresponding 
space components of these vectors are 

rw a x “ 3 rw a r* (io) 

The unit normal vector to the surface is orthogonal to both 
X T and Y r , which are tangent vectors. Hence if we dexiote 
the unit normal vector by (' T its covariant components are given by 

f r (Zrsine)= firs ,Z s ^ .(II) 

where X, Y are the magnitudes of X r , Y r and 6 is the angle 
between them. We note that the direction of £ r is such that 
the space orientation of (X r } Y r , £ r ) is positive . 

We deduce from (11) that 

£ r (X Y sin 0) = e rst x s a x* X a Y fi . 

But 

XYsmd = e^X a Y^ 

since the rotation of (X a 5 Y a ) is positive. Hence 

x>)X a Y fi = 0 

and this is true for all values of the surface vectors X a , Y a . 
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Consequently 

. ( 12 ) 

Multiplying this equation across by e afi we conclude that 

§,. = 4- e afi s rat o£ x}, .(13) 


which shows clearly that £ r is a covariant space vector and a 
surface invariant. 


Examples. 

1. Show that § r x r a == 0 . 

2. Show that the vectors | r ) have the same orientation as 

the tangents to the ^-coordinate curves, that is, the orientation is positive. 

3. Prove that 

e^x r a x^=e mr >Sm. 

4. Special coordinate systems. If we choose the space coordinates 
to be orthogonal and such that x* = 0 is the given surface and choose 
the w-curves on the surface to be the intersections of the surface with 
the x 1 - and # 2 -surfaces, show that we have the following relations for all 
points of the surface: 

(i) aj = df, = dl; 

(ii) a a p — g a p, g a3 = 0; <t a/? — g a ^, ff aS = 0, g™ = ~; 

m r =( 0 -°'s)- 

5. By taking the special coordinate systems of Ex. 4 prove the tensor 
equation 

a< 4 = <f s - r p. 

6. Projection of a vector on the surface . Prom Ex. 5 deduce that the 
projection of a vector X r on the surface id the vector a a(i x r a x™ X m . 

[The projection of X r on the surface is {X r — £ r (| s X fl )}.] 

5. The tensor derivation of tensors. 

Our next problem is the formation of new tensors by the 
differentiation of given tensor-fields, and we shall approach it 
by the same methods as we have already used (see pp. 146, 
180). 

We first consider a curve G lying on the given surface 
and along it we take a parameter t. If X r is a space vector 





198 ABSOLUTE BIFEERENTIAL CALCULUS [CHAP 

which is defined along C and which forms a parallel field with 
respect to space , then we know (p. 141) that the vector satisfies 
the relation 


dT dr r xm dx n 

dt it mn * dt 


. . (14) 


Here the Christoffel symbol refers to the x’s, i.e. to the space 
coordinates and is written in italic letters. To avoid confusion 
with the Christoffel symbols of the surface we place a g after 
the symbol to show that it is formed from the g mn . The cor¬ 
responding equation satisfied by the covariant components X r 
of a parallel field is 


dX r dX r m\ y dx n 
dt “ dt rn) ff m dt 


. . (15) 


Again, if X a is a surface vector which is defined along G 
and which forms a parallel field with respect to the surface, we 
know (p. 179) that X a satisfies 


6X a 

dt 



. . (16) 


and the covariant components X a satisfy 


dt dt 


\ay) a dt 


= 0 . 


. (17) 


The Christoffel symbols in these formulae refer to the surface 
and are written in Greek letters. We also use a subscript a 
to show that they are formed from the 

Let us now take a tensor-field defined along G, for example, 
Xzq, which is a contravariant space vector and a double co¬ 
variant surface tensor. We take A r a covariant space vector- 
field along 0 parallel with respect to space and B a , G a two 
contravariant surface vector-fields parallel with respect to the 
surface. Then X r a(i A r B ct G^ is an invariant function of t. Its 
derivative with respect to t is therefore also an invariant with 
respect to both the space and surface coordinates. But when 
we use the equations of parallelism we get 
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j t (X r aS A r B a C p ) = &L A r B a C* + X r ali ^ B a tf 


dt 


A X'; x8 A r d -^& + Xl,A r B ad& 


dX’ at 

dt 


+ 


f r ] doiA__( ffl x ,. 

\mnjg* aS dt larJa a 


d_y?_ 

09 dt 

a ) x ,. du x 
ftTla aa dt 


dt 


A r B a C 0 . 


This is an invariant for all values of the vectors A r , B a , C a . 
Consequently by the quotient law we conclude that 


(iXgf, dXZ f 
6t dt 



r 

aj3 


du r 

dt 

■ • ( 18 > 


is a tensor of the same type as X r afi . We shall call it the intrinsic 
derivative of X r aji with respect to t. 

If X 3 aji is defined over the whole surface, its components 
are functions of the u’s and we have a tensor-field over the 
surface. Also if G is any curve on the surface 


dX'ap __ dXgp f r \ yin n _ f G \ yr 

dt L du Y '~\mn\ g * a ‘ 3 y \ay\ a a{i 




du r 

dt 


Since is an arbitrary surface vector owing to the arbitrariness 
a t 

of G and since the right-hand side of this last equation is a 
tensor, we conclude that 


^ dX; fi 
dur 



(19) 


is a tensor which is singly contra variant in the space-coordinates 
and triply covariant in the surface-coordinates. We shall call 
it the tensor derivative of X r a(i with respect to the u 3 s. 

Any other type of tensor may be treated in the same way 
and the corresponding forms for the intrinsic and tensor de¬ 
rivatives obtained. 

Moreover if we take special systems of space and surface 
coordinates in which the space coordinates are Cartesian and 
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the surface coordinates are geodesic at any given point of the 
surface, we immediately see that the intrinsic and tensor de¬ 
rivatives of a tensor reduce at the given point to ordinary de¬ 
rivatives of the tensor. Consequently the same rules apply to 
the intrinsic and tensor derivation of sums and products as 
apply to ordinary derivation. Also the tensor derivatives of 
the tensors g rs ,a a p, s rst) s a /j and their associated tensors are 
all zero, since their ordinary derivatives all vanish in the special 
coordinate systems mentioned, so that they may be treated 
as constants in the process of tensor differentiation. 

Examples. 

1. Write down the formulae for the intrinsic and tensor derivatives 
of the tensor X r a . 

2. If a tensor is an invariant for one system of coordinates (either 
space or surface), show that its tensor derivative is identical with the 
intrinsic or covariant derivative defined at pp. 147, 181. 


6. Gauss’s formulae. The second groundform of a surface. 


Let us take the tensor of § 2 (p. 194). Its tensor derivative is 
d 2 x r 


%_ a = 


• • (2o > 


a '*~du a du* 
which is symmetric in a,/?. 

We have the relation 

c X X . ~ d n 
vmn a ,i '"aft 

and, if we take the tensor derivative of this equation, we get 




a a g, y = °- 


When we write down the two further equations obtained from 
‘this by interchanging a, ft,y cyclically, we find on adding two 
and subtracting one that 

9mn % a ,{i = ® .( 21 ) 

since a£ jj} is symmetric in a,/?. This result, interpreted geo¬ 
metrically, means that x r atfi from the point, of view of the space- 
coordinates is a space vector orthogonal to the surface. It is 
therefore codirectional with the unit normal vector and 
quantities b a ^ must exist such that 

OC a3 p = b af} § . 


( 22 ) 
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We also conclude from this equation that b aj3 is a symmetric 
double surface tensor and at the same time is a space invariant. 
The equations (22) are known as Gauss's formulae. 

Moreover the differential quadratic form 

B === du a du$ .(23) 


is referred to as the second groundform of the surface and we denote 
it briefly by B. 


1. Prove that 6, 




Examples. 

- a „ £» — 1 par * «»* 


2. If the ^-coordinates are Cartesian, show that 

d 2 x™ „ „ 


&o /9 = i ® ffT «i 


'“»* a« a dvfi * 


3. The space coordinates are rectangular Cartesian and are chosen 
such that the tangent plane at the origin (which is on the surface) is 
x* = 0. If a 1 and x 2 are taken as the parameters u 1 , % 2 , show that at 
the origin we have 

(i) aa = <5L — <5J; (ii) a 11 «*a aa =l, a 12 = 0, <2 = 1; 

(i») {a/?} = 0 = [“&y]«s ( iv ) S' = (°> !); 

d 2 x 1 __ d 2 x 2 __ 0 d 2 x 2 __ 

(v ' dv^Ju^~dvFduS~~ 0 ’ ¥uFdvP~ ba t’ 

Deduce GauSs’s formulae from the results (iv) and (v). 


7. Weingarten’s formulae. The third groundform of a surface. 

We next consider the tensor derivative of the unit normal 
vector £ r . Since it is a contravariant space vector and a surface 
invariant we see that the tensor derivative is 

+ UJ/“<.: ■ < 24 > 

Now is a unit vector-field and so 

_ fcW tn -1 

9mn » » 1 * 

Taking the tensor derivative of this equation we have 

9»*F*? + 9»*FF.* = 0, 

9 m J m ?, a = 0 . 


or 
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This equation shows that the space vector f ? ’ a is orthogonal 
to £ r and is therefore a tangent vector to the surface. Hence 
it can be expressed linearly in terms of the tangent vectors x r a . 
That is, there exist quantities rf a such that 

= M .( 25 ) 

But since £ r is normal to the surface we have 


„ rn t n n. 

9mn b H* 

Therefore, taking the tensor derivative of this equation, 

9m n + 9rn n X a f,/? ^ 

When we substitute from (22) and (25), this reads 

or 

a ^ a aytfr 

Solving for ?]% we get 
Consequently (25) becomes 

= - r/ Y bjsa ocy, .(26) 

which equations are known as Weingarten’s formulae. They give 
expressions for the derivatives of the unit normal vector. 

Having found expressions for the derivatives of £ r 9 we can 
form a third quadratic differential form. If we put 

.(27) 

we see that is a symmetric double surface tensor, and we 
call the quadratic form 

C^Cafidu^du^ .(28) 

tie third groundform of tie surface . Using Weingarten’s formulae 
in (27) we find that 


= %,n *’>K a \f,*v = % v a afl a rv b aa \ p 

or, as it may be written, 

0 *fi=° a ° r h a ke .(29) 
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Examples. 


1. Prove that g mn a$ = — & a/? . 

2. If P yS is the cofactor of b y5 in | b yS | 
from (26) that 

< = -a a s^ y S r ,y 

3. Prove that a a Pxa %l i — 2 HI?, where we have put H 
H is called the mean curvature of the surface. 


divided by | b yS \, show 




8. The equations of Gauss and Codazzi. 


• We have already considered the tensor derivative of x r a , 
namely, x r at[} . Let us take its tensor derivative or, what is 
the same thing, the second tensor derivative of x r a . It is 


x a,n 


dx: tli 

du y 


+ 






X 


r 

<5,0 ““ 



< t - (30) 


Let us take for the moment the cc-coordmates to be Cartesian 
and the ^-coordinates to be geodesic at a given point P of the 
surface. Then the space Christoffel symbols are zero everywhere 
together with their derivatives whilst the surface Christoffel 
symbols all vanish at the 'point P. From (20), p. 200, and (30) 
we conclude that in such coordinate systems we have at P 

r __ d z x r ^ d fcrl r 

x a, 0Y — d u a d u $ d u y du y lot pl t a X<x ’ 


all the other terms vanishing at this point. If we interchange 
p and y in this formula and subtract the two results we have 


X a,0Y X a,Y0 ' 


1-— 

>J a /y 

>a 


d (ff 

Idu :< wyla du r la/?. 


a/?L 


(31) 


But in our special coordinate systems (cf, p. 182) 


™ -AM 

duHxyL 


_d_ 

du r 



where R" aj?y is the Riemann-Christoffel tensor of the surface. 
Hence (31) reads 

< fir -<rf> = K a «f>vrt .( 32 ) 

Now this is a tensor equation which is true in the special 
coordinates taken, and therefore (32) is true in all coordinates. 
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But (p. 200) 


“a,ji 1 




Taking the tensor derivative of each side, we get by (26) 




b a0 ,y£ + 

K P . r r-K f a n 


\y X r, 


where b a ^ y is the tensor derivative of b a/3 , that is, 


96, 


ail 


"“fi-r ~ du Y 


a 

.ay. 


J a 

\h- 


(33) 


Hence 
x r 


~ ^ _ a ° Z ( b «eK~ K r Kf) <• 


a, fly w a,yfl ^ a ( S,y 

Substituting from (32) this becomes 

#.,r < = My ~ M*/>) <• ( 34 ) 

If we first multiply (34) by £ r and use the fact that x r a | r = 0, 

^ 0. ....... (35) 


we get 


These equations are called the Codazzi equations of the surface . 
Secondly, if we multiply (34) by g rs %l we obtain 

-R’eafty 5=5 h Q fi &ay fyoy ^a/?.(36) 


These are called the Gauss equations of the surface. When we 
remember that Greek indices have the range of values 1 to 2 
we see that there are really only two independent Codazzi 
equations and only one independent Gauss equation. 

If we introduce the total curvature K of the surface by 
means of (52), p. 183, (36) may be written 

Ke ea s ffy = = i e Ay- b Gr i «fi .( 37 ) 

When we multiply these equations by a QY and use the relations 


it follows that 
Now (p. 202) 


^ajS ' 


' aeye e a S 0y> 


Ka ttfs = a erb efi \ tt -a er b eY b afi . 
<* Y \ a \e = Cafr 
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Also we write 

2H = a er b er , .(38) 


and we call tlie invariant H the mean curvature of the surface . 


Therefore 

or 


- Ea «ft = ° a fi-2Hb ae , 

c a /3 ~ + Ka tt/} — 0.(39) 


From (39) we see that we have the following relation con¬ 
necting the three groundforms of the surface 


+ .(40) 


Examples. 

1 . Prove that K = 3 tta = h h = A. 

a a a 


2. Prove that a a P c n p = 4 H 2 — 2K. 

3 . If X 1 is a unit vector of the surface, show that 

K — 2 Hl) a p % a — c a p X a 

[In (40), A = a a .p du a dvP = d$ 2 , B = Ab a p 


G = Ac a p 


du 01 

ds 


dvfi 

~ds~ 9 


du 01 dvP 
ds ds 9 


and we have only to put 


X*: 


du a 


4. Prove that g mn £» a p = - c a p. 

[This result is obtained by taking the tensor derivative of the equation 


EXAMPLES XV: 

1 . If X f is a unit vector, prove that 

x'ff Xp X m X n = sin 2 0 , 

where 0 is the angle between X r and the unit normal vector i r . 

2. Prove that 

Z*e~-cafir-a**h oa , fi *r v . 

3. Prove that 

r ) 77 

d Jd \ 

[Here 5=3 a ° xan d use Codazzi’s equations.] 

4. If the equations of the surface are given in the form x 1 = u\ 
x 2 = u 2 , x s = f(u\ u 2 ) and the ^-coordinates are rectangular Cartesian, 
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show that we have the following results, where we use the notation 
dx 3 dx 2 d 2 x z d 2 x 3 d 2 x z 

V== J¥’ r ~ {dx'f’ ,_ a*W (dx*)* : 


(i) ct u = l + P 2 , °22 = 1 + 2 a > as=l + 2 > 2 + 2 2 ; 


(ii) 0“-^ 

(iii) f r =|- 

(iv) b n = 

(v) c u = 


1 + ? 2 


1 +? 2 

1 "l + ^+g 2 ’ 

_____ _ g 

1 }l+^ + g 2 ’ ('l+g-r+g 2 

« 


23? 


p‘ + r 

p 


1 + p 2 + O' 2 : 


1 i, 

)'1+1>>+S’J 
t 


^i+y 2 +g s " yi+^+g 2 

r 2_|_ 5 2_j„ (ps — gr) 2 




yi+P* + a*’ 


(l+^ 2 )+r5(I4-g 2 )— pq(rt+ s 2 ) 

(i+y+a 4 )* ’ Cl3_ O + ^ + g 2 ) 2 

s 2 + * 2 4- (p< — gs) 2 . 

22 ~ (l + 2> 2 +? 2 ) 2 ' 

r (1+ <?) — Zpqs + t (1 + p 2 ) 


r£~ 


2F 


(vi) ^“(l + ^ + g 2 ) 2 ’ (1+p s + q *fJ. 

5. If cp is a function of position on the surface, show that 

<P r = ^ V.a *S = ^ *f («* ^ ~ “ 12 15) + 7 3,2 (®» l5 ~ “ ls 15) 


is a vector which is tangent to the surface. 

6 . Show that pep = gmn<P m <P n i where <p r is defined in Ex. 5. 

7. If cp = cow^., and y = con^. are taken as new parametric curves 
on the surface, cp, ip being functions of u a , show that the new metric 
tensor is given (cf. p. 187) by 

On —a pip, d 12 = — dp (cp, ip), % 2 =a py). 


8 . The surface divergence of a space vector. If A v is a space vector 
defined over the surface, show that 

g mn a^A”‘ a x} 


is an invariant. It is often referred to as the surface divergence of A r . 

9. Prove that the surface divergence of | r equals — 2 H. 

10. If we are given a family of surfaces fix 1 , x 3 , x 3 ) = const, prove 
that the mean curvature of any member is given by 


2 E = — g rs 


<P,r 


H 9 mn <P,m<P,n )> 



the fact that 


<P,rl1g mn <P,m<p, n where <p <r 


d cp “ 
dx r ‘ 
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11. If A'- = Cr + B a x r a , show that C = A r £ r , B a = a “' 3 g mn A m x}, 
and prove that the surface divergence of A T is given hy 

B%- 2GH = B tt )-2GH. 

’ j/ a du aK1 ' 

12. If we take a closed circuit 0 on the surface and integrate the 
surface divergence of A 7 over its interior S , deduce from Ex. 11 that 


jf it*, aft A? a «$d8 =jU 


du* 

ds 


ds - 


•Ik 


CHdS . 


13. The surface curl of a space vector . If A r is a space vector defined 
over the surface, show that 

P ffCtfi Ain n 
s r mn ® , a 

is a space vector. It is sometimes called the surface curl of A r . 

14. Prove that the surface curl of | r is zero. 

15. Prove that if we have a closed circuit 0 on the surface 



£ r A™ a x%dS = - j°g mn A m 


[Cf.Ex.3, p. 189.] 


CHAPTER XVI 
Curves on a Surface 

1. The equations of a curve on a surface. 

As before we take the surface coordinates to be u a and the 
space coordinates to be x r . The equations of the surface are 
then of the form 

x r =x r (v?-,u 2 ) .(1) 

If the coordinates u a are given as functions of a parameter 
then the point represented by these coordinates describes a 
curve on the surface as the parameter varies. We shall take 
as parameter the arc s of the curve and consequently the 
equations of a given curve of the surface are 

u a ^u a {s) .( 2 ) 

In consequence of (1) we see that the space coordinates of any 
point of the curve are also functions of s and the equations 
of the curve in space are 

x r ss x r (s) 


( 3 ) 
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Regarding the curve as a curve in space we shall denote 
its unit tangent vector by l r , its unit principal normal vector 
by ii r and its unit binormal vector by v r . Then its curvature k 
and its torsion x are connected with these vectors by the Frenet 
formulae (p. 159) 

8X r 


8s 


= 


8fi r _ 

8s 
8v r 
8s 


TV r 


■xX r , 


— X jil r 


( 4 ) 


Regarding the curve as a curve on the surface we shall 
denote its unit tangent vector by X a and its unit normal vector 
in the surface by g a . Its geodesic curvature a is connected with 
these vectors by the surface Frenet formulae (p. 185) 


8T 

8s 


■ ag 


8£ 

8s 


-aX\ 


( 5 ) 


Examples. 

1. Prove that X r = x r a k a , where x r a = . 

2. Prove that the space vector perpendicular to X r and tangent to 
the surface is 

Q r = x r a Q a . 

3. If d is the angle between and the unit surface normal £ r , prove 
that sin 6 = g mn q*. 


2. Meusnier’s theorem. 

We know that 

r _dx r . a _du a 

1 ds’ 1 ds’ . 

and x r , u a are related by means of the equations (1). Hence 

r _d x r du a r 
~du tt ds ~ aA • 


If we take the intrinsic derivative of this equation with respect 
to 5 we have 
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From the Frenet formulae (4) and (5) this becomes 
= ax r y + 

Let us denote by @ r the space vector giving the same direction 
on the surface as q “ that is, g r = x r a q. Using (22), p. 200, 
we have 

H[i r = aQ r + ( 7 ) 

where is the unit surface normal 

Let d be the angle between the principal, normal ju r and 
the surface normal f r . Then 

cos0 = !>^.(8) 

and, when we multiply (7) by we get 

xcoaB**1> afi X a X fi .(9) 

The quantity b a/} X a 2? is the same for all curves of the 
surface which have the same tangent vector X* and conse¬ 
quently h cos 6 is also the same for all such curves. We have 
therefore MeusnieFs theorem : 

For all curves on a surface which have the same tangent vector , 
the quantity n cos 6 has the same value . 

The quantity % cos 6 is called the normal curvature of the 
surface in the direction X* and we may denote it by % {n) . Hence 

^00 ^ > ( 10 ) 

which is the formula giving the normal curvature in any direction. 

In particular, if we take a plane section of the surface which 
is normal to it, we see that in such a case 0 is either 0 or 7 t and 
hence k cos 0 is either + « or — %. 

In other words the normal curvature 
of a surface in any direction is equal 
in magnitude to the curvature of the 
normal plane section of the surface 
in that direction. This is the reason 
that the name “normal curvature” is 
applied to the quantity ^cos 0. p r 

Moreover since q r is perpendicular to X r it lies in the plane 
containing and fi r . Also it is tangent to the surface and 

hence the angle between ja r and g r is — flj. If we multiply 



E (287) 


14 
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the formula (7) by q r we therefore get 


or 


71 

x cos 




<j = xsind, 


which is the formula connecting the geodesic curvature of a 
surface curve with its curvature. 


Examples. 


1 . Prove that x ln) = 


b a p du a duP 
a a p du a du& ’ 


2. Prove that the normal curvatures in the directions of the co¬ 
ordinate curves are h 11 /a 11 and b 22 /a 22 . 


3 . If a curve is a geodesic on the surface, prove that it is either a straight 
line or its principal normal is orthogonal to the surface at every point, and 
conversely. 

[For a geodesic 0 = 0 and therefore either % = 0, or 0 = 0 or n.] 


3. The principal curvatures. Gauss’s theorem. 

The normal curvature of a surface in the direction X a is 

*<«, = 

where X* is subject to the relation 

1. 

■Consequently the directions for which the normal curvature is % {n) 
are given by the quadratic equation 

(^-v n ^ = 0.(11) 

To find the maximum and minimum values of x (n) , the usual 
method tells us that a direction giving a maximum or minimum 
value of x (n) satisfies 

$a ft K (n) a a/$) ^ ^ ( 12 ) 

and therefore the corresponding value of x {n) must be a root 
of the equation in 6 

= °.( 13 ) 

This equation has two roots and these roots are the maximum 
and minimum values of the normal curvature. 
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When (13) is written out in full it becomes 
d- 2 -a^b afi e +bja = 0 

or, substituting the values of H and K (p. 205) 

+ Z = O.(14) 

The roots of this equation are called the principal curvatures of 
the surface and we shall denote them by k x and Thus 


=s 2 JEL) 
j ^2 ““ If • / 


* . (15) 


Hence 2 H is the sum of the principal curvatures of the surface 
and K, the Gaussian curvature , is the product of the principal 
curvatures. 

We have seen in the chapter on the intrinsic geometry of a 
surface, that K is intrinsic to the surface and depends only on 
the a a p . This remark gives Gauss's theorem: 

The product of the principal curvatures of a surface is an 
intrinsic invariant of the surface , namely , the Gaussian curvature. 


Examples. 

1. Find the equation for the principal curvatures of the surface 
x 1 = u 1 , x 2 ~u 2 , a; 3 = /(m 1 , m 2 ), the a;-coordinates being rectangular 
Cartesian. 

2. Prove that, for the surface x T — f r (u 1 ) -f- u 2 , we have x 2 = 0. 

[This is the surface generated by the tangents to the space curve 
x T = / r (w 1 ).] 


4. The lines of curvature. 

We shall now consider the directions which give the principal 
curvatures. These are called the principal directions and there 
are obviously two at every point. The principal directions are 
given by putting % x and n 2 for x Ul) in (12), and hence if we denote 
the principal directions by and A® } we have 

*.=».} .(16) 

(' ^2 a afi) ^(3) “ 0* J 

If we multiply the first of these equations by A“ a) and the 
second by Xf x) and then subtract we get 

fcq) a a p A (11 A (2) — 0. 
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We shall assume that *i 2 + arL ^ consequently 
a <XpAl) ^( 2 ) ” 

■which shows that the principal directions are orthogonal . Also 

.( 17 ) 

If we take any one of the two sets of equations (16), say the 
first, we can write it 

Ki) ~ K \ a l a Ki) ’ 

-^(D “ ^1 ^2 a ^(11 * 

Eliminating between these two equations, we obtain 

a ia ^U) ^2y5 ^l) ~ a 2 a \l) ^1/? ^U) * 

In other words, the direction Af x) satisfies the equation 

s' a a ar b tt X‘tf= 0.(18) 

Similarly satisfies this equation, and (18) is the combined 

equation of the principal directions. If we write 

.( 19 ) 

the equation for the principal directions takes the form 

7i a/i X a ^ = 0 .( 20 ) 

A curve on the surface which is tangent at each of its points 
to one of the principal directions at that point is called a line of 
curvature . Thus if du a is a displacement along a line of curvature, 
then du a will be proportional either to k* x) or A“ 2) and 

h afi du e, dv/ l = 0 ,.( 21 ) 

which is the equation of the lines of curvature on the surface. 

Examples. 

1 . Prove that ar x = , x % = b a p A? a) . 

2. Euler's theorem If the direction X a makes an angle 6 with the prin¬ 
cipal direction /lf x) , show that the normal curvature for that direction is 

«(♦,) = cos 2 $ + ^2 sin 2 Q. 

[We have X a = cos 6 + A? s , sin 0. Then n in> = h a aX a 7ft and the 
result follows from (17) and Ex. 1 .] 
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3. Prove that 

^a/5 ^( 1 ) ha(!> ^v2) » 

[We have h a ^ <hi> X\o\ — s* ^ ciy a Xf^ Af 2 j == ^2 6^ <Zj, 0 A^b A^) 

~ K i £ afi ^fi) ^?<n — ^ 2 » (Ex. 2, p, 170)]. 

4. If A“ is a direction making an angle Q with a line of curvature, 
show that 

h a p X a X& — (« 2 — Hj) sin 6 cos 0. 

[X a = Af 1} cos 6 H- A(q) sin 0 and use Ex. 3.] 

5. If the w-curves are taken as the lines of curvature on the surface 
show that a 12 = b 12 = 0 . 


5. The asymptotic lines. Enneper’s formula. 

The directions on the surface given by the equations 

& o/! r;/ = 0 .(22) 

are called the asymptotic directions , and the curves whose tangents 
are asymptotic directions at each point are called the asymptotic 
lines of the surface. There are obviously two asymptotic directions 
at every point and hence there are two asymptotic lines passing 
through each point of the surface. 

If we refer back to equation (7), p. 209, we see that for an 
asymptotic line 

xn r — g o r . 

Consequently 

* = ±<7, = ±... • . . (23) 

and we conclude that the curvature and geodesiG curvature of an 
asymptotic line are equal in magnitude . Also its principal normal 
is tangent to the surface and hence the binormal of an asymptotic 
line coincides with the surface normal . 

We shall now find a well-known formula for the torsion of 
an asymptotic line. We have for an asymptotic line 

* r ~±? .(24) 


When we take the intrinsic derivative of this equation we get 

(p. 208) 

8v T S£ r __ r . a 

~ r * = = ± ~d7~ ±i ’* x ■ 


Consequently (p. 202) 
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But (p. 205) 

e af — ZHb af +Ka afi = 0, 

and hence if X a is an asymptotic direction 

We conclude that. 

r = + .(25) 

which proves Enneper's formula: The torsion of an asymptotic 
line equals ± T — where K is the total curvature of the surface. 

Examples. 

1 . Prove that for an asymptotic direction the normal curvature 
is zero. 

2. If the ^-curves on the surface are taken to be the asymptotic 
lines, prove that b n = b 2 2 = 0 and show that 

^ fl]o __ H 

a a b n K' 

3 . If y> is the angle between the asymptotic directions prove that 

tan | = 1.01. 


6. The geodesic torsion of a curve on a surface. 

Let 6 be the angle between £ r and p r f 0 being measured positively 
from p r to v r . Then 


cos 0 = $ r pt r . 


Differentiating this equation we have 


dO dr 


■ sin Q — = 


ds Ss 


Vr + 



: -jb'Pr + i r (rv r - 


•*K), 


by the Frenet formulae. Hence, since $ r v r ~ sin 0, 

— sin 0 (r -f «= S[ a X a n r 

= - aP y bp a k a x 7 yf.i r 

where we have used Weingarten’s formulae (p. 202). 
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Also, referring to the figure on p. 209, 

lA r = £ r cos 0 + sin 0, 


that is, 


sin 1 r + y- = 
as 


But 

and therefore 


sin 0 fifty bp a X a Xy q } . 
sin Q aft'* bp a X a g y = — sin db^Qp X a . 
^== “ eft'SXy, 


T + X “ ~ ^ ~ a ya b dfi X« « h afi X«XK 

We conclude from this equation that the quantity (^x -f —'j is the 

same for all curves of the surface which have the same tangent vector X 
In particular, if we take the geodesic in this direction 0 is always 0 or n 

and equals the torsion of the geodesic. Now we define the geodesic 

torsion of a curve on the surface at any 'point on it as the torsion of the geodesic 
which touches the curve at the point . If we denote the geodesic torsion 
by T a we have therefore the formula 

Tg = v -f- ^ =2 Iltxfi Xt* Xft .(26) 


Examples. 

1. If the direction X a makes an angle 0 with one of the lines of cur¬ 
vature, prove that 

r g = (« 2 — k x ) sin 0 cos 0. 

2. Deduce from Ex. 1 that the geodesic torsion of a curve on the 
surface is zero only when the curve is a line of curvature. 


EXAMPLES XVI. 

1. Prove that for any curve on a surface vft = a 2 + xf n) . 

2. If a geodesic on a surface is a plane curve, show that it is also 
a line of curvature and conversely. 

[Its geodesic torsion is zero.] 

S. If a curve is the intersection of two surfaces, which cut at a constant 
angle, show that the geodesic torsions of the curve on the two surfaces 
have the same value. 

J^Both x and — have the same value for the curve, j 

4. Deduce JoachimsthaVs theorem; If a curve is the intersection of 
two surfaces, which cut at a constant angle, prove that if it is a line of 
curvature on one surface it is also a line of curvature on the other. 
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5. If two curves on a surface cut at right angles, show that the sum 
of their geodesic torsions is zero. 

[Use Ex. 1, p. 215.] 

6. Deduce Dupin's theorem: If three surfaces cut mutually at right 
angles, the curves of intersection are lines of curvature on each surface. 

7. If we take the derivative of along a curve on the surface, prove 
that 


[This follows from Weingarten’s formulae.] 

8. Rodrigues' formulae. Prove that along a line of curvature on a 
surface 

66 r , dx r 




ds 


= 0 , 


where x is the appropriate principal curvature of the surface. 

[This follows from Ex. 7 when we use the equation b a p =-xa a pXP 9 

which is true for a principal direction.] 

9. Prove the converse of Ex. 8. 


10. Two directions X a , of the surface are said to be conjugate if they 
satisfy the equation 

&«/? — o. 


and two systems of curves on the surface whose tangents at any point 
are conjugate directions are said to be conjugate systems. 


(i) If the coordinate curves are conjugate prove that b 12 = 0. 


(ii) Prove that the necessary and sufficient condition that the directions 
given by p a pX a X^ = 0 should be conjugate is = 0, where 

is the cofactor of b a p in \b a p |, divided by \b a p\. 


(iii) Show that the curves 
system if = 


tp — const ., ip == const, form a conjugate 


(iv) If /u a are two conjugate directions making an angle cp with 
•each other, prove that c a p X a piP = — K cos cp. 

(v) If two conjugate directions make angles Q, 6' with a principal 
direction, show that tan 6 tan 6' = — xjx 2 . 


11. Umbilics. At a point on a surface where the principal curvatures 
are equal, prove that every direction is a principal direction and the 
normal curvature in every direction is the same. Such a point is called 
an umbilic. Show that the condition for an umbilic is 


b a p — Ka a p. 

12. Minimal Surfaces. A minimal surface is one for which H = 0 
at every point. Show that for a minimal surface the asymptotic lines 
form an orthogonal system. 
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13. Prove that r| = c Kj g l a $ - x \ n) . 

14. If x and t are the curvature and torsion of a geodesic, which 
makes an angle <p with a principal direction, prove that 


(i) 


«cos <p — x sin <p ~ Xj cos cp 
x sin (p + x cos (p — x 8 sin <p ’ 


(ii) (x-x 2 ). 


15. Show that the geodesic torsion of a curve, whose tangent is an 

asymptotic direction, equals ± ]'- K . Deduce Enneper’s formula for 
the torsion of an asymptotic line. 


16. Laguene’s formula. By taking the intrinsic derivative of equa¬ 
tion (9), p. 209, with respect to s, prove that 

L =^ cos 0 - x sin0 (ix -f 3 = h tt ^ y A® AU 

This result shows that L has the same value for all curves on the sur¬ 
face which have the same tangent vector. 

17. Using the fact that x g and L are the same for any two curves 
in the same direction, prove that the curvature at P of one of the curves 
in which the tangent plane at P cuts the surface equals two-thirds 
of the curvature of the corresponding asymptotic line. 


At the point P, 0 = Also for an asymptotic line, 0 j, and 

U u 

therefore x„ = x, L = - 2 xr. For the plane curve, denoting correspond- 
ing quantities by dashes, we have V - 0 and therefore r 8 = -^, 

l = - 3 v' —. Equating the two values of x, and L we obtain our result, 
ds 



[CHAP, 


PART IV 
Applied Mathematics 


CHAPTER XYII 
Dynamics of a Particle 

1. The equations of motion. 

Let us suppose that we have a particle P moving in 
space and let us suppose that its position is given by a 
system of curvilinear coordinates, which we shall denote by x r * 

As the time t varies P will describe a 
certain curve in space, called the trajectory 
of the particle , and the equations of this 
curve will generally be given by expressing 
the coordinates of P as functions of the 
time, that is, 

x r = x r (t) .(1) 

If we transform to another curvilinear 

coordinate system x T in accordance with 
the equations of transformation 

x r = f r (x l , x 2 , x 3 ), .(2) 

the coordinates of P in the new system are given in terms of t 
by substituting (1) in (2). 

Let us consider the quantities 

fJor?' 

.(3) 



v r - 


at 


In the new coordinates x r the corresponding quantities are 
dx r dx r dx 3 dx r g 

dt d x s dt d x s V ‘ 


V r s 


* We refer the student to Chapters XI and XII for the geometrical properties 
of curvilinear coordinates in space. 
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and these equations express the fact that the quantities (3) 
are the components of a contravariant vector. If the coordinates 
are chosen to be rectangular Cartesian then (3) become the 
components of the velocity of P along the coordinate axes. 
Consequently we call (3) the velocity vector of the particle . 

Again the vector v T is itself a function of the time and we 
may take its intrinsic derivative with respect to t. This gives 
the vector (ef. p. 145) 


. fr _ dv r __ d % x r f r \ dx m dx n 
* 6t ~ dt 2 [win] dt dt 9 * * * ' ' 

r r ) 

where are Christoffel symbols of our coordinate system. 

When the coordinates are rectangular Cartesian the Christoffel 
symbols are all identically zero and the vector f r becomes 




d 2 x r 


which gives the components of acceleration along the three 
coordinate axes. We therefore call (4) the acceleration vector of 
the particle. 

The mass of a particle is obviously a quantity quite in¬ 
dependent of the coordinate system used and is consequently 
an invariant. We shall denote it by M. 

If a free particle be acted upon by a force, Newton’s 
Law of Motion states that the force is in the direction of the 
acceleration and its magnitude (in appropriate units) is equal 
to the product of the mass and the acceleration. Hence, if we 
consider the vector equation 

or-Mr* .( 5 ) 


where Q r is a contravariant vector, we see that the quantities 
Q r measure the force completely in magnitude and direction. 
It is therefore called the force vector and the equations (5) are 
the equations of motion in curvilinear coordinates. 

In Cartesian coordinates, equations (5) take the well-known 
form 


Q r = M 


d 2 x r _ 
~dW 


and Q 1 , Q 2 } Q 3 are the components of the force along the three 
axes of coordinates. 
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Examples. 


1. If X 1 , X 2 , X 3 are the components of a force in a Cartesian system 
of axes (y\ y 2 , y 3 ), show that the force components in any curvilinear 
system x r are given by the equations 


[These equations merely express the laws of transformation of a 
contravariant vector whose components are X r in the coordinates y r .] 


2. If the line-element of our coordinate system is given by 
ds 2 = g mn dx m dx n , show that 

(i) the magnitude of the velocity is 
(ii) the magnitude of the acceleration is (g m nf m f n )^» 

3. If a particle is moving with uniform velocity show that f r = 0 . 


4. If v is the magnitude of the velocity, show that 


dv , a 

Ji = fo0s6 ’ 


where / is the magnitude of the acceleration and 6 is the angle between 
the velocity and acceleration vectors. Deduce that, if the velocity of a 
particle is constant in magnitude, then the acceleration must be either 
zero or orthogonal to the velocity vector. 

[ dv Sv n 

We have v 2 = g mn v m v n , and hence 2 = 2g mn v m -^j^2y mn v m f n . 

Also g mn v m f n = vf cos d and the result follows immediately.! 


2 . Work and energy. Lagrange’s equations of motion. 

In the last section we have introduced force as a contra¬ 
variant vector, hut it can also he introduced as a covariant 
vector by means of the idea of work. 

We know that, if the axes x r are rectangular Cartesian, 
a force whose components in these coordinates are Q r and 
whose point of application is moved through a small displace- 
ment 8x r does an amount of work measured hy 

8W =~Q 1 dx l + Q*dx* + Q*dx*. 

Now in orthogonal Cartesian coordinates the associated vector 
Q r has exactly the same components as Q r and the expression 
for 8W becomes 

&W •= Q r 8x r . 
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From the relation connecting x r and x r we see that d W can 
be written as a linear function of 8x r , thus 

dW=Q r dx r .( 6 ) 

Also 8W is an invariant and we conclude from (6) that the 
coefficients of the linear form, Q ry form a covariant vector. 
Moreover, since its components in an orthogonal Cartesian 
coordinate system are those of the force vector, it follows that 
Q r is the covariant force vector in the coordinates x r . The co¬ 
variant and contravariant components are of course connected 
by the formulae 

Qr ~ 9rs Q s s Q r — g rs Q s - 


If Q r dx r is a perfect differential, then the force is said to 
be conservative and we may write 

W = jQ r dx r .(7) 

The function W > which is determined by (7) except for an 
arbitrary constant, is called the work function. It is more usual 
to use the function F, called the force potential, which equals 
— W . From (7) it follows that 

dV 

.. (8) 

We shall next consider the kinetic energy of a particle. It 
is defined as J Mv 2 , where v is the magnitude of the velocity. But 

v* ~ 9m n v m v n , 

where g mn is the metric tensor of our curvilinear coordinates. 
Consequently the kinetic energy T is 

T==±Mg mn v m v n ==jMg mn x m x n , . . . ( 9 ) 

. . da* 

where x r — 

dt 

If we differentiate T partially with respect to x r , we have 


Hence 


dT 
d x T 


Mg rm x m . 


d fdT\ 
dt\d± r ) 


dg r 


— + q xn 


x m x n 


Also, differentiating T partially with respect to x T , 


dT 


T\/r^ 9mn • - 
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From these equations we deduce that 


cl_f'dT_ 

dt\dxr 


dT 
' dx r 


1 M \g rr 


x m + 


1 (dg., 


2 \dx‘ 


rm __j_ dg rn 


dg n 


dx m dx r 


x m x n 


= M (. g rm x m + [mn, r] x m x ”), 

[«»,!■] being the first Christoffel symbol. Therefore 


d (dT 


dt \dx 


d_T_ 
' dx r 


■Mg T Ax s + 


I 


\mn, 




Referring to (4) we see that the right-hand side equals Mg ra f s . 
Denoting the covariant components of the acceleration vector 
by f ri it follows that 

dt \doc r J dors .^ ^ 

This form ula is the most convenient to use when we wish to 
calculate the acceleration vector in any special coordinate 
system. 

The equations of motion (5), p. 219 , can now be written 
in the covariant form 


d (d T 


dt \dx>‘ 


dT 

dxr 


Qi-i 


(ll) 


which is known as Lagrange’s form of the equations. If the 
force system is conservative, these equations read 

£ (dT_)_9T = dV 

dx r dx r ’ 


dt \dx r ) 
or, what is equivalent, 

d (dL\ 


dL 

' dx r 


0, 


where 


dt \dx r J 

L — T — V . 

The function L is called the Lagrangian junction. 


( 12 ) 

(13) 


Examples. 

1. Find (he covariant components oj the acceleration vector vn spherical 
'polar coordinates. 

In spherical polars the line-element is (p. 136) 

ds 2 — (dx 1 ) 2 -)- (sc 1 ) 2 (dx 1 ) 2 -f- (x 1 f (sin x-)' 2 (dx 3 ) 2 . 

Hence the kinetic energy is given-by 

T = i M [ = — M { (A 1 ) 2 + (a 1 x 1 ) 2 + (a: 1 sin x 2 x s ) 2 }. 
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d dT dT 
dt dx 1 dx 


j — M [x 1 — x 1 (x 2 ) 2 — x 1 (sin x 2 a 3 ) 2 ], 


h = It d¥ ~ dtf Jf U? {( * 1)2 * 2 > ~ (icl)3 sin 3:2 cos 3:2 ( * 3)2 ]• 

Mh = Jt%-l^ = M {ji [(xl&in x ' f i3} ] ’ 


The equations of motion can be written down immediately if we 
know 7 the components Q r of the force system. These are obtained in any 
special problem as the coefficients of the linear form 6 W or by (8) if the 
force system is conservative. 


2. Show that the velocity vector is given by j^g r 


dT 
d x s ' 


3. If (p is an invariant function of x r and x r , show that is a co¬ 
da^ 


variant vector. 


Show that 


d x s 
dx r 


dx 1 
dx* 


X s j 1 dcp d<p d x s 1 

— and hence = yr-f- . 
x r Q% r dx s dx r J 


d(p d x s 


4. If (p is an invariant function of x T and x r , show that 

d dip dip 
dt dx T dx r 

is a covariant vector. 

5. Show that the conditions that a force vector Q r be conservative 
are that Q r , s — Q &tT = 0. 

6. Integral of Energy. Deduce from the equations of motion the 
formula 

T ^ V = h, 


where h is a constant. This relation is called the equation of energy , and h 
is the constant of energy. 


[S' = Tt (f 9mn ' vmv ”) = = ~ 

Hence on integration T~h— F.l 


dV 

dt 


3. Particle on a curve. 

Let us suppose that the equations of a curve are 

x* = x r {s) 3 .(14) 

s being the arc of the curve. "We shall suppose that the curve 
is smooth and that a particle is constrained to move on it. Our 
object is to find the equations of the constrained motion. 
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If we denote by X r ,fi r , v r the tangent, principal normal 
and binormal unit vectors and by >c 9 t the curvature and torsion 
of the curve, these quantities are connected by the Frenet 


formulae (p. 159) 
dx T dtt 
’Ts’ Is 




= XJU r 


d/LL r 

ds 


dv r 

TV r — nX' i jj = — %pi T . (15) 


Also, if we denote the magnitude of the velocity by v, we have 
dx r dx r ds 


dt ds dt 


^vl T , 


ds 


since v = —. Taking the intrinsic derivative of this equation 

dt 


with respect to t, we get 

, dv r dv 

jr 


dt-dt X ' +v W 


dv <5/l 5 ' ds 

It* +v ~d7 Tt' 


that is, using (15) 


/'■ = -^r )•' + 


(16) 



Thus the acceleration vector is co- 
planar with the tangent and princi¬ 
pal normal , and its components 
along these directions arev and uvr . 

Let Q r be the external force 
acting on the particle in addition 
to the reaction R r of the curve. 
Then {Q r + R r ) is the total force 
vector acting on the particle and 
the equations of motion read 

Mj r = Q r + R\ 


that is, 




X + M&h/jT. 


Now 


dv _ dv ds __ dv _ 1 d . 2 . 
dt ~~ ds dt V ds 2 ds ^ 9 


and the kinetic energy T is \Mv z . Hence 
Q r + R r — X r + 2 Tx/li* 


( 17 ) 
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Since the curve is smooth, R r is orthogonal to the curve, and 
thus R r X r = 0. Multiplying (17) by X r ,/u r and v r successively, 
we therefore obtain the equations 


Q r X r 


<1T 
ds ’ 


Q r ^, + M 1 - i i l . = 2Tx, 

Q r v r — — J$“v r . 

From the first of equations (18), we have 


• • ( 18 ) 


or 

T+V = h, .(19) 

K 

h being a constant. This last is called the equation of energy . 

If the curve is a natural trajectory of the particle, R r = 0, 
and we see from (17) that the force vector must he coplanar with 
the tangent and principal normal of the curve . Also 

dT 

Q r = * + 2ZV".(20) 


together with the integral of energy. 


Examples. 

1. If the force vector is tangent to the natural trajectory of a particle 
at each point prove that the path must be a straight line. 

[Here x = 0. A curve which is tangent at each point to the force 
vector is called a line of force.] 

2. If a particle is made to describe a line of force show that the nor¬ 
mal reaction is along the principal normal of the curve and equals 
2(h-V)x. 

3. Show that for a natural trajectory the magnitude of the force 
vector is 

4. If V is the potential function, show that for a natural trajectory 

* = -^(iog FV^FV, 

L 2Txt = Q u $ v r fc. 


m 287 ) 


15 
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4. Particle on a surface. 


We next consider the motion of a particle on a smooth 
surface. Let (u 1 , w 2 ) be curvilinear coordinates on the surface 
and let the equations of the surface be 

x r = X r . (21) 

We shall use the notation of 
Chapter XV (p. 193). 

We have 



v r 


dx r 

dl 


dx r du a 


du a d i 
Therefore, writing 
v* = if, 

we have 


■ = xu. 


v r = x r a v a . . . (22) 


We shall call v a the surface velocity vector and v f the space velocity 
vector. Differentiating (22) intrinsically with respect to t, it 
follows that 

f w 


St 


r dv« , r 
dt +*«.» 


v a if. 


If we put and use Gauss’s formulae (p. 200), this becomes 

o t 

r=*i/“+^»vr,.(23) 

where b u ^ are the coefficients of the second groundform of the 
surface and is the unit surface normal. We shall call j a the 
surface acceleration vector. 

Let Q r be the external force vector acting on the particle 
and let R r be the reaction of the surface, which will be normal 
to the surface. Then the equations of motion are 

Q r + R r - Mf = Mx r a f + Mb aii v a v^ r 

= Mx r a f + M0b ail X a tfF $ 

JT being the surface tangent vector of the curve. 

When we multiply this equation by £ r we get 

Q r S r + H r $ r = 2Tb afl l a l» .(24) 

Also, multiplying the same equation by g rs a>* and remembering 
that R r is normal to the surface, it becomes 

9„ Q r < x;r = Ma ttS f = Mf,. 
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If we denote the surface vector Q r x r a by Q a (cf. § 2, p. 194 and 
Ex. 4, p. 196), this reads 

.(25) 

Let us first examine the quantities Q a . If the particle is 
given a small displacement du a on the surface, the amount 
of work done is 

8 W = Q r 8x r = Q r < du* = QJu\ 

Hence, if the force system is conservative, 

dV 

— S? (26) 


V being the potential function. 

Again the kinetic energy of the particle may be written 

T = | Ma ap v a / = \Ma ifl if if, 

and we can easily prove (cf. p. 222) that 


d(dT_\ d_T 

dt\du a , 


Hence 


Mf=* dT 6 
dt dif ~ du a 


P\, 

pv \' 


(27) 


Consequently the equations of motion may be put in the form 


d dT dT _ _ 3 V 

dt du a du a ~^ a ~ du" ’ 
or equivalently 

J^dL dL_ 
dt dif du a 


. . . (28) 
. . . (29) 


where L is the Lagrangian function. 

The student should compare these equations with the 
equations (11) and (12), p. 222, for a free particle in space. 


Examples. 

1. If a is the geodesic curvature and f the normal vector of the trajectory 
in the surface , prove that 
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Since X a is the unit tangent vector to the curve, 
v a =vk a . 

Differentiating this equation intrinsically with respect to t, we get 

f = = il x* + V — = — A“ 4- V* — 

St dt St dt ' <Ss 

Referring back to § 10, p. 184, we see that 

gq l 


Also 


and we conclude that 


dT 

ds 


dv dv ds 
dt ds dt 


dv 




2. Deduce from Ex. 1 that 


Q a =-~^ a + 2 gTq<*. 

a, if there is no force system, show that a = 0, that is, the particle 
describes a geodesic on the surface. 

4. If the surface is described with no reaction, show that the normal 
component of the force vector must be Ml) a ^v a vK 

5. If the particle describes an asymptotic line of the Surface, prove 
that the reaction must be equal and opposite to the normal component 
of the force vector. Show that the converse is also true. 


5. The principle of least action. Trajectories as geodesies. 

We have seen that a particle of mass M and acted upon 
by a force system of potential V has for its equations of motion 

d dT dT dv 

dt dx r dx r !h?’ .( 30 ) 

T being the kinetic energy, and we have also the relation 

T + V = h, .(31) 

where Ti is a constant called the constant of energy. 

Let us consider all curves passing through two fixed points 
A and B. The integral 





XVII] 


DYNAMICS OF A PARTICLE 


229 


taken along any one of the curves, X being a parameter along 
it and h a constant, has a definite value which is called the 
action along the curve from A to B. We wish to prove the 
following result called the Principle of Stationary Action: 

Of all curves passing through A and B that one for which 
the action is stationary is the natural trajectory of the particle 
which moves under the action of the force system V with h as the 
constant of energy . 


It is a well-known result in the calculus of variations that 
the equations of the curve through A and 5, 
for which the integral 

. dx r 

vfr =- 

dX ’ 


(B 

I cp (x, x') dj l, 
Ja 


is stationary, are 


d dp 
dX d x r 


dp 

"dx T 


0 . 



This result may be proved by the same method 
as was used to obtain the equations of a geodesic on a sur¬ 
face (p. 171). 

It follows that the curve, for which the action is stationary, 
is given by putting 

cp = {(h — V)g mn x‘ m x' n f 
in (34). This gives the equations 


& Ji 7 4 - 1 d 7 9*. x ' m ”' n = a 

dl\ cp I 2 cp dx” ~ r 2dx’- <p 


In these equations let us introduce a new variable t defined by 


dt 

dX 


and we get 


} M cp 

12 (h - 7)’ 


M dg mi 
2 d x r 


■ x m x n + 


dY 

dx r 


0, 


(35) 


which are exactly the equations (30) where t is the time. Hence 
the curve giving the stationary action is the natural trajectory 
of a particle which moves under the action of a force potential V . 
Also equation (35), when squared, gives 

M g mn x m x n = 2 (h — 7) 
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and this shows that h is the constant of energy along the 
trajectory. 

We shall now give a geometrical representation of the 
motion in which the trajectories will be represented by geo¬ 
desics. Let us take a three-dimensional space the points of 
which are put in one-to-one correspondence with those of 
ordinary space, so that we may also take x r as the coordinates 
of the new r space. Moreover'* we take the line-element of this 
space to be given by the formula 

dS^2M{h - V)ds^2M(h - V)g nin dx m dw* 1 , (36) 

ds being the line-element of ordinary space. 

Now every curve in ordinary space corresponds to a curve 
in the new space and the action along a curve becomes 


A = 


L 


*dS 

dl 


dX = 



Hence the action equals the length of the representative curve 
in the new space. Also the natural trajectory is an extremal 
of the variational equation 

6A = dS=* 0 . 


But the extremals of this equation are obviously the curves 
of stationary length or the geodesics of the representative 
space. Consequently natural trajectories correspond to geodesics 
in our geometrical representation . The search for the trajectories 
of a particle under a force potential V is therefore exactly 
the same problem as that of finding the geodesics of the space 
whose line-element is (36). 


Examples. 

1. Show that the action equals j 2 M f h — V ds. 

2. Show that the action, if calculated along a natural trajectory, 
equals 2 T dt. 

3. Show that of all curves oil a surface passing through two given 

points^. and B of the surface that one for which f fh — V ds is stationary 

J A ' 1 

is the path of the particle which moves on the surface under the action 
of the force potential V . 

[This is the principle of stationary action for a particle on a surface. 
Use curvilinear coordinates on the surface together with equations (28), 
p. 227.] 
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4. Show that the paths o£ a particle moving on a surface of line- 
element \a a p dn a dn?Y under the action of aforcepotentialFarerepresented 
by the geodesics of a surface whose line-element is [(h — V) a a p du a du^]K 

EXAMPLES XVII. 

1. If a particle is moving with uniform velocity in a straight line 

Sv r 

prove that ~ 0. 

2. If the acceleration is constant in direction but not necessarily in 
magnitude show that 



where k — (log /). Show that the converse is also true. 

3. Physical components of forces. If ef^e^s^ are the unit vectors 
tangent to the coordinate curves, show that a force vector Q r may be 
expressed in the form 

or = Q w «£, + Q™ 4 , + Q ,!l> = Q M 

where 

Q ai = T'^i Q 1 , = Ife 131 = 1 <gT, Q 3 . 

[If the force Q r is resolved into three forces along the tangents to 
the coordinate curves according to the ordinary laws of the resolution of 
forces, then Q {1) , Q {2) , Q {Z) are the three resolved forces. We may call them 
the physical components of Q r to distinguish them from the tensor com- 
ponents, which are Q 1 , Q 2 , Q 3 . To prove the above result use the formulae: 

<0 5=5 * il \ 9 n > ^2) ~ ^2/1^22? ^3) “ ^3/1^33*] 

4. Parallel force system. If the field of force forms a constant parallel 
vector field (as in the case of gravity), show that Q r tH = 0 . 

Hence show that a natural trajectory under such a force system 
satisfies the relations 



Prove that these are the intrinsic equations of a parabola and show also- 
that x is a maximum at the point where Q r is orthogonal to the curve. 

5. Bonnet's theorem : If a curve be a natural trajectory for each of 

N fields of force, the velocities at any point P being %, v 2 , v N , 

then the curve is a natural tra jectory for a field of force composed of all 

the separate fields of force, the velocity of P being (v% -f- vf + * * • + v®)*. 

6. A particle moves on a surface under the action of a force, show 
that the sum of the normal reaction of the surface and the normal com¬ 
ponent of the force equal's Mifix, where x is the normal curvature 
of the surface in the direction of motion. 
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dT 
dx r ’ 


show that p r is a 


7. The momentum vector. If we write p r : 
covariant vector and prove that 

T== ¥M gmnpm Pn ' 

8. Hamilton's equations of motion . If we put H = T -|- F and express 
H in terms of a; f and p r , show that the equations of motion can be put 
in the form 

dx r OH dp r __ dH 

dt dp r * dt dx r 

9. If H is an invariant function of x r and p r only, show that 


is a contravariant vector and that 




dt + dx r 1 


is a covariant 


OH 
dpr 

vector. Deduce that Hamilton's equations are vector 

r diu® 

For a new coordinate system x r , we have 'Pr — Psj ^,that is, 


8H Ox* 


which proves the first 


dp r dx 8 g; ence dH _ OH dps 
df~ e ~~ dx r ' dp r ~~dp 8 dp r dp 8 dx 3> 

result. The second is proved in a similar manner 

dn dV 

10. Prove that ~ ~ — -—. 

ot dx r 

11. If we put L = T — V and express L in terms of x r ,x r whilst 
H is expressed in terms of x r , p r , prove that 

= _ dL 
d x r d x r * 


12. Particles, of equal masses M and acted upon by a certain force 
system, start off with equal velocities v in all directions orthogonal to 
a given direction. Show that the surface on which the different trajectories 
lie has an umbilic at the initial point. 

13. For the motion of a particle on a surface, show that if we put 

Pa = M a-afi V?, = -JjT a “ fl PaVfi+V 


the equations of motion on the surface may bo written 
du a dH dp a OH _ 

dt dp a 7 dt + du a ~~°' 

[These are Hamilton’s equations for the motion of a particle on a 
surface. ] 

14. If S is an invariant function of (x% x r } x r ) show that 4-— is 

dx T 

a covariant vector. 


15. AppelVs equations. If we put 8 = J- Mg mn f m f n , show that the 
equations of motion can be put in the form 

OS „ d V 
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CHAPTER XVIII 
Dynamics oe Rigid Bodies 

Section A. 

Rectilinear Coordinates 

1. Moments of Inertia. 

Let us suppose that we are given N particles, of which 
a typical one has mass M (a) and coordinates x r ia) referred to 
a set of rectilinear coordinate axes. If we regard the particles 
as being rigidly connected the rigid body will be included as 
a particular case. 

The coordinates of the centre of gravity of the system of particles 
is given by 

2V 

M ia) a ) 

..a) 

2 Mu 

a = l 

If we are considering a continuous distribution of matter the 
summations in this formula and in subsequent ones ought to 
be replaced by triple integrals, the element of mass dM taking 
the place of M w . 

Another quantity which is of importance in the dynamics 
of a system of particles is the double symmetric tensor 

r 8 ^£M {a) xUxt« h .( 2 ) 

a = 1 

which we call the inertia tensor relative to the origin . 

If we are given a straight line through 0 and perpen¬ 
diculars p(a) are drawn from the different particles on the line, 

N 

the quantity J? is called the moment of inertia of the 

system of particles round the given line. We can express this 
moment of inertia in terms of I rs . For, if X r is the unit vector 
in the direction of the line, 

P?„> =&»,<> 

Hence the moment of inertia round X r is 

/(D = a $M (a y (a) =i,r- ?af ?» 9 nv ! . 
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If we denote by I rs the associated tensor cg rm g sri I mn and by 
I the invariant g mn I mn , this becomes 

I(X)-(Igrs~Ir S )X'Z\ (3) 

since X r is a unit vector. Therefore if we consider the quadric 
Q whose equation is 

(Ig> s - Irs) nr = 1,.(4) 


we find that the moment of inertia round X r is 1/B 2 , where 
R is the radius vector of Q in the direction of X r . Q is called 
the momental ellipsoid at 0. 

We see from § 3, p. 107, that the momental ellipsoid at 0 
has always three principal axes, which are called the principal 
axes of inertia at 0, and the planes containing them in pairs 
are called the principal planes of inertia at 0. If these axes be 
taken as coordinate axes then the axes are orthogonal and 
at the same time 

Zi 2 = Z M = 1 ^ — 0, 

These principal axes are given by the equations 

{Ig TS -I ra )X = QX r .(5) 

where d is a root of the determinantal equation 

(i — Q)g rs — *r»| = o.(6) 

Examples. 

1. Show that the moment of inertia round any straight line equals 
the moment of inertia round a parallel straight line through the centre 
of gravity plus M times the square of the distance between the lines, 
where M is the total mass of the particles. 

[The moment of inertia round a line through the centre of gravity 
and in the direction 1 T is {(I ~~ Mg^ n S m i n )g r s — Ire + M$ r $ 9 ) A r A 9 ,] 

2. If p {a) is the perpendicular from M (a) on a given plane, £M ia) p^ a) 
is called the moment of inertia with respect to the plane. Show that the 
moment of inertia with respect to the plane u T x r — 0 is I mn u m u n /g rn n n m u n . 

3. Prove that the moment of inertia with respect to the plane u r x r = I 
is (I mn u tn u n - 2 M u m % m + M)/g mn/ ii m u n . 

4. Show that 2 33 /<y 33 is the moment of inertia with respect to the 
a; 3 -plane. Similarly interpret 1 11 and I 22 . 

5. If I 3 is the moment of inertia round the r 5 ~axis, show that 
I 3 = l — I 33 /g a3 . If, further, the axes are Cartesian and orthogonal show 
that 1 3 — I u + 
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2. The equations of motion. 

We now wish, to obtain the equations of motion of a system 
of particles and more especially of a rigid body under the action 
of given forces. 

If X r (a) is the total force vector acting on the particle M (a) 
we know that 

from the equations of motion of a single particle. Hence if <5 x r {a) 
is any small displacement given to this particle we have 


Wa>*w-^}*W = 0,.(7) 

where <5cc la)r is the associated vector g rs dx\ a) . The expression 
X r (a) Sx {a)ri which equals the product of the force and the pro¬ 
jection of the displacement in the direction of the force, is 
the work done by X[ a) in the displacement dx r {a) . 

Let us sum the expressions (7) for all the particles. We have 

%{MA-F ia) }dx la)r = 0 .( 8 ) 

a=l 

In this expression we have not so far restricted the displace¬ 
ments dx r (a)i and the forces X r (a) are all the forces, external and 
internal, that act on the individual particles. If we restrict 
ourselves to certain types of displacements there may be certain 
of the forces which do no work under these displacements and 

N 

consequently the part of the sum X\ a) dx ia)r due to these forces 

a~l 

must be zero. For example, if we consider the particles as forming 
a rigid body and if we give to the system only rigid body dis¬ 
placements the totality of the internal forces do no work and 
can therefore be neglected in the equation (8). 

Consequently for a rigid body we have 

= .(9) 

a = l 

where dx\ a) refer only to rigid body displacements and X r ia) are 
the external forces alone. Now we see from § 5, p. 126, that 
the most general infinitesimal rigid body displacement is of 
the form 


8x r = u r dt + af. ii x H dt 


(10) 
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where w rs is skew-symmetric. Substituting in (9), we get 

2 [M,A - <*> ~ Ko = 0 . 

We can always find a vector co r such that a> rs = — ct)® £„ ,. s ; 
in fact, co r = — s mnr o> m „/2. Hence the equation becomes 

^(jf w c - *LK + 2s rat {M (a) <, - ZU < o) ftF = 0. 

This equation is true for arbitrary values of u r and co r and it 
is therefore equivalent to the equations 

^ -^(a) ^(a) ^(a) ==: ^<a) ^ (a) > 


or. 


4 (a) 4 

*, as they may be written 

d 


dt ^ ^ (a) £, ' st ^ (c0 ^ (a) ^ e ' r&t X(a) ^ Ul) ' 


( 11 ) 


The vector 


G r = 2l .(12) 

is called the linear momentum vector and, if M is the total mass 
and g r are the coordinates of the centre of gravity, we see that 

G r = M 

Also 

JEC r = JS -Ztf'(a) *tC[ct) OC(a) .(13) 

< vector relative to the origin , whilst 


Lr — ^ $rst *^(«) A( a ^ 
a 


(14) 


is called the angular momentum 
the vector 

jk-Jf - __ 

« ' ' 

is called the moment vector of the system of forces X r (a) relative 
to the origin . The equations (11) now read 

4- & =x r , 

dt 

a 


fit. 


H,.= L r . 


( 15 ) 
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We shall next find an expression for H r in terms of the inertia 
tensor of the system. We see from (10) that the velocity of any point 
of a rigid body can be put in the form 

x r = u r + co ; : 3 x\ 

u r representing the linear velocity of the point coinciding for the 
moment with the origin and co^s representing the angular velocity. 
Hence 

H r = A, Af( a ) G rs f #( a ) CC( a ) = IH( a ) G ra t #( a ) (U -f* Ct/* p 
If we put w rs = — e mr *a) m9 we have 

.(16) 

We shall consider the two following particular cases: 

(i) If the rigid body has one point fixed and if we take this point 
to be the origin,, then u r — 0 and 

H r <=(Id» r ~V r )o a . 

(ii) If we take the origin as coinciding with the centre of gravity 
for the moment, then £ r — 0 and 


Examples. 

1 . Show that the motion of the centre of gravity is given by the 
equations 

M't=*X r , 

that is, the centre of gravity moves as if the whole mass were concentrated 
at this point and all the forces were acting at it parallel to their actual directions. 

2. The angular momentum vector relative to a point x* 0 is defined as 

se X iH( a ) e rs t (&<«) — )*${«) • 

a 

Show that 

Hr “ -S* *^( 0 ) B rst % (a) ^ S rst ^0 £ * 

a 

3. The moment vector of the forces X r {a) relative to x r Q is defined as 

e rii t {xf a) aj 0 ) X( a) . 

a 

Show that 

£0 = 2 e rst x\ a) X {a) — e r&t xlX . 

a 

4. Prove that 

d dt W^-Mb^aU*- 

5. Deduce from Ex. 4 that we have the equations 
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if the point irj is the centre of gravity. Consequently the motion relative 
to the centre of gravity is the same as if the centre of gravity were fixed and 
the body subjected to the action of the same forces . 


3. Moving axes. Euler’s equations. 

We shall divide the discussion of the motion of a rigid body into 
two cases. 

(i) There is a point of the body fixed in space. We shall take this point 
as the origin and we find that equations (15) hold. In the first of these 
we must include in X r the reaction at the fixed point. Also we can re¬ 
place H r by ( Id* — I s f .)oj S! where I s r is the mixed inertia tensor, I the 
invariant 1™ and co r is the angular velocity vector of the body. 

(ii) There is no point of the body fixed in space. The equations (15) 
still hold referred to axes fixed in space. We see that the second set of 
(15) also hold if H r is the moment of momentum vector and L r is the 
moment vector of the force system relative to the centre of gravity. 
In other words, the motion of the body relative to the centre of gravity 
is exactly the same as if the centre of gravity were fixed and the same 
forces were acting. Hence the absolute motion of the centre of gravity 
is given by the first of (15) referred to axes fixed in space and the motion 
.relative to the centre of gravity is found as in (i), the fixed point being 
the centre of gravity. 

How if we put 

a;.du 

dH 

and try to find , there will be involved derivatives of Fj with respect 

to t since these are variable with the time. To avoid this wc shall take 
moving axes fixed in the body, with respect to which the inertia tensor 
will have constant components. 

Let x r be a system of coordinates referred to axes which are fixed 
in space and let x r be the coordinate system which moves rigidly with 
the body and coincides with x T initially. By reference to p. 124, we see 
that the transformation from one set of axes to another set, which have 
been derived from the first by a continuous rigid-body displacement, 
is given by 

x = x s t (18) 

where a r . s is a function of t satisfying the equations 


Also 




dt 




(19) 


coys being a skew-symmetric tensor and a rp being g p9 a r .^. 

Now a covariant vector whose components referred to the moving 
axes are A r has for its components referred to the fixed axes A r where 

A r -JL 9 a\ r .(20) 

Differentiating this with respect to t, wc have from (19) 
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that is, 


We have 


dA r dA H H -7 , t 

dt ~ dt “•/• + A s a\ t ia. r 
-a% d A- + A t n\ r , 


__ a f „ fJ s &A 9 

dt A * ' r ‘ r dt 


( 21 ) 


dH r 

dt 


referred to the fixed axes. Consequently, making nse of (20) and (21), 
we obtain 


dll r 

dt 


H 


( 22 ) 


These are the equations of motion referred to the moving axes. 

The angular velocity vector co r of the moving axes (and of the body) 
is given (p. 237) by 

®n = — S prs CO P 9 .(23) 

and 

B r = (16* — If) co pf 
where If are now fixed constants. Thus 


dH r 

dt 


: (Id?-I?) W p 


and the equations (22) become 

(■*<*? - 1%) 6> p - e rsp (Id° - 2?) 0/ = L r . . . . (24) 

These are Euler's equations in tensor form. 


Examples: 

1. If the moving axes are the principal axes of inertia at the fixed 
point show that Euler’s equations become 

eq ( 1 2 I3) ^2 ^3 ~ Iq? etc., 

where JT X = Z| -J— I\ 9 etc. 

[The axes are now Cartesian and rectangular and the only com¬ 
ponents of Ij surviving are The quantities I 19 1%, I z are the 

principal moments of inertia.] 

2. If A r is a contravariant vector referred to the moving axes and 
A r its components referred to the fixed axes, show that 
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3. If A r is a vector fixed in space show that its components referred 
to moving axes satisfy the equations 


dA r 

dt 


= - C0]\A«. 


4. If K ra are the components of a double covariant tensor referred 
to moving axes and K rB its components referred to fixed axes, show 


that 


d jj '■jn 

dt 


n P K 

U * 171 




^ ■ 7/t ® • 


dKs 

1 dt 


[This result may be proved by differentiating the equation 
K mn *=K r& cf. m a\ n and substituting from(19), or as follows: Let A”\B n 
be two vectors fixed in space. Then K mn A m B n being an invariant equals 
K mn A m B n and their derivatives are equal. The result then follows 
from Ex. 3.] 


Section B. 

The Geometry oe Dynamics. 

4. Generalised coordinates of a dynamical system. 

A material system is regarded from the dynamical stand¬ 
point as a collection of particles which are subject to inter¬ 
connections and constraints of various kinds. For example, a 
rigid body is regarded as a number of particles rigidly connected 
together so as to remain at invariable distances from each other. 

When we know the constitution of such a dynamical 
system and the constraints to which it is subject, the con¬ 
figuration or position of the system will be determined by a 
certain number of independent variables, which are called the 
coordinates of the dynamical system . Thus a free particle in space 
is determined by three coordinates referred to a system of axes 
fixed in space and a particle constrained to move on a surface 
is determined by two independent coordinates, the curvilinear 
coordinates on the surface. Again a rigid straight bar is de¬ 
termined by five coordinates, namely three giving the position 
of one end of the bar in space and two others giving the 
direction ratios of the rod. 

The number of independent coordinates which determine 
the configuration of a dynamical system completely is called 
the number of degrees of freedom of the system. Let us suppose 
that we have a dynamical system which we shall assume for 
simplicity to have three degrees of freedom. The student will 
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see that the ideas we are about to develop can be immediately 
extended to a dynamical system of any number of degrees of 
freedom. The configuration of our system at any time is then 
given by three coordinates which we denote by 

q 1 , q 2 , q z > 

and if we keep our conventions regarding italic indices these 
may be written more briefly q r . As the coordinates change in 
value the dynamical system of course changes its configuration. 

There is obviously an infinite number of sets of independent 
coordinates which will determine the configuration of a dynamical 
system, but since the position of the system is completely given 
by any one set these sets of coordinates must be functionally 
related. Hence if q r is any other set of coordinates these quan¬ 
tities must be connected with q r by formulae of the type 

f^f r {q\q\<?) .(25) 

These equations are the equations of transformation from 
one set of dynamical coordinates to another and we can define 
in the usual way vectors and tensors relative to the coordinate 
transformations (25). Thus A r u are the components of a mixed 
triple tensor in the coordinate system g' 7 ' if its components in 
the new coordinate system are given by 


7r _ 4 rn d£ d£ d£ 

st n P df dq dq t9 ’ 


• * ( 2 6 ) 


the summations of the repeated indices on the right being as 
usual from 1 to 3. 


Examples. 

1. Show that a rigid body with one point fixed has three degrees of 
freedom. 

Let Ox x x 2 x 3 be the principal trihedral of inertia of the body at any 
instant and let OX t X 2 X s be the initial position of this trihedral, so that 
the former is moving with the body and the latter is fixed in space. Let 
us take the intersection of these trihedrals with the unit sphere of centre 0 , 
which is the fixed point of the body. 

We denote by 0 the angle X 5 Ox B , by <p the angle between the planes 
X x OX, j, X z Oxx and by y> the angle between the planes X z Ox 3 and x 3 0x x . 
These angles are called Euler's angles and we shall show that the position 
of the body is determined completely by these three angles, which will 
therefore act as coordinates. 

CE 287) 


16 
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Let OA be the intersection of the planes X B 0x z , X-fiX 2 , OB the inter¬ 
section of x-fix^ X 1 0X 2i and OG the intersection of x-ftx* and X z Ox z . 
A rotation of amount cp round OX z will make 0X ± coincide with OA 
and 0X 2 with OB. A rotation of amount 
0 round OB will then bring 0X 3 to Ox z 
and OA to OG. Finally a rotation of 
amount y) round 0x z will bring OG to 0x x 
and OB to 0x 2 . Consequently these three 
rotations performed successively will bring 
the trihedral 0X x X 2 X z to the position 
Ox x x 2 x z> that is, the principal axes of 
inertia and therefore also the position of 
the body are determined completely by the 
three quantities 0, cp , ip. 

2. Show that the transformation from 
one set of axes to the other is in accordance 
With the scheme: 


X 1 X a X* 


cos d cos cp cos ip — sin cp sin ip 

cos 0 sin cp cos ip +cos cp sin ip 

— sin 0 cos xp 

—cos 0 cos cp sin ip ~ sin cp cos ip 

—cos 0 sin cp sin ip 4* cos cp cos yj 

sin 0 sin ip 

sin 0 cos cp 

sin 0 sin cp 

cos 0 



3. Show that a free rigid body can he determined by six coordinates, 
namely, the three coordinates in space of its centre of gravity and the 
three Eulerian angles relative to the centre of gravity. 

5. The equations ol motion in generalised coordinates. 

If we suppose that the points of our dynamical system are 
referred to rectilinear axes x r in ordinary space, then when we 
are given the time and a set of coordinates q r we are also given 
all the points x r of the dynamical system, for the system is 
determined uniquely. 

Consequently the x T are functions of q r and possibly also 
of the time, that is, 

^ {q\ q\ t). 

We shall restrict ourselves to the consideration of dynamical 
systems in which these equations do not involve t > so that 

f[q\q\q*) .(27) 

Differentiating (27) with respect to t , we have 

dto* . 
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The quantities q r , which form a vector with reference to co¬ 
ordinate transformations (25), we shall call the generalised 
velocity vector. We see from (28) that when the generalised 
velocity vector is given we know the velocity of each point of 
our system. 

The kinetic energy of the system is T where 


T = ^SMy n 


fern fen . 


i uk dx l dx n . . 

O ^ Mg mn j- r — qr q s 


Thus we may write 
where we have put 


T-i n 

-*■ 2 H r a 

= 2M 971 


dx m dx n 
dq r dq s 5 


(29) 

(30) 


that is, the kinetic energy is a homogeneous quadratic form in 
q r . From (30) we see that a rs is symmetric in r and s . Also, 
since T is an invariant for all transformations of generalised 
coordinates, we conclude from (29) that a rs is a double symmetric 
tensor. 

Let us next find the equations of motion of our dynamical 
system in terms of the generalised coordinates. Referring to 
equation (8), p. 235, we see that the equations of motion in 
rectilinear coordinates are embodied in the single equation 

Ugmn(Ma m — X™)dx n =0, .... (31) 


where 8x r is a virtual displacement of the system, and we can 
neglect in X r all the internal or external forces which do no 
work in this displacement. If we give the system a small dis¬ 
placement compatible with the constraints of the system, we 
see that this displacement may be effected by giving increments 
<3 q r to the coordinates of the system, and these are related to 
the 8x r in accordance with the formulae 


dx r 

dq 8 


dq s 


Moreover in this displacement the internal forces due to the 
constraints of the system will do no work, since these constraints 
are preserved, and consequently-only the external forces will 
appear in (31). 
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Thus (31) becomes 


2gmn\ M 


d fdx m .\dx' 


dt \dg s *Jdq 


■X«~\dqr^0. . (32) 


8qr 


Now 


d fdx m .\dx n 


^ Mgmn dt\dq s V 

q‘ 


dq r 


3 x m dx n . ) ^ ^ ~ ... 

— _< y, ]\j[ g - n s / — y, Ivf <1 . —---— fl 8 mb 

d t 


1 dec., . ,. 

JJ fi S nt 


Also, if we put 


d q s dq' 

~ J, (“'-s' 1 s'- 

i_ dT 3T 
dt dq r dq r ' 


v, dx m d 2 x n 
2 Mg mn y- -Q^ dqt ft 


Qr = Hg mn X* 


we have 


dx n 

~dtf* 


Q r d</ = 2 fj nin X m dx n = dW, . . . 


(33) 


where d W is the work done by the external forces in the small 
displacement dq r , which shows that Q r is a covariant vector . 
We shall call it the generalised force vector , 

The equation (32) now takes the form 



Since the coordinates q r are independent this equation is true 
for all variations of dq r and the equations of motion become 


d dT dT 0 
dt dq r dq r ^ 


(34) 


Examples. 

1. Show that 

id dT BT\ . * 

\TtW r ~Wr q 2 gmnXm n> 

{ d dT dT\ 

~dt ~dq r ~~ Wcf } ^ orm a covar ianb vector. 

2. If [rs, t] is the Christoff el symbol of the first kind relative to 
a TS> that is, if 
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[>M] =jr 

show that 

cl dT dT 

!tW r ~W r ~ araqa + [st,r]ia{l ‘- 

3. If «" is the cofaotor of a rs in | a rs |, divided by this determinant, 
show that the equations of motion may be written 


( da >t , da f t _ dar. \ 

\ 0q r " t " dq* dq‘ ) ’ 


+ **4‘“ 

where 

= a rs, [«*.3?], Q r *aa.*'Qt. 

[|^ J is the Christoff el symbol of the second kind relative to a T& and 

we see that q r -J- jj^J* q 6 q l is the intrinsic derivative of q r with respect 

(5 q r 

to t. Using the notation of p. 145, it may be written and we know 

01 

that it is a contravariant vector. 


4. If the force system is conservative and V is the potential function 
show that 



and that the equations of motion take Lagrange’s form 

d^dL^^dL 
(It dq r 0q r 9 

where L = T — V. 

[The first result follows from (33) since d W = — d V and the second 
result follows from the fact that V does not contain q r .] 


6. The manifold of configurations. 

Let us consider a space or manifold of three dimensions in 
which a point is determined by the three coordinates q r . Then 
to each point of the manifold there corresponds a definite 
configuration of the dynamical system whose coordinates are q r 
and we have therefore a geometrical representation of the 
configurations of our dynamical system. For this reason the 
manifold is called the manifold of configurations. 

If the dynamical system moves in any way, its coordinates 
are given as functions of the time. Thus the motion is given 
by equations of the form 


( 35 ) 
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As t varies we therefore observe that the representative point 
in the manifold of configurations describes a curve and (35) 
are the equations of this curve. Such a curve is called a trajectory. 

If, moreover, the system is moving freely under the action 
of a given force system in accordance with the laws of dynamics, 
the corresponding point describes a curve in the manifold of 
configurations and this curve is called a natural trajectory of 
the given force- system. 


7. The kinematieal line-element. 

The kinetic energy of the system is 

T = \ a r ,q r q',. ....... (36) 

where a rs are functions of the coordinates q r . Now T is always 
positive except when q r is zero in which case T vanishes. In 
other words, the quadratic form (36) is positive definite. Con¬ 
sequently w r e can always find ds such that 

ds 2 ssa a rii d if d(f .(37) 

This ds we shall define to be the distance between the neigh¬ 
bouring points q r and q r + dq r in the manifold of configurations, 
that is, the line-element of our manifold is defined by (37), 
Thus the ds 2 is a homogeneous quadratic function of dq r just 
as in the case of Euclidean three-dimensional space. A space 
in which the ds 2 is given by a formula such as (37) is called 
a Riemannian space. We shall call the line-element (37) the 
kinematieal line-element to distinguish it from another which 
we shall mention later. 

Having thus obtained the fundamental tensor a rs of our 
space, we define in the usual way the associated tensor a rs as 
the cofactor of a rs in | a rs |, divided by the determinant. We 
define the magnitude of a vector A r by A where 

A 2 = a rs A r A*, 

and we change vectors and tensors into associated vectors and 
tensors as we have already done in the case of Euclidean space. 
We can also define intrinsic and covariant differentiation of 
tensors by means of the Ohristoffel symbols as at p. 146. 
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Let us suppose that a point describes a curve of the mani¬ 
fold and let us take the arc s of the curve as parameter, so that 
the equations of the curve will be 


qr^qr(s). 


We know that 



is a vector and we shall write it 


(38) 


df_ 

ds 


(39) 


From (37) we conclude that 

a rs m s == 1,.(40) 

that is, X r is a unit vector. We call it the unit tangent vector of 
the curve. 

If we take the intrinsic derivative of equation (40) we get 

s ^ — 0 j 


which shows that the vector - is orthogonal to the curve. If 
we denote its magnitude by we may write 

^7 = *^ .<"> 

where pt r is a unit vector. The quantity x is called the curvature 
of the curve and the principal normal of the curve from the 
analogy with Euclidean space (p. 157). 


8. The dynamical trajectories of the manifold of configurations. 

We have seen that the equations of a trajectory are of the 
form (35), that is, t is usually taken as the parameter of the curve. 
We shall call the vector 

v r = q r .(42) 

the velocity vector and we see that the square of its magnitude is 
v* — a rs v r v s = 2 T .(43) 

We define the acceleration vector f r as the intrinsic derivative 
of v r with respect to t. The expression for f r is therefore 
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+ . (44) 

or, 

Let us now change the parameter of the trajectory from t 
to s, the arc of the curve. We have 



ds 2 = a rs dq r dq s = a rs q r q s dt 2 . 
Hence 

/7 p l 

— =(a rs q r s s f = v. . . (45) 

Also 

eZff r cZs 

’'—k-irT,-'’* • < <6 > 

and consequently, on differentiating, 


• v X r + v 


dX r ds 
ds dt * 


Using (41) this becomes 


+ xv*ix r .(47) 

It follows that in any trajectory the acceleration vector is coplanar 
with the tangent and principal normal. Its component along the 
tangent is v and its component along the principal normal is xv 2 . 
This result can be expressed in a slightly different form. Thus 

v = J2T 


___ dv ds __ dv __ 1 d 2 _dT 
V ~Jslt ~ v 1s ~Yls^ ~Js’ 


Therefore 


2xTff 


If we denote by f r the covariant components of the acceleration 
vector we have 

fr = a rs f s = Ct„ q s + [si, r] q s q* 

d , . . 1 da, f . .. 

"it {arsq ^~ji^ rqsq * 


that is, 
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fr = 


d dT 8T 


(49) 


dt dq r dq r . 

Now if the trajectory is a natural trajectory for the force 
system Q r the dynamical system is moving in accordance with 
the laws of dynamics and the equations of motion (34), p. 244, 
read 

fr = Qr, 


or, in contravariant form, 

r=Q r .(so) 

Hence in a natural trajectory the force vector and the acceleration 
vector coincide . 

The student should remark the resemblance of these results 
to those obtained for the motion of a particle in the previous 
chapter. 


1. Prove that 


Examples. 



2. Show that in a natural trajectory the force vector must be coplanar 
with the tangent and principal normal. 

3. Prove that the rate of change of kinetic energy is given by 


dT 

dt 


fr i r 


and deduce that the equation of energy for a natural motion is 

T = jQ r dq'. 

4. If the force system is conservative show that the equation of 
energy becomes T + V = fit where h is a constant. 

5. Show that natural motion can take place along a line of force 
if and only if the line of force is a geodesic. 

[A line of force is a curve whose tangent vector is codirectional at 
each point with Q r and a geodesic of the manifold is a curve whose cur¬ 
vature >c is zero.] 


9. The principle of stationary aetion. The action line-element 

We have seen that for every natural trajectory under a 
conservative force system there is an equation of energy 

T+ V = h, 


(51) 
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A being tbe constant of energy. In the present section we shall 
consider only trajectories for which the total energy is A, so 
that A remains a given constant throughout. Also if we have 
two configurations A and B there is in general only one natural 
trajectory, with the given energy constant, which passes through 
both A and B. 

Let us consider all the curves of the manifold of configurations 
that pass through the points A and B corresponding to the 
two given configurations. We may take a 
B i parameter A along each of these curves such 
/ that as A varies from a value A 0 to a value A x 
/r the representative point moves from A to B. 

// Then the integral 

// A =/><"■- ^ % %7 f ai < 52 > 

has a definite value for each curve through A 
and B. It is called the action from A to B for 
that curve. We have the following result, which is known as 
the principle of stationary action: 

Of all curves passing through A and B that one for which 
the action is stationary is the natural trajectory of the system 
under the force system V with h as the constant of energy. 

The proof of this principle is exactly the same as that given 
in the case of the motion of a particle in § 5, p. 228, and we 
refer the student to that section. The principle of stationary 
action for a particle is of course only a particular case of tlxe 
principle for any dynamical system. 

Now instead, of taking the elementary distance ds between 
the points q r and q r + dq r as given by (37), p. 246, let us define 
it by the equation 

ds 2 as 2 (Ji — F) a vs dqp'dq% .... (53) 

which we shall refer to as the action line-element in order to 
distinguish it from the kinematical line-element already men¬ 
tioned. We note that ds 2 is still a homogeneous quadratic form 
in dq r . 

With this new line-element the action (52) becomes 
A = f ds = [s]*, 

J A 
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so that the action from A to B is the length of the curve from 
A to B. Thus the curves of stationary action become the curves 
of stationary length. But these latter are the geodesics of our 
manifold. 

Hence the natural trajectories with a given energy constant h 
are the geodesics of the manifold of configurations when the action 
line-element is taken , 


Examples. 

1. If the kinematieal line-element be used show that the action 
along a curve equals 

[ B fzdr-^V)a,s. 

J A 

2. Show that the action, if calculated along a natural trajectory, 
equals 

2 f S Tdt. 

EXAMPLES XVIII* (A). 

Rectilinear Coordinates. 

1. Show that the planes through a point P with respect to which the 
moments of inertia equal M'lc 2, all touch the tangent cone from P to the 
quadric whose tangential equation is 

C I mn ~~ Mk 2 g mn ) u m u n — 2M£ m u m -\~ M = 0. 

2. Taking the origin at the centre of gravity show that the equation 
of the momontal ellipsoid at a point a r is 

{(-1 + Afor) g mn Imn HX n = 1, 
where a 2 = g mn a m a n and a r = g rm a m . 

3. Show that the component of linear momentum along any line 
% r is O r X r . 

4. Show that the moment of momentum round an axis whose six 
coordinates are y r is H r X r — G r y r . 

[For the six coordinates of a line see p. 71.] 

5. Show that the sum of the moments of a system of forces round 
the line X r , fx r is L r X r — X r g r . 

6. If H° r is the moment of momentum relative to a point Xq and 
I/O is the moment vector of the force system relative to the same point, 
show that we have the vector equation 


in the following cases: 
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(i) if the point Xq is fixed, 

(ii) if the centre of gravity is fixed, 

(iii) if the given point coincides with or is moving in the same direction 
as the centre of gravity. 

[Use the equations of Ex. 4,.p. 237.] 

7. If v r is the velocity of the point x r of a moving rigid body show that 


[We have v r — u r + co r - s x\ where co rs is skew-symmetric.] 

8. If A r is a vector fixed in a rigid body which is moving round 
a fixed point show that its components A r referred to axes fixed in space 
satisfy the relations 

dA r ja 

IT ~ A ■ 


9. If the points of a rigid body have all two simultaneous velocities 

due to two angular velocity vectors of {1) and o)[ 2) , show that the resultant 
velocities are given by an angular velocity vector co r where i } -f ; 

that is, angular velocities can he compounded as vectors . 

[Eor the velocities of the points of the rigid body in each case are 
given by = s rst co {lu x t and ~ e rst o) i2 )a x t* Thus the combined 
velocity is v r = v r w + ®f g) = e rat {co au + co i2U ) x t .] 

10. Show that the kinetic energy of a rigid body with one point 
fixed is 

T = (I a) 2 I rnn co m co”) = j (/ g m n 2 mn ) co m co n . 

[T 1 = v A, M (a ) g mn x\ a ) % la > = 2 A M {«) 9m « x \a) x (a) 

= i 1“ 9 mn e m s, ^ o>‘‘ = Otf co,co » = etc.] 

11. If the axes are the principal axes of inertia at the fixed point 
show that the kinetic energy becomes 

{h(co 1 ) 2 4 4K) 2 4 / 3 (*> 3 ) 2 }, 

where 7 15 / 2 j^ 3 are the three principal moments of inertia. 
dT 

12. Show that -r— is the moment of momentum vector B r . 

dco r r 

13. Show that the kinetic energy of a rigid body is T = J M F 2 4 T Q) 
where V is the velocity of the centre of gravity and T 0 is the kinetic 
energy relative to the centre of gravity (that is, it is calculated as if 
the centre of gravity were at rest). 


EXAMPLES XVIII. (B). 

Generalised Coordinates. 

1. Show that the kinetic energy of a rigid body with one point fixed, 
expressed in terms of the principal moments of inertia and Euler’s angles, 
is given by 

2 T = I 1 (6 sin ip —* <}? sin 6 cos ip) % 4 ^2 (0 cos V ) 4 ( P sin 0 sin ip ) 2 

+1 3 (yj 4 y cos 0) a . 
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2. A symmetrical top with a point 0 on the axis fixed is acted upon 
by gravity, find tho Lagrangian function A in terms of theEulerian angles. 

[L = I I Y 0“ + 2 ' h V 1 sin 2 6 + i I s [yj + <p cos 6) 2 — Mgh cos 6, where 
I lt I lt h are the principal moments of inertia, M is the mass of the top 
and 7i is the distance from 0 to the centre of gravity.] 


3. If K is 

d_dK dK 
<It dq r dq r 


an invariant function of q r and q r , show that 


dK 

dq r 


and 


are both covariant vectors. 


4. Hamilton's equations. If we put p r ~a rs q 8 , we call p r the 
momentum vector . Show that the equations of motion can be written 
in tho form 

_ dH dp r dH _ . 

0p r : dt ~ h <)q r ’ 

where 


H = %a r “p T p,+ V. 


5. Deduce from tho equations of Ex. 4 that ■— = 0, that is, these 

Cb t 

equations have a first integral 11 = const. Show that this integral is 
the equation of energy. 


0. If II is an invariant function of q r and of a covariant vector p r , 
show that is a contravari ant vector. Also if we take the curve defined 

<>fr 

in terms of a parameter u by means of the equations = ~~, show 

that + *r~ a covariant vector. 
du Oq 7 

[These results show that Hamilton's equations are vector equations .] 


7. In a natural motion show that the rate of increase of the kinetic 
energy equals tho product of the magnitude of the velocity vector, the 
magnitude of the force vector and the cosine of the angle between these 
two vectors. 

[The cosine of the angle between two unit vectors X r ,p r is defined as 


cos0 = a V3 H T ii s 


Our result expressed analytically is that 


dT 

dt 


= QrV M 


8. Show that along a natural trajectory = Q cos cp , where Q is 

the magnitude of the force vector and <p is the angle which this vector 
makes with the trajectory. 


9. Bonnet's theorem. If a dynamical system can pass through a certain 
sequence of configurations under the separate influences of a number 
of force systems, show that when all the force systems act together the 
system can pass through the same sequence of configurations with a 
kinetic energy equal to the sum of the kinetic energies it had in the 
separate motions under the several force systems. 

[From the geometrical view-point the proof is exactly the same as 
in the case of a particle.] 
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10. Prove that the curvature « of a trajectory is given by the formula 

o f 2 T\_ 

x “ 4rr 2 ” 8 t s ' 

[Use (47), p. 248.] 

11. If <p is the angle between the acceleration and velocity vectors, 
show that the curvature of the trajectory is 


/ sin (p 
~~2 T ~' 


[cos (p = f Ifp T , or, T 2 — 2 / 2 T cos 2 (p . Substitute this result 
in Ex, 10.] 

12. If no force system is acting show that the representative point 
describes a geodesic in the manifold of configurations with the kine- 
matical line-element. 

[A geodesic is a curve whose x is zero. In all the above questions 
the kinematical line-element is used.] 


13. If a dynamical system is subjected to a constraint represented 
by an equation ipiq 1 , q 2 , g 3 ) = 0 a show that the equations of motion are 


fr — Qr + 0 Wr 


dyj 


where y) r = — r and 6 is an arbitrary multiplier. 

14. Impulsive motion. Show that the equations of impulsive motion are 



— Qr 1 


where Q r 8q r is the elementary work done by the impulsive forces under 
a virtual displacement 8q r . 

Deduce that the change in the velocity vector is 


Aqr = a*«Q,. 


15. If a dynamical system is suddenly subjected to a constraint 
ipiq 1 , q 2 , q 2 ) — 0, which persists, show that the change in the velocity 
vector is 

Aq T = da ra yj s 


where 


Vr 



o =- (Vrq r )/(a r ’ip r tp,). 


16. A dynamical system moves under the action of a force system 
of potential V, the energy constant being h. Show that, if the kine¬ 
matical line-element be used, the time along the trajectory is given by 

J |/2 (h-V) 

17. In the manifold of configurations show that of all trajectories 
passing through two given configurations A and B and satisfying the 
energy equation T -{■ V — h that which makes the integral 
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t 


[ S la m „q' m q' n y 
J A 1 2 (h — V) } 


d %, 


stationary satisfies the equations 


dtf 

~IT : 


, dv dT _ 

dt dq' dq r dq' + Jt V dt ~df' = 0 ‘ 


[The trajectories which make the time of passage stationary are 
called brachistochrones, so that the above are the equations of the brachisto¬ 
chrones of our dynamical system.] 

18. Show that the equations of Ex. 17 can be put in the form 

dt dq r dq r 9 

where T 1 = T/ (h — F). Hence deduce that the brachistochrones of the 
dynamical system coincide with the natural paths of a dynamical system 
whose kinetic energy is Tj (h — V) and which is moving under no forces. 

19. Show that the brachistochrones of the dynamical system are 
geodesics in the manifold of configurations if the line-element is given by 

j 02 _ Am n d q m d q n 

{h~V) * 

20. If a dynamical system starts from rest in a position 0, show 
that the natural trajectory and the line of force through 0 have the same 
tangent vectors and the same principal normals at 0, Also show that the 
curvature of the first curve is one-third the curvature of the second 
at 0. 


CHAPTER XIX 

Electricity and Magnetism 

1. Green’s theorem. 

Before discussing the applications of the tensor calculus to 
the mathematical theory of electricity and magnetism we shall 
deal with two important theorems on the transformation of 
volume integrals into surface integrals and of surface integrals 
into line integrals. 

Let us suppose that we refer space to a system of rectangular 
Cartesian axes (x,y,z). The well-lmown theorem of Green is 
expressed in such coordinates as follows: 

I f S is a closed surface bounding a volume V, and P, Q } R 
are three functions , uniform , continuous and admitting partial 
derivatives of the first order throughout V, then 

Hi (H + If + w) dr = !L {{lp+mQ+nR)>da ’ (1) 
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'where l 3 m,n are the direction cosines of the outward normal 
of S , dr the element of volume and da the surface element on S. 

The result is easily proved by integrating partially along 
lines parallel to the coordinate axes. 



We shall take a general curvilinear co¬ 
ordinate system x r and express Green’s 
theorem in these coordinates. We know 
that a vector may be defined by taking as 
its components in one system of coordinates 
any three quantities and taking its com¬ 
ponents in all other systems to satisfy the 
transformation law of vectors. 


Let us define a vector F r such that its components in the 
(x, y, ^-coordinates are given by P, Q, R. Thisdefines a vector- 
field, since the vector is a function of the coordinates. Now if 
j F r fA denotes the covariant derivative of F } \ that is, if 




dr 

dx s 



F p , 


then F r is an invariant. Hence its value in the (x, y 3 2)-system is 


F r _ djP dQ dR 

- r dx ^ dy ~ t ~ dz ’ 


( 2 ) 


for the Christoffel symbols vanish in a Cartesian coordinate 
system. This invariant Ff is often referred to as the divergence 
of F r . Also, denoting by v r the unit outward normal vector to S, 
its components in the Cartesian axes are l, m 3 n and consequently 
the invariant F r v r equals 

^ ^ Hr Q ^ 4~ . . • * , , (3) 

Green’s theorem therefore reads in tensor form 


//fr F * r dt= ff$ Vr <la ' • * • • ( 4 ) 

The integral on the right of this equation is often called the 
flux of the vector F r across the surface S. Thus the flux of F r 
across 8 equals the volume integral of the divergence of F 
throughout 7. The theorem can be extended to regions lying 
between several surfaces and the volume integral can be extended 
to infinity provided F r satisfies certain restrictive conditions 
at infinity. 
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We can express Green’s theorem in another form. Let cp 
and ip be two invariant functions and let us put for brevity 


If we place 


■®r 9rs -^ s <ptPr ? 


Kr = f a K,» = 9^ (<Pfr,s + ViVr)’ 


where ip r>8 is the covariant derivative of ip r . The invariant 
g rs ip r>s i s often denoted by A ip and is called the Laplacian 
of ip. Its value in the Cartesian coordinates is 

Also g rs (p r ip s is an invariant and is denoted by y(tp,ip). Its 
value in the (x, y, %)-axes is 

, 7(w w) = a r S(p w = dvdv,dv<hp dyd 1 m 
V (<P,V) - 9 <PrVh dx dx + dy dy + dz dz • • ■ (•) 

Thus 

Kr == 9’df+P(<p,y>) .(8) 

and Green’s theorem now reads 

fJJ v F(<P:W)dr^lJwf r v r da — Jlf(p/lipdr. . (9) 


Examples. 

1. Show that 

pr '±-(yj F r), Acp= 'jLN-jgr. |£\. 

^ g 0x Y ^ g dx r \ ox J 

[Sea p. 155.] 

2. Calculate A (p in spherical polar and cylindrical polar coordinates. 
[Use Ex. 1.] 

3. Prove that 

fJ sVr v'da = ffJ v A V dT. 

[Put cp = 1 in (9)]. 

4. If V contains a surface 2 on which F r is discontinuous show that 
ff F'v r dct = fffy F' r dx - JJjiF' v,h+ (F r v r )*} da, 

where the suffixes 1 and 2 refer to the two sides of 
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2. Stokes’s theorem. 

The second important theorem deals with the transformation 
of a line integral into a surface integral. It is known as Stokes’s 
theorem and in rectangular Cartesian coordinates reads: 

If S he a 'portion of a surface enclosed by a contour C and if 
P, Q, R be three functions continuous and possessing partial 
derivatives of the first order over S, then 



where the line integral is taken round the whole circuit C and 
l , m, n are the direction cosines of the normal to S. 

We shall now find the form of this theorem in curvilinear 
coordinates x r . Let us again take the vector F r , whose com¬ 
ponents in the (x, y, ^-coordinates are P, Q , R. The com¬ 
ponents of the associated vector F r in the same Cartesian 
coordinates are also P, Q 3 R since there is no distinction in 
rectangular Cartesian axes between the covariant and contra- 
variant components of a vector. 

The covariant derivative F r>it of F r is a double tensor and 
consequently 

G r =~~e rst JF s , t .(II) 

is a contravariant vector, where e rst is the contravariant e-tensor, 
that is, e rst equals + lfig or — If^g according as r, s, l is an 
even or odd permutation of 1, 2, 3 and vanishes for all other 
values of r, s , t. The vector (11) is usually called the curl or 
rotation of F r and we see that its components in the rectangular 
Cartesian system {x, y, z) are 


dR_dQ_ dP_dR dQ_ SP 

dy dz ’ dz dx’ dx dy ' 

Hence if we denote by v r the unit normal vector to S we see 
that G r v r is an invariant and its value in the (x 3 y, ^-coordinates 
is given by 


G r v„ = 


or°tF« ti v r = l 



5P 

dy 




dR s 

dx 
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Also is the unit tangent vector to the curve G and con- 

sequently F r — is an invariant whose value in the Cartesian 

cl s 

axes is 


Fr 


dx r 

ds 


P i± + Q i JL +R ii, 

ds ds ds 


Stokes’s theorem therefore reads in 
tensor form 

I llf*X'., t v r do.{12) 

The integral on the left of this equation is often called the circular 
tion of the vector F r round the circuit C. 



Examples . 

1. Write down the components of the curl of a vector whose com¬ 
ponents are P,Q, P (i) in spherical polar coordinates (ii) in cylindrical 
polar coordinates, (iii) in oblique Cartesian coordinates (of. Ex. 4, p. 155). 

2. If wo introduce curvilinear coordinates u 1 , u 2 on the surface $, 
(cf. p. 163), show that 

e r “F,.tV r =B^F a ^ 

where F a , ^ is the surface covariant derivative of the surface vector 

'' du a ' 

0x H d x t 


1 


[Use the relation v r = y e, a P proved in §4, p. 196. 


We obtain 


F 


dx* 


dud \ 3 du a J 




' s,t du a Bu& 

= ^F a ,f,.] 

3. Erom Ex. 2 deduce that Stokes’s theorem may be written in the form 


L 


VI 7 




da. 


3. The electrostatic field. 


We know that the electric field produced at a given point 
by a number of electric charges in a vacuum is given by a 
potential function V where 



(13) 
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when the charges are isolated, e being the electric charge measured 
in theoretical units* and r the distance from the given point to 
the charge e. If the charges are uniformly distributed over 
volumes and surfaces the expression for V becomes 


7= _L + ± [[ 

4:71 J J Jy r 4:71 J Js 


/Li da 


(14) 


where q is the volume density of charge and ^ the surface density 
of charge. The density q will of course be zero at any point where 
no volume distribution of charges exists and similarly ^ will 
vanish at any point where no surface distribution exists. 

We shall denote the electric force vector by E r so that 

.< I6 > 

the coordinate system being a general curvilinear one x r . 

Gauss's theorem states that the flux of electric force across 
any surface 8 equals the total electric charge inside the surface. 
Thus 

j/E r v r da = JJf gdz + ff^p da, 


where 27 is any surface inside S having a surface distribution 
of charge upon it. But it is a simple deduction from Green’s 
theorem that 

j f s E rV r da = JJJ^E^dr — JJ^{(E r v r ) 1 + {.E r v%}da, 

where the suffixes 1 and 2 refer to opposite sides of the surface 27. 
Hence 

e) dr—fffJ(E r v r ) 1 + (E r v r )a + p}da = 0 

and this result is true for all surfaces S. Consequently we have 
at each point of space 

= ...... (16) 

q being zero where no electric charge exists. Moreover at the 
surface 27 on which there is a surface distribution of density /u 
we have 

(E r v r ) x + (JE r v r ) 2 + f* — 0 • . .... (17) 
These are the fundamental equations of the electrostatic field. 


* Theoretical or rational units are used throughout this chapter. 






XIX] 


ELECTRICITY AXE MAGNETISM 


261 


Examples. 

1. Show that E r tr ~ 0 at any point where no charge exists. 

2. Show that the first of equations (16) may be written A V = — g, 
where A V = g mn V m , n and is the Laplacian of V. 

3. Lines of force . A line of force is a curve whose tangent at each 
point is in the direction of the electric force vector. Show that the equations 
of a line of force are 


where 1/k 2 — g mn E m E n . 

4. Show that the lines of force are orthogonal to the surfaces V = const. 
These surfaces are called equi-potential surfaces. 

4. Dielectrics. 

If there is a material medium in which the electric charges 
exist, it is found that the equations of the last section have 
to be modified. The electric field is now determined by two 
vectors: 

(i) the force vector E r which is minus the gradient of a potential 
function F, that is, 

.< is > 

(ii) a vector D r which is called the displacement vector . 

The vector D r is such that its flux across any surface equals 

the total charge inside the surface. Thus we prove by Green's 
theorem exactly as on p. 260 that 

CjrsB rfS ^I>!] r ^Q .(19) 

throughout space, q being zero where no electric charge exists. 
Also at the surface E on which there is a surface distribution 
of density p we have 

(Dr4 + (DrP f )i + ^ 0, .... (20) 

where the suffixes 1 and 2 refer to opposite sides of E. 

The vectors E r and D r are so related that when one is given 
the other is also given, that is, one is a function of the other. 
The simplest relation between them consistent with experiment 
is that one vector is a linear function of the other. This gives us 

D r = s*r JEJ S .(21) 
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where the s r s are functions of the coordinates alone. The relation 
(21) shows that e a is a mixed double tensor and we call it the 
dielectric tensor. 

Let us examine the conditions that the dielectric be homo¬ 
geneous. This means that if the same electric force exists at 
two different points then the displacement vector is also the 
same at the two points. Expressed in other words, if the electric 
force vector is a constant parallel vector-field so also is the 
displacement vector. The condition that E r is a constant parallel 
vector-field is expressed by E rtS — 0, E r ^ s being the covariant 
derivative, with similar results for D r . Differentiating (21) 
covariantly with respect to x t , we get 

D ,= s' E , + t E. 

r,t r s, t 1 , t *1 

and consequently the condition for homogeneity is 

* == 0 ,.( 22 ) 

that is, the covariant derivative of s r t must vanish at each 
point. 

If the " dielectric is isotropic the displacement vector and 
the force vector must coincide in direction and this involves 
the relation 

e r 8 = e <5^ .(23) 

where e is an invariant and §1 is a Kronecker delta. If the 
medium is both homogeneous and isotropic, the relations (22) 
and (23) show us that e is a constant throughout the medium 
In this case it is called the dielectric constant. 

The equations (18) to (21) are the fundamental equations 
of the electric field in anisotropic dielectrics, but there is another 
vector sometimes used to describe the properties of the di¬ 


electric. This is the vector 

P T ==D r — E r , .(24) 

which is called the polarisation vector. We see that 

P r =(*'r-K)E', .(25) 


so that the components of the polarisation vector can be ex¬ 
pressed linearly in terms of the components of the electric force 
vector. The tensor (e[ — d*) may be called the susceptibility 
tensor. 
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Examples 

1. Show that 

wheie s rs is the associated dielectric tensor g sm . 

2. Deduce from Ex. 1 that the potential function V satisfies the 
equation 

3. If the dielectric is homogeneous we have 

« r *F rt .= - e . 

4. Show that in a homogeneous isotropic medium 

e<d F= eg mn V m ,„= — q 
and at a boundary of two such dielectrics 

(sE r v *)^) 2 = — (i 9 
fi being the surface charge on the boundary. 


5. The magnetostatic field. 


The potential at a given point due to an elementary magnet 
at a point P is given by 



r 


where the vector I r is called the magnetic moment vector and r 
is the distance from the given point to P. Thus the potential 
of any volume distribution of magnetism will be 



JL 

v dx™ 


dr, 


(26) 


I r dr being the magnetic moment vector of the magnetism 
occupying the element of volume dr. We call I r the magnetisation 
vector . Equation (26) becomes by Green’s theorem 


Q = 






(27> 


which shows that the potential may be regarded as being due 
to magnetic matter of volume density q and surface density (i 
where 
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The magnetic force vector H r outside the magnetic matter is 

W™ b ? Hi 

.< 29 > 

The magnetic force vector inside the magnetic matter is found 
to be the resultant of the vectors H r and I r at the point, where 
H r is defined by the equations (27) and (29). This vector B r , 
which is called the magnetic induction vector, is therefore given by 


B r = H r -}- I r .. (30) 

It follows from (29) and (27) that 

r ,rti n TJ _ siM n O ~= — A C) —3 — (/ m W 7 

Hence, from (30) 

g mn Bm,n = 0,.(31) 


showing that the divergence of the magnetic induction vector 
is zero. 

Some of the magnetism in our field may be permanent, 
and the magnetic moment density of permanent magnetism we 
shall denote by l Q r . The remainder is induced by the magnetic 
field and consequently is a function of the magnetic force vector 
H r . This function we shall take to be a linear function and 
we have therefore the total intensity of magnetisation given by 

I r = P r + 

The tensor X' s is called the magnetic susceptibility tensor. From 
this we have the result 

B r = Ir + g£H», . (32) 

where 

a <1# | ex 

Pr = K +(V 

The tensor fi r is called the magnetic 'permeability tensor. 

The equations (29), (30), (31) and (32) are the principal 
equations of the magnetostatic field. Of course if there is no 
permanent magnetism we shall have 7° = 0. 

Examples. 

1. Show that 

f * + fti., E t + f f* E r,& 

where /jt rs is the associated permeability tensor f'VIr 

2. Deduce from Ex. 1 that the potential function Q satisfies the 
•equation 

<\*Qr + /* rM Qr.*-f § l°r 9 * 
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3. If the medium be homogeneous show that 

ti.t = 0 , 

and the potential function satisfies the equation 

iL mn D _ a mn T () 

r 1 ia m t n — 9 1 m,n • 

4. If the medium is isotropic show that 


= M <5. • 

5. If the medium is both isotropic and homogeneous show that Q 
satisfies the equation 

M AQ = f‘ n P m _ n , 

where fi is a constant. 


6. The electromagnetic equations. 

In a conductor the electric current is represented hy a vector 
C r } which we may call the current vector. This vector is such 
that the amount of electricity flowing through an element of 
area da, which is perpendicular to the unit vector A r , is measured 
by O r A r da. 

Ohm's law states that this current vector is a linear function 
of the electric force vector E r . Thus 

C r ^x rs JEJ s , .( 33 ) 

the x’s being functions of the coordinates only. We see that x rs 
is a double tensor and we call it the conductivity tensor. If the 
medium is homogeneous we see as before that 

- 0, 

and if the medium is isotropic 

K rs = 

The electric current in a conductor is sometimes called the 
current of conduction to distinguish it from other kinds of electric 
currents which we shall meet later. 

Let us suppose that we have a medium at rest, which may 
consist of dielectrics and conductors and in which electric 
charges may be moving. We wish to find the electromagnetic 
equations under such conditions. 

The electromagnetic field is determined by the following 
vectors: 
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(i) The electric force vector E r . 

(ii) The displacement vector D r . With these two vectors 
there is also associated the vector P r — D r — E r , which is 
called the polarisation vector. 

(iii) The magnetic induction vector B r , which satisfies the 
equation g mn B m!n = 0. 

(iv) The induced magnetisation vector of the medium I r . 
This vector with B r defines a new vector H r equal to B r — I r , 
which is called the magnetic force vector. 

(v) The total current vector C r . 

The total current vector G r contains three different types 
of current vectors: 

(a) The conduction current vector which is connected with 
E r by O hm ’s law. Thus the conduction current vector is 

x rs B s , 

x rs being the conductivity tensor of the medium. 

(b) The displacement current vector which is given by 

dT* 
dt ' 

(c) The convection current vector, which is due to the motion 
of the electric charges in the medium. Thus if an electric charge, 
volmne density g, has a velocity v r then the convection current 
vector is 

QV r . 

The first fundamental law of electromagnetism is Faradai/s 
law, which states that the electromotive force induced in a 
circuit is proportional to the rate of diminution of the flux 
of magnetic induction through the circuit. Now the electro¬ 
motive force in a circuit L is measured by the contour integral 



taken round the circuit. Faraday’s law therefore reads 

L E ’ i -£ d — 1 ck!!*’'*’• : • < 34 > 

where 8 is a surface passing through L. Applying Stokes’s 
theorem to the contour integral^ we have 
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1 djr 

c d t 


— e rst E S ' t 


v T da : 


0. 


This equation is true for all surfaces S and consequently 


1 d& , ^ 


(35) 


or, expressed in words, the rate of change of B r equals minus 
c times the curl of E r . This is the first vector equation of the 
electromagnetic field. 

The second fundamental law is Ampere's law , which states 
that the integral of the magnetic force vector round a closed 
circuit is proportional to the flux of current through the circuit. 


This law, expressed in symbols, gives 

. (36) 

When we apply Stokes’ theorem as before we get 

L .(37) 

c 


that is, the current vector equals c times the curl of E 
is the second vector equation of the field. 

To the two vector equations (35) and (37) we add 
two invariant equations 

f t m n 7 ) — 

y ,n — V ? 

rt rn 71 — fl 


This 


the 


(38) 


which we have already seen to hold in statical fields (pp. 261—264). 
The equations (35), (37) and (38) complete the electromagnetic 


equations. 

The vectors D r , E r and B r , H r are of course connected by 
means of the formulae 


D f = 


■ ( 39 ) 


1. Show that 


Examples. 

1 


e r "E" t = 


-F 


3H, 

dt 


Since the medium is at rest 


dtf dei 
dt ~ dt 
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2. Show that 

e rat H" t = - + *'■ 

3. If the medium is homogeneous and isotropic show that the electro¬ 
magnetic equations become 

e g in n E m> n — Q, 

m n tj Q 

y • LJ m,n — u 9 

jr,t ei _ t* dHr 


I / n jpr 


4. Show that in the electromagnetic field 


E ’ st B a: t — — ~ { O r —ce r 


5. Show that the electromagnetic equations may be written in the 
form 

E fi> - E,, r = e f „ H r>a - = - I Spra 0“, 

= q, = 0. 


EXAMPLES XIX. 

1. If F r is a vector-field such that the curl of F r is identically zero, 
show by Stokes’s theorem that there exists an invariant function cp such 
that 

F = d(p 
" dx r 

2. Show by Green’s theorem that if the integral J f^F r v r da, taken 

over a surface S enclosed by a contour (7, depends only on C then F m ^ r = 0, 
that is, the divergence of F r is zer.o. 

3. If the divergence of F r is everywhere zero prove that we can 
find a vector A r such that F r is the curl of A r , and show that F r is 

also the curl of (j. r + , where (p is an arbitrary function of 

position. 

4. Show that the energy of the electrostatic field is 

W = ijJf vS Vdr + iJJ s/i Vd a . 

5. Deduce from Ex. 4 that W can be expressed by the integral 

W = iJJJ 9mnB m E n dr, 

taken over the whole of space. 



XIX] 


ELECTRICITY AND MAGNETISM 


269 


6. Show that the energy of the electric field in a dielectric is 

e nn E»E»dr. 

[W=UJf 7 eVdr + i fJ sf ,Vda 

= i III VD ‘r dr-l-JJ s V{(D r vr) x + (D r *-%}da 

= I jJJ M m D m dr, by Green’s theorem..] 

7. Show that in an anisotropic dielectric there exist three systems of 
lines of force such that at each point the corresponding lines of dis¬ 
placement coincide with them. We may call these lines the 'principal 
lines oj the dielectric. 

[The lines of displacement are those for which d x r = 6D r . A principal 
direction X r of the dielectric is such that (e rs — Og rs )k s = 0 where 0 
is a root of the dotcrminantal equation | e r8 — 0g r8 \ ~ 0.] 

8. In the magnetostatic field show that a vector F f can be chosen 
such that B r equals the curl of F r , that is, B r = — s r8t F Sft . The vector^ 
is called the vector potential. 

9. Show that in any medium there are three orthogonal directions 
at each point such that if the lines of magnetic force through the point 
coincides with one of these directions so will B r and I r . 

[These directions k 7 satisfy the equations (p r s — Q6 r s )k s = 0 where 6 
is a root of the equation | p% — 6d a | =0.] 

10. Show that for the magnetic field 

Jfj B,.FF dr = 0, 

the integral being taken throughout space and deduce that 
JJj J» IF dr + Jff /i ra IF H a dr = 0. 

11. Show that the energy of the magnetic field is 

w = i Jff fi,. a H r H*dr, 

the integral being taken throughout space, and show that for a homo¬ 
geneous isotropic medium this becomes 

W ffJ g ri H r H‘ dr. 

12. Show that at any point of a surface £ in the magnetostatic field 

(B r v r ) t + (B r v r ) 2 = 0 

where and yj are the unit normals on the two sides of £. 

13. The energy of the electromagnetic field is taken to be the sum 
of the energies of the electric and magnetic fields. Show that the energy 
density w of the electromagnetic field is 

w = h(s r ,£ r E* + VrsH r Z a )- 

14. If S is any fixed surface enclosing a volume V, show that 

dt Jff wdr ~ c I j e rHi H a E t v r do — j E r E s + q v r E r ) dr. 

the vector S r — ce rst H e E t is called the Poynting energy flux vector. 
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. „mn jp 

' (J "V, m n • 


15. Show that the divergence of G 1 ' is zero, that is, G r r = 0. 

16. Prove that, in a homogeneous isotropic medium which has no 
convection currents and which is a non-conductor, 

B } L _ CTW/ 

^,2 Q ^2 “ ■L'rtViu ■ LJ ', mr' 

If there is no electric charge at the point this equation becomes 

LE d * E >' — „»»» z? 
e 2 

[Here *f r * = 0, v r = 0, e r3 = £g rfl and ^ ra = /i<7 rs .] 

17. Prove that the invariant function tp — E r X r , whore E r is the 
electric force vector in a homogeneous isotropic dielectric and X r is a 
constant parallel vector system, satisfies the equation 

d 2 (p c 2 . 

~ — A<p. 

at - fie 

[Use fact that = 0 and the second result of Ex. 1(5.] 

18. In the electron theory we assume that there is a vacuum outside 
the electrons. Show that in this theory the electromagnetic equations are 

and q is zero outside the electrons. 

[Here s r 8 ~ g r & ^ /W r a > % 1 s ' ==: 0. ] 

19. The electromagnetic equations for an isotropic conducting medium 
at rest are 

Kr= o. 


— ( xE r ~j~ e' 


/* <nr 




Show that 


Assuming q = 0, prove that 


SftPBr Xfi dB, 

c 3 dt 2 ^ c 2 a* — 17 


[ 1 / r ) \ 

We have - + s = - e" 4 H„ ilr = 0, since Jf Mr is 

symmetric in £ and r . Substitute ~ Ql e and first result follows. 

Second result follows from the equation — —^ $ . 1 

c M j 

20. In an isotropic medium at rest prove that 

d * H >' jl iiL zr 

C 2 £)£ 2 ' (Pdt J 

[The proof is similar to that used in Ex. 19.] 
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CHAPTER XX 

Mechanics of Continuous Media 

1. Infinitesimal strain. 

Let us consider a continuous medium, the points of which 
are referred to a given curvilinear coordinate system x r . If 
each point of the medium is displaced slightly so as to take 
up a neighbouring position, the medium 
is said to have an infinitesimal strain ox 
deformation and we shall now investigate the 
geometrical properties of such a strain. 

Let P 0 be a point of the medium in the 
unstrained state and let P be its new 
position. Since the strain is small, the dis¬ 
placement P 0 P is infinitesimal. ,We shall 
denote this small vector by f J and we shall 
call it the displacement vector. Consequently P 

when the strain is given there is defined 
an infinitesimal displacement vector at each point of the 
medium. 

If the coordinates of P and P 0 are x r and x r 0 respectively 
we see that x r — x[ are the components of the displacement 
vector, that is, 

x r — = l), .(1) 

and f' 0 is an infinitesimal of the first order. We wish to examine 
how the neighbourhood of the point P 0 has been deformed. Let 
Q 0 be a neighbouring point and Q its deformed position. If 
we denote the small vector P 0 Q 0 by rf and its deformed vector 
PQ by if, we see that the coordinates of Q and Q 0 are x r + rf 
and x r 0 + rf respectively. Also the vector Q q Q is the value of 
£ r at the point Q 0 and consequently 

(x r + rf) — « + if) = {x\ + rf oi x; + rf, %* Q + rjl) 

where we neglect powers of if higher than the first. Using (1) 
we have 

. (2) 
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In order to compare rf with if let us take the vector rff 
at P 0 which is 'parallel to if at P. Now if the axes were Cartesian 
the components of rf and rj'f would be equal and we would have 



To obtain the corresponding relation in general curvilinear 
coordinates we have merely to introduce the covariant derivative 
of £ r , namely, 

Thus the equation 

Vo r — r ll = (£ r .,Xvt ....... (3) 

is a tensor equation, which is true in any system of Cartesian 
axes. It is therefore true in all coordinate systems. The difference 
vector dr}l = rjf — rj r Q measures the strain of the vector if. 
Since we shall henceforward be dealing only with vectors at P 0 
we may drop the zero suffix without confusion and write (3) 

<fyT .W 

The associated tensor g r ) , -where !,. t , = is not in 

general symmetric. Let us put 



&rs 2 




_x 

2 


(Sr., 


( 5 ) 


It follows that 

ir,n = e rs + co rs9 
or, raising the index r, 


Therefore (4) reads 


r... ==<, + <. 

<?n = e r . s if + 0 >: s rf 


( 6 ) 


If we neglect quantities of order higher than £ r } we see that 
the two deformations 

drj r = e' t 7j a .(7) 

and 

drf = (D r . t rf .. (8) 

when performed successively have the same effect as (6) and 
the order in which they are taken is of no consequence. We 
call a strain of the type (7), e rs being a symmetric tensor, a 
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'pure strain and we shall see from the examples that (8) is a small 
rotation of the neighbourhood of P 0 round P 0 . Thus every 
infinitesimal strain is composed of 

(i) a pure strain, 

(ii) a rotation of the neighbourhood of P 0 round P 0? 

(iii) a translation of the neighbourhood of P 0 to P. 

The last two transformations are rigid-body movements and 
we see that the deformation proper is determined by the first 
transformation. Thus a strain is determined in the neighbourhood 
of P 0 except for a rigid-body movement by the tensor e TS and 
this tensor is called the strain tensor . 

Examples. 

1. Show that the dilatation is given by . 

Let us take three small vectors if KX) , ?/ (2) , rf w at P 0 and let us denote 
tlieir deformed positions by dashed letters. If A V is the element of volume 
of the tetrahedron whose edges are the three original vectors at P 0 and 
if A V 1 is the deformed volume, then (A V' — A V)/A V is called the dilatation 
at P 0 . We have 

AV={ s„ t V( 2 ) vU ). A V' = i e r , t }/ ( [, tj'J, )/{!„. 

Thus, to the nearest order, 

AV' = AV H" ?j e ra tiv\ i) Vu) $vU) ? /(3) + *5*7(1) ? 7i2) 7 fm) 

= a v + 4 ®,., t (J 7 (i) »?*» 5*., P n v w -+- iw , P »;fa) »4> + £'•', p ’ilu v™ iw >) 

=Av + ir.,,.e mup iiL 
Consequently the dilatation is given by 

A V' — AV 
AV 

that is, the dilatation equals the divergence of the displacement vector. 

2. Show that the dilatation is given by g m n e mn . 

3. If ')] is the magnitude of the vector rj r and dr] is the change in the 
magnitude after deformation, show that 

r)6r] — e rB vj r r) 8 . 

If X r is the unit vector in the direction of ?? r , deduce that 

e = il = e , t A<-A s . 

V, 

The quantity e is called the elongation of the vector r) r . 

4. If we take the elementary quadric surface 

e r8 V r V 8 = 


E (287) 


18 
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where h is infinitesimal, show that the elongation of 7} r equals k/?f. This 
quadric is called the strain quadric. 

5. The principal axes of the strain quadric are called the -principal 
axes of strain . Show that these principal axes are given by the equations 

i&rs &{/rs) = 0, 

where e is a root of the equation | e rB — eg rs | = 0. 

6. By taking suitable Cartesian axes at P 0 , show that the trans¬ 
formation (8) is an infinitesimal rotation round an axis X r of amount <50, 
where s rmn co mn — •— 2 S6Ji r . 

[Take a Cartesian system x r in which X 1 = X 3 = 0, X 3 — I.] 

2. Analysis of stress. 

We shall next consider the forces acting on a portion of 
the continuous medium. 

First of all, there may exist external body forces which act 
on every particle of the medium and, if F r denotes the force 
vector per unit mass, then the force acting on the element of 
volume dr is F r qdr where q is the density of the medium. 
In addition to these body forces there may be external surface 
forces acting on the external surface of the medium such that 
on the surface element da there acts a force T r da. 

The internal forces of the medium are analysed as follows. 
On an element of surface da in the medium the action of the 
I matter on one side of the element upon that 

v rl J on the other side is represented by a force 
I vector T r da. We call one side of da the 

I / positive side and the other the negative and 

I / we draw the unit normal vector v r on the 

r-yA 'positive side. Also we shall let T r da be the 

( * / d(T action of the matter of the positive side upon 

that of the negative. Then, of course, the 
action of the negative side upon the positive will be — T r da 
by the principle of the equality of action and reaction. Now 
this force vector T r dc depends not only on da but also on 
the orientation of da , that is, on v r . By taking Cartesian 
coordinates it is easy to show that T r is a linear homogeneous 
function of v r and we have 

I r ~M VH v s , .(9) 

E rs being symmetric in r and s and depending only on the 
coordinates at the point. We see that E rs is a double contra- 
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variant tensor. The internal forces of the medium are called 
stresses and we call E rs the stress tensor. 

Jjet us now find the equations of motion of any portion 
of the medium. Let the volume V be cut off by the surface S 
inside the medium. The equations of 
motion of this portion of matter are 

JJJy 6 ( Fr ~ f r ) Kdr + ffTn r da = 0, 

where j r is the acceleration vector and l r 
is any constant parallel vector-field. 

If v r is the unit normal vector to S drawn outwards we 
know that 

T r = E rs v s . 

Hence 

ffJ T e — f r ) Z r dr + / J s E r n r v s da = 0. 

Using Green’s theorem we see that 



/£*”*,.<*=- ///,*.". A*. 


since X TfS = 0. Thus 

fJf r {Q(* t -f) + B",)Kdr = 0 , 

and this equation is true for any volume V and for any parallel 
vector-field X T . Consequently 


K s .,s + qF r = qf .(10) 

at each point of the medium. These are the equations of motion 
of the medium. 


Examples. 

1 . If we take the quadric E re rj r r] B — h } show that the stress on the 
element da acts in the direction of the perpendicular to the plane conjugate 
to the normal of do with respect to this quadric. The quadric is called 
the stress quadric. 

2. Show that the normal stress on an element da equals klrf where 
rj is the radius vector of the stress quadric in the direction of the normal 
to da. 

3. The principal axes of the stress quadric are called the principal 
axes of stress. Show that these principal axes are given by 

(E ra — Eg ra ) X s = 0, 

where E is a root of the determinantal equation | E rs — Eg rs | = 0. 
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4. Show that the stress 011 the surface element perpendicular to 
one of the principal axes of stress is at right angles to the surface element. 
Such a stress is called a principal stress . 


3. Equations of motion for a perfect fluid. 

In the case of a perfect fluid the stress on the element da 
is always normal to da and consequently 

JErs**—P0rs .( 11 ) 

where p is an invariant The quantity p is called the pressure 
of the fluid. We notice that the magnitude of the pressure on 
a surface element at a given point is independent of the 
orientation of the element. 

The equations (10) may be written in the covariant form 
9 Si $rs,t Q^r “ @fr • 

But 

g si E rs , (P0r«). * = ~ Vrs = - ■ 

Hence the equations of motion of the fluid are 

0 = e<*,-/,).(12) 


If v r is the velocity vector of any point of the medium, v r will 
be a function both of the time and of the coordinates of the 
point, that is, 

v r = ^’(a 1 , x 2 } x* 9 1) .(13) 

Therefore we have 


/> = ■ 




dv r , >■ * 


(14) 


or, lowering the index r 3 
/r~ 


dv r 

dt 




■ (15) 


and the equations of motion become 


1 dp _ dv t . 
q d3T- ' 8t 


, s 'V s • 


• • (16) 


Again the mass contained in a fixed volume V in the fluid is 
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and hence the rate of change of mass equals 

_ fff dg 

dt 'j)j v di dT - 

But this rate of change of mass is also given hy 

= -fllte*).,**, 

where wo have made use of G-reen’s theorem. Equating the 
two values of we get 

!!l{j Q t +ievr ^} ch==o - 

This equation is true for any volume V in the fluid and con¬ 
sequently 

+ (QV r ),r~ 0.(17) 

The equation (17) is called the equation of continuity . In addition 
there is the characteristic equation of the fluid 

K(V>Q)= 0,.(18) 

which, gives the connection between the pressure and density. 
The vector Q r , defined by 

W v mtn , .(19) 

wo call the vortex vector and the curves given by the equations 

dx r __ Q r 
ds Q’ 

Q being the magnitude of Q r } are called the vortex lines. 


Examples. 


1. Show that = 0. 

2. Show that the equations of motion of a perfect fluid can be written 
in the form 


1 Op _ p 
q 0x r r dt 


+ 2e rm 


v m Qn _ 


1 

2 dx r 9 


where v 3 is the square of the magnitude of v r 9 that is, v 2 — g mn v m v n . 
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3. The fluid is incompressible when the density at a given point of 
the fluid is invariable. Show that for an incompressible fluid 


dt 


+ 


dx T 


v r = 0 


and deduce that the equation of continuity becomes vl\ r = 0. 

4, If a homogeneous liquid is acted upon by a force system derived 
from a potential function F, show that the equations of motion may 
be put into the form 



[For a homogeneous liquid q is a constant.] 

5. If Q r = 0, the motion is said to be irrotational. Show that the 
necessary and sufficient condition is that there exists a function ip such 

that Vr = — , and show that the equations of motion may now be 

dx r 

written 

%-i + r + ±* + o. 


The function (p is the velocity potential. 


4. The equations of elasticity. 

We have seen that the equations of motion of an elastic 
body are 

g s * E r s t $ -j~ q E r — q f T , 

E rs being the stress tensor and f r the acceleration vector. Now 
in a small strain the point originally at x r has taken up the 
position x r + Also we shall consider only small motions of 
the elastic medium. Thus the acceleration f T is given to the 
required degree of approximation by 

/ _ jf 
Ir dfi' 

and the equations of motion become 

+ .( 20 ) 

The stress in an elastic medium depends upon the strain 
existing in the medium and vanishes when the strain disappears. 
In other words, the stress tensor is a function of the strain 
tensor. Moreover Hooke's law states that the stress is a linear 
function of the strain. We may therefore assume 

fp _ mn 

— C r >s 


. (21) 
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whore the cs are functions of the coordinates alone. They are 
called the elastic coefficients and we see that they form a mixed 
tensor of the fourth order. It is also clear that without loss of 
generality these coefficients can be taken to be sy mm etric both 
in the subscripts and superscripts, that is, 

n _ _ mn nm 

°r . ~ — C, P = 0 a r . 

When we substitute for E rs in the equations of motion, we get 


/ Jim \ 1 77f u* g, 

@ for a ®mn\t “i - @ ^r Q 


or 


dp 2 ’ 


f Cl + g at oZ t e mn + = . . ( 22 ) 


If tlie body is homogeneous, the same strain at different 
points of the medium produces the same stress. This is equi¬ 
valent to saying that the stress tensor forms a constant parallel 
tensor-field whenever the strain tensor does, that is, E rSt t = 0 if 
e riit t = 0. The necessary and sufficient conditions that a medium 
be elastically homogeneous are therefore 


''raj ' 


0 


(23> 


and the equations of motion of such a medium become 


r 


t jnn „ 1 TTi 

® r a &mn,t Q £ r £? 


dt 2 


When the medium is isotropic, the relations between stress 
and strain are found to be 

E ra = Xdg rs + 2 J «e„,.(24> 


X,fi being elastic constants and d being the cubical dilatation 
0 = C = 9 m ”e mn .(25) 

The constants A, f.i are invariants and we see from (24) and 
(25) that for isotropic media the elastic constants are of the form 

47» A g mn g ra + fi (<Cd? + CC). ■ . . (26) 

In the case of isotropic bodies we can now write down the 
equations of motion in terms of the displacement vector as 
follows. We have 


dd 
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Also 


g st e rs>t — £s, r;f) 2^ St (£ r,st "~t~ £ s,tr) 


i „ f + iit 

- 3 S Ct.ii tjj,' 


Therefore the equations of motion are 
'dx 


8d d 2 E. 

(X + p) — 7 , + g st %r,st + q F r = q —p . . . (27) 


Examples. 

1. Show that in an isotropic body g r8 E ra = (3 X + 2(jl)0. 

2. Energy . Show that the work done during a small variation de mn 
in the strain is given by 

the integral being taken over the elastic body. Hence deduce that the 
work stored up in the strain is 

W = <W dr = iJJJ 0?; <W e r °dr. 

3. In the case of an isotropic body show that the energy of the strained 
body is W where 

2 W = fjf e nn f + 2 v g”' e mn e r ,} a-v. 

5. The motion of a viscous fluid. 

The equations of motion of any deformable system we have 
seen (p. 276) to be of the form 

9 St Ers,t + Qi^r — fr) = 0, 

where the acceleration vector f r is given in terms of the velocity 
v r by the formula 

, dv* 

Ir—Qf + Vr.'V*. 

If the medium is a perfect fluid we have seen that 
E rs — p g rs , 

where p is the pressure and equals — § g mn E mn . If the medium 
is not a perfect fluid, we shall put 

E -f* p g rg :=: E 


(28) 
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and we shall call E f r9 the viscosity tensor. Thus the equations 
of motion are 

dp 

dx r ^ St >’ ^ Q fr* • • • (29) 


The deformation of the fluid in a time dt is given by the 
displacement vector 

£ r = v r dt, 

and consequently the strain components are 
e r8 = l (v r s + v SjV )dt. 

Let us call e rs /dt the velocity strain tensor and let us denote 


it by e' rH> so that 

e r* ~ 1 ( V r t s + v *,r) .( 30 ) 

We shall also put as before 

2Qr=—e*m* Vmtn .(31) 

We assume that the viscosity tensor is a linear function 
of the velocity strain tensor, and thus 

EL = 7rl l e nln .(32) 


The quantities y”**, which form a mixed tensor of the fourth 
order, are called the coefficients of viscosity. We see that we 
may take them as being symmetric both in the subscripts and 
in the superscripts. Consequently 

E f =*y mn v 

1 r» fra m,n 

and the equations of motion are 


dp 

dx F 


+ <f OCX 




h v m,nt J 


+ oF r = Q f r . . (33) 


If the fluid is homogeneous we have in addition y 7 ““, = 0. 

In the case of an isotropic fluid we have the relations 

.. • ( 34 ) 

and the equations (33) for a homogeneous isotropic fluid become 

Jrf — (A' + M / )j^r — M'ff‘ t Vr,s* = e(Fr — /,). • (35) 


Here 


fl'-< 


( 36 ) 
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and the equation of continuity still reads 

f? + (ev r ),r = 0- 


Examples. 

1. Show that g mn U^ in vanishes and hence deduce that 

(I™ 71 Vmn — 0 - 

[3p = — g mn E mn and use (28).] 

2. Deduce from Ex. 1 that if the fluid is isotropic X' ~ \ pf m 

3. Prove that the equations of motion of an isotropic fluid are 

EXAMPLES XX. 

1. Show that in a pure strain the change dif is a small vector 
orthogonal to the plane which is conjugate to rf with respect to the 
strain, quadric. 

2. Show that the condition that a strain bo pure is that there 

exists a function cp such that f r = . The function (p is the strain 

0 x T 

potential . 

3. If a medium is homogeneous and incompressible, show that 
g mn £mn = 0- BE, in addition, it is subjected to a pure strain, prove that 
the strain potential satisfies Laplace’s equation A 93 = 0 . 

4. Show that the strain components e T8 satisfy the identical relations 

e rs t tu & tu,ra — e r t, s u “1" « , r f • 

[Use the fact that e r8ft — e r *,» = o«f,r and, differentiating co- 
variantly with respect to u, use the fact that co 6t , ru is symmetric in 
r and u .] 

f d (c* 1 

5. The integral J v r du taken round a closed circuit is called 
the circulation round this curve. Prove that in the motion of a perfect fluid 


~ v - du = F r dx r — ^ 

Dt JQ du Jq Jq q du 

where means differentiation following the fluid. 


Dx r , D dx r 

"7 s -.- = v r and hence _ . v r du = 
„ J)t Dt G du 

= fr-J-du. 


(. dx r , S if' 

' fr l^ + v 'Tu. 



XX] 


MECHANICS ON CONTINUOUS MEDIA 


283 


6. Show that 


f^Vr dx r = 2 f J$Q r v r dc r, 

where # is a surface in a perfect fluid, enclosed by a contour C, 

7. Prove that, if the forces acting on a perfect fluid are conservative 
and q is a function of p, 


H(^L\ = l Qav r 

Dt\ e ) e ■** 


DQ r 
Dt '' 


= - * P "* («„„^ fi»)+ OT „«•' = - Q r + Q> «r . 

Now use the equation of continuity, namely, + 0 v v ' m = 0. 

8. We denote by 2 e/ r the curl of / r , that is, 2 J r = — s rmn f n , 
Prove that as the surface $ moves with the fluid 
Z> 


t Q r v r ^u[= j j J r v r da . 


[We have 


D 

jD£ 


/ — 

JO JO 


f r dx r . Transform each line integral 


into a surface integral by means of Stokes’s theorem.] 

9. If the force system is conservative and q is a function of p, prove 
that J r = 0. 

10. If the displacement vector £ r of a deformed isotropic elastic 
medium is derived from a potential function cp show that the equations 
of motion become 

(A + 2 p) — + Q F r = Q tr > 


where the dilatation 0 equals A cp, 

11. In Ex. 10, if no body forces are acting and the body is in equi¬ 
librium, show that A <p == jfe, where h is a constant. 

12. Types of strain : Deduce the following expressions for the strain 
tensor. 

(i) Uniform dilatation. e r8 = eg r& . 

(ii) Simple extension. e ra = eA r A e , X r being the unit vector in the 
given direction. 

(in) Shearing strain. e rs = e(A r T s + where X r9 T r are the 

unit vectors of the given directions. 

13. Show that, if the strain be expressed in terms of the stress by 
means of the equations 

- __ nmn nj 

u r H Jj jh n , 


then the O 1 s and c’s are connected by the formulae 

rfjf: oa l = i (Sf. % + 61 5?) = <*» 0”; • 
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14. Show that for an isotropic medium 

^ w %+ s ‘ &S) ~ mhw) gP “ g ^ ■ 

15. If we apply a uniform spherical tension E to the elastic body, 
show that the ratio of E to the cubical dilatation equals 


OTl ffmnf 9 ' 

This ratio is called the modulus of compression. 

[Hint: E ra — Eg re .] 

16. If a stress E(X r X' s + K K) applied to an elastic body, X T and 
A' being orthogonal unit vectors, the ratio of E to 2e rH X r X'* is called the 
rigidity corresponding to the two given directions X r , X' r . Hhow that the 
rigidity is 


±c'’;:x>'x'*x m x' n - 

17. If a stress EX r X s is applied to an elastic body, the ratio of E 
to the invariant e r8 X r X 8 is called Young's modulus corresponding to the 
direction X 7 . Show that Young’s modulus is 


run 7 i 5 3 or 2.1 * 

r s Am A A 

Also show that the ratio of the contraction in any direction X /r 9 per¬ 
pendicular to X r , to the elongation e rs X r X a is 

run n 2 7 3 /!' 

_ h Am A * A 

r\m n 2 3 ~ 3 /* 7 * 

^ r h A n ^ ^ 

This is called Poisson's ratio for the directions X r > X' r . 

18 . If we have an isotropic elastic body on which no body forces 
are acting, show that the following relations connect the stress and strain 
tensors in the position of equilibrium: 

(i) Ad = 0. (ii) A(g mn E mn ) = 0 . (iii) (3 A + 2 /*)p" 1 »F r „, m „ 
+ 2(I + / ()r» 4 ,, r ,= 0. (iv) (A + t*) 6 , ra + /««”"" e,„, mn = 0. 

(v) ( 4 + 2 fi) 6 ir -f- 2 fi= 0. (vi) g’““ g ’" 1 = 0. 

19 . Show that the stress in a viscous fluid is 


E„ = n '(*>,.,» + v„ ir ) -g ri ('P+ I/<'<,„) • 

20. If the motion of a viscous fluid is slow, prove that the equations 
of motion can be written approximately 


dv r 

} ~dt 


' e F ' ~ FT' + + ^ + « mn Vr 


If, in addition, the fluid is incompressible, O' = 0. 

21. In the slow steady motion of a homogeneous viscous liquid 3 
show that 
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and deduce that 


4p=sr mn p, m , i ~eKr, 

that is, the divergence of {j— — Q F r j is zero. 

[Use the fact that = g rs v rt8 — 0 and as a consequence 


Q rS v r, inns — Q ri,, Vr,smn — 0 .] 


CHAPTER XXI 

The Special Theory of Relativity 

1. The four-dimensional manifold. 

We shall now consider the applications of tensor methods 
to the theory of relativity. We confine ourselves to the special 
theory since all the treatises on relativity already deal with 
the applications of tensors to the general theory. The student 
will indeed find that the equations at which we arrive can in 
many cases he immediately generalised to meet the requirements 
of the general theory. 

Let us suppose that the positions in space of certain events 
are recorded with reference to an orthogonal Cartesian system 
of axes (%, y, z), that is, the position of any event will he 
given by three numbers or space-coordinates. Moreover the 
observer who is using this coordinate system of axes also measures 
by means of a clock the times at which the events occupy the 
observed positions. Obviously then an event is completely 
recorded by the four quantities x , y , z , t. Up to the 
present we have found a geometrical representation of the 
event by plotting the point (a?, y % z) in space and attaching 
to it as a scalar the time at which the event took place. But 
another form of geometrical interpretation is open to us. We 
may take a four-dimensional manifold, that is, a manifold in 
which it requires four numbers or coordinates to fix the position 
of a point, and we shall take x, y, z 9 t as coordinates in 
this space. Consequently we see that in our four-dimensional 
manifold every event is represented by a point and, conversely, 
every point represents an event. We shall see that this represent¬ 
ation of events is essential for the development of the ideas 
of this chapter. We call this manifold the manifold of space 
and time and we shall often refer to it briefly as space-time. 
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2. Generalised coordinates in space-time. 

If we are given four variables x 1 , x 2 , x 3 , x 4 , which are 
known functions of the space coordinates x, y, z and the 
time t , we shall obviously have four relations of the form 

# = p-(x, y,z , t) 3 

= / 2 (a, *)» 

x*=f 3 (x, y 3 2 , 0, 
x* = f*(x, y 3 z , *). 

We shall suppose that these relations are reversible, that is, 
the x, y 3 z 9 t variables can be expressed uniquely in terms of 
x 1 , # 2 , cc 3 , a 4 . As a result of these relations it is seen that any 
event can be expressed in terms of the four variables x l , x 2 } x 3 , x* 3 
which determine it uniquely. These variables, which we shall 
call coordinates , are a direct generalisation to four dimensions 
of curvilinear coordinates in space. 

We shall use Greek indices to distinguish these variables 
and in this chapter we shall adopt the following conventions: 

A Greek index , if free , is to have the range of values 1 to 4, 
and a Greek index , if repeated , to he summed from 1 to 4. Con¬ 
sequently the formulae (1) can be written briefly 

= /“(®, y, *)• 

On the other hand we shall keep our previous conventions that 
italic indices will range from 1 to 3. 

Any other observer, who is observing the same events, will 
similarly be able to record these events in terms of four other 
variables x a , and these must be uniquely related to the x a 
since each set of variables records the same events. We have 
therefore the relations 

x a = ft 2 , x 3 , a? 4 )..(2) 

together with their inverses 

x a — x a (x 1 , x 2 , x 3 , 5 4 ). ...... (3) 

In other words, the transformation from one set of coordinates 
to another set is a functional transformation between the 
variables. 
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Exactly as in the case of transformations in three variables 
we can define tensors with respect to functional transformations 
in four variables and the definitions can be immediately extended. 
Thus the set of quantities A“ y is a tensor of the third order , 
contravariant in a and covariant in /S and y, if its components 
A“ }y in the new coordinate system satisfy the relations 


dx a dx a dx x 
aT dx e d~xP dx Y 


w 


We may call these tensors world tensors to distinguish them 
from the ordinary space tensors. 

Let (%, y, z, t) be the space coordinates and the time used by an 
observer S and let (%, y, 2 9 t) be the corresponding variables used by 
another observer S (the origin of space coordinates in each ease coin¬ 
ciding with the observer). These are particular cases of generalised 
coordinates in space-time and we have 

x~zx{tx,y, z , t) 9 y=y{%> y , z 9 t), 

z — 2 (x, y, z, t) } 1 = t(x, y, z 9 t) 9 

and also the inverse equations 

x = x (x, y, z, t ), etc., 

which give the relations connecting the space coordinates and the times 
used by two different observers. It is a simple matter to deduce from 
these equations the motion of the observer 8 relative to 8. $ s s position 
in space at any time is given in his own coordinates by l r = y = s == 0 
and therefore in coordinates we have 


x — x (0, 0, 0, t ), etc. 

The elimination of t gives (x 9 y 9 z) as functions of t 9 thus giving the 
motion of 8 in S’s coordinates. Moreover every point which lies in 
the x - coordinate surface of S satisfies the equation x = 0, and con¬ 
sequently the equation of this surface referred to 8 is 

x(x, y , t) =* 0, 

which is the equation of a surface moving rektive to 8 . Similar 
results hold for the other coordinate surfaces of 8. 


Examples. 

1. Show that the motion of a particle in space is represented in 
space-time by a curve of the four-dimensional manifold. This curve is 
called the world-line of the particle. 

2. Show that the motion of a surface in space is represented by a 
three-dimensional surface in space-time. This three-dimensional surface 
may be called the history of the moving surface. 
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3. If the space coordinates (*, y, z) of anobserver 8 are orthogonal 
and Cartesian and those of another observer S are connected with them 
by the formulae 

x = l (x — ut) , y = m(y - vt), z =n(z — wt), 
t = a x + fiy + T* + 

where l, u, a etc. are all constants, show that the observer S is moving 
with a constant linear velocity relative to S and that his space-coordinate 
planes, as viewed by S, are moving parallel to themselves with constant 
velocities. 

3. The principle of special relativity. The interval and the 
fundamental quadratic form. 

Our next step is to introduce the hypotheses (or principles) 
of the special theory of relativity. For our purpose these may 
best be expressed in the following form, which we call the principle 
of special relativity : 

The equations describing all physical phenomena in a def inite 
reference system transform into equations of the same form when 
referred to any other system moving with a constant uniform 
velocity relative to the first . 

Thus in the special theory of relativity there is a special 
class of privileged observers or reference systems, which are 
moving with constant velocities relative to each other. We call 
such special reference systems Galilean systems of reference. 

We shall make two important deductions from this 
principle by means of two hypotheses which have been already 
accepted in classical mechanics and optics.^ Let 8 be one of 
our special class of reference frames and S a second, and let 
us suppose that the space-coordinates in both are Cartesian. 

(i) We first make the assumption that a particle, acted on by 
no forces, will describe a straight line in S’s frame of reference, 
that is, its space-coordinates referred to 8 will be linearly ex¬ 
pressed in terms of the time. It results from our principle that 
the particle describes a straight line in S’s frame and the new 
space-coordinates are also linearly expressed in terms of S *s 
time. Consequently the space-time coordinates of 8 are linear 
functions of the space-time coordinates of S, 

(ii) Again we make the second assumption that the velocity 
of propagation of light referred to 8 is constant and independent 
of the motion of the light-source and we shall denote this 
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constant by c, Hence the velocity of propagation of light 
referred to 8 is also a constant, which we shall denote by c. 
We have therefore found from our principle the result that 
the velocity of propagation of light referred to any one of our special 
reference frames is a constant. 

Let ( x b x 2 , x 3 , t) be the Galilean coordinates of S and let 
us denote the corresponding coordinates of S by barred letters. 
From our first assumption we see that the relations between the 
two sets of coordinates are 

F-ylV + yl*, t = y* M af + yU, 

where the y’s are constants. Moreover if a spherical light wave 
start from the point (x 1 , x 2 , a? 3 ) at a time t, as observed by S> 
then at a time V the wave front will lie on the surface 

. . (5) 

where g mn is the fundamental metric tensor of S' s space. Also, 
as observed by S, the wave front will lie on the surface 

g mn (x m ~x w )(x' n -lZ l )-c*ti'-Ty = 0 . . ( 6 ) 

where barred letters refer to S’ s observations. In other words, the 
equation (6) is a consequence of (5). Since the transformation 
from one set of coordinates to the other is linear, we therefore 
must have 

g mn (x ,m - *") 

= K [g mn (x' - - s’”) (®'» - X") - (f' - *)•] . 

K being a constant. Now it can be immediately seen that by 
a change of S ’s units of space and time we can make not only 
K—l but also c = c. This change of units we shall suppose 
to be always effected and we get 

g mn (* " - * M ) (*'” - * n ) ~ ° a ( ? ~ *) 2 

= g mn (*' m - *") (*' n - * M ) ~ ° 2 V ~ ^ ■ 

If the events (x’\ t) and (x' r , t') are neighbouring events we 
may put 

x' r = x r + dx r , t' = t + dt, 

with corresponding changes in the barred letters, thus giving us 
the relation 
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9mn dx m dx n — c 2 di 2 = g mn dx m dx n — c 2 dt 2 , 
or, as we may write it, 

do 2 — c 2 dt 2 — do 2 — c 2 dt 2 ,.(7) 


where do, da are the space elements of length for 8 and S 
respectively. Also it is obvious that the relation (7) will still 
hold if we take any curvilinear space coordinates for 8 and S 
instead of Cartesians. 

We therefore see that the quadratic form 

ds 2 ass e 2 dt 2 — do 2 * c 2 dt 2 — g mn dx m dx n . (8) 

is an invariant for all changes of coordinates from one system 
8 to another 8 of our special class of observers. We call the 
invariant ds the interval between the two events (x r , t) and 
(x r + dx r , t-\-dt). If we use generalised coordinates as described 
in the previous section we see that ds 2 will be a homogeneous 
quadratic form in dx a } that is, 

ds' 2 ass a afi dx a dx^ .(9) 

where a a/3 is a function of the coordinates symmetric in a,/?. 
Since ds 2 is an invariant we deduce that a a p is a double tensor, 
which we call the fundamental tensor , and we call (9) the funda¬ 
mental quadratic form. If we use one of our special frames of 
reference we know that our quadratic form takes the particular 
form (8). Moreover if we take a Galilean reference system in 
which the space-coordinates (x 1 , x 2 , x 3 ) are orthogonal and 
Cartesian, the fundamental quadratic form becomes 

ds 2 = c 2 dt 2 — (dx 1 ) 2 —(dx 2 ) 2 — (dx*) 2 .. . . (10) 

We have now deduced a fundamental quadratic form in 
the four-dimensional domain similar to that found for the 
distance between two points in three-dimensional space. Con¬ 
sequently we can write down the Christoffel symbols for such 
a form; they are defined by the equations 


\x8 y]=— (US*. + tbL ^Lal ) Ql) 

l*P>yi 2 \ dxlt g x a dx r 




a yS being the cofactor of a yS in the determinant . a divided 
h J V In exactly the same manner as in Part III we can 
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define the intrinsic and covariant derivatives of a tensor-field 
by means of these Christoffel symbols, and these derivatives will 
have similar properties in four dimensions to those in three. 
For example, we define the intrinsic derivative of A“ with 
respect to a parameter u (cf. pp. 146, 147) as 


SA“ _ dA“ « \ daf \ p Aa do[_ 

Su du (iv\ 13 du \fiv /c du 

and its covariant derivative with respect to x y as 


( 12 ) 


A 


a 

H.y 


dJZ 

dec 7 


+ 




(IB) 


Examples. 

]. Show that in a Galilean system of reference with Cartesian space 
axes the Christoffel symbols are zero, and deduce that the intrinsic and 
covariant derivatives reduce in such coordinates to ordinary derivatives. 

2. If a particle moves from one event A to another B with a velocity v 
relative to an observer 8, show that the interval between the two events 
is given by 

s = \ o' — v 2 dt. 

J A 

3. If a particle moves from one event to another with uniform 
velocity, show that the interval s between the two events, divided by c, 
equals the time as measured by a clock carried with the particle. Thus s 
is sometimes called the local lime. 

[Choose a Galilean coordinate system whose origin always coincides 
with the particle and use Ex. 2.] 

4. Lorenlz transformation. If (a; 1 , x 2 } x*) are orthogonal Cartesian 
space-coordinates and t the time of a Galilean system 8, and the coordinates 
of another system 8 are connected with those of S by the formulae 

, u : -% 

X 1 = (1 -" 2 ") (X 1 — Ut) , == * 2 = / * 3 


show that 8 is moving along the aj x -axis of 8 with uniform velocity u 
and that x\ lu Q , are orthogonal Cartesian space axes for S. This trans¬ 
formation therefore gives the relation between the space and time co¬ 
ordinates of two special systems of reference. 

[Show that ds 2 = c 2 dt 2 — (dx 1 ) 2 — (dx 2 ) 2 — (dx 2 ) 2 .'] 
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5. Show that in a Galilean system of reference 

a rs = — g r „ a T 4 = 0, a 44 = c 2 , a = — tfg 
a rs = — g rs , a r4 = 0, a 1 * = - r , 
where the g 7 s refer to the space coordinates and 

I > 9 | Qrs I' 

[Note that a is negative.] 


4. Local coordinate systems and their transformations. 

If we consider a point P of space which is moving in any way we 
can associate with this point a set of special coordinate systems which 
we are now going to describe. If P is moving with a velocity v at the 
instant under consideration we can take a Galilean frame of reference 
which has the same velocity v at this instant so that the point P is for 
the moment at rest in our reference system and we shall determine any 
event by means of the space and time coordinates (& ,r , t) of our frame. 
Such a system of coordinates we shall call local coordinates for the point P. 
We see that this does not determine our local coordinates uniquely and 
we shall find what is the transformation from one local coordinate 
system ( x r ,t ) to another (x r , 7). 

Since the two coordinate systems aro moving with the same uniform 
velocity we see that their times are identical, namely the time measured 
by a clock carried with them. Thus t = t. Also the transformation of 
space coordinates will not involve the time as the space frames are not 
moving relative to each other. Hence x r = x r (x x , a: 3 , # :l ) and we have 
the result that the transformation from one local system to another is 
of the form 

x r = x r (x 1 , a? 2 , a: 3 ), t = t .(14) 

If we put x* — t, a 4 = 1 for the present, we see that (14) may be written 
in the equivalent form 

x r — x r (x l , x 2 , x 3 ), x* = x*. (15) 

Let us investigate how the components of world, vectors and world 
tensors transform when wc change from one system of local coordinates 
to another at the same point. We consider first a contravariant world 
vector A a . From the law of transformation we have 


A a = A? 


dx a 
dxt* ’ 


from which we see that the transformation (15) gives 


A* = A 


0W 
dx n 


A i ~ A 4 


(16) 
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In other words, under a local coordinate transformation (A 1 , A 2 , A 3 ) 
transforms as a space vector whilst A 4 transforms as an invariant. We 
can therefore conclude from this that we can always define a world vector 
A a such that in any local coordinate system its first three components 
are those of a given space vector and its fourth component is a given 
space invariant. We shall have of course similar results for the covariant 
vector A a . 

We next consider the double world tensor A a P. Its law of trans¬ 
formation is 


A a $ = A^ v 


dx a dx@ 
d x ft d x v ’ 


When the transformation is from one local system to another we see 
from (15) that 


Jrs — 


A mn 


dx r 

clx m 


dx s 
dx n 9 


A r4 = A” 14 


dx r 

dx™° 


Lr __ 


dx 7 
dx m 9 


A 44 = A 44 . 


Wo can therefore divide up the components of A a P into groups 


A a P 


'A™, A 74 ) 

A**, a 44 j j 


of which A 79 transforms as a double space tensor, A 74 and A 4r as contra- 
variant space vectors and A 44 as a space invariant under local coordinate 
transformations. We conclude that we can always define a double world 
tensor A a @ such that in any local coordinate system the components A rs 
form a given space tensor, A r4 , A 4r form given contra variant space 
vectors and A 44 is a given space invariant, and we see that the particular 
local system used for the definition is immaterial. Similar results hold 
for the double tensor A a p. 


Examples. 


I. Show that in a local system 

1 

= C“, ^4 r ~ ~ To"» a * T 

0 


3 (I'm n _ 

d \5 


2. Deduce from Ex. 1 that the Christoffel symbols [a/?,y] and 
y n \ both vanish when one, of the oc,/?,y equals 4. 

a P) 

3. Deduce from Ex, 2 that if we calculate the vector A“^ in a 
local coordinate system then its first three components are 


A” h + 


dA 74 
dt 


and its fourth component is 


(At. n !,n + 


dA li \ 
dt )‘ 



2Q4 
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Here A™ s and refer to the space covariant derivatives of A ra 

and A 4r , which we have seen to be a space tensor and a space vector 
relative to local transformations. 


We have 

dA am 
~ dx m 


0A oc - 
1 dt 


dx 1 * 


+ 


| « 1 A mn + | m ] 

[mnj [nmj 


\A a * 


A an , by using Ex. 2. 


4. Show that for the point P at the instant under consideration 


dt 


c, 


d 2 s 

dt°- 


= 0, 


when a local coordinate system is used. 

£lf v is the velocity of a point in a Galilean frame we see from (8) 

that ~ = l ; c 2 v 2 and so -4-i v -~-r /|'c 3 — v 2 . Now in a local 
dt 1 dt- 4 dt 

coordinate system for the point v = 0.1 


5. Relativistic dynamics of a particle. 

Let us suppose that a particle is moving under the action 
of a certain force system. The representation of the motion in 
space-time will be a curve, which is called the world-line of 
the particle , and along this curve we can take as parameter 
the interval, which as before we shall denote by s . 

Let us consider the vector 


a 




docf 1 

(Is 


Its components referred to a Galilean system are 

fdx 1 dx 2 dx s dt' 

,ds J ds ? ds 5 dsj 


(17) 


Now if we take a local coordinate system for the particle we 
d s 

easily see that — c in such a system, and the components 
of of become 

0= 0, o, L). 

We shall call the vector (17) the world velocity vector. 


( 18 ) 
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Again, let us consider the vector 




6 at 
6 s 


(Poe? (fx | dx e dx a 
ds 2 tqcr/ ds ds 9 


. . (19) 


which is the intrinsic derivative of of with respect to s. To find 
its components in a local coordinate system we use the fact 

that in this system = 0 (Ex. 4 above). Hence for the 


instant under consideration the components of y 1 referred to 
a local reference frame are 


1 d 2 x r 



( 20 ) 


We shall call y? the world acceleration vector . 

We shall investigate the equations of motion of a particle- 
under a given force system. We take a local frame of reference 
for the particle, that is, the observer is moving for the instant 
with the same velocity as the particle and we shall assume 
that the classical laws of dynamics hold in this special coordinate 
system. Consequently we have 


m 0 


d 2 x r 

df 




( 21 ) 


where m 0 is an invariant called the proper or local mass of the 
particle and X r is the force vector in the local system. Let us 
introduce a world vector F ft whose components in the local 
system are 

(-V^, 0).(22) 

We have seen that this is possible in the previous section. By 
reference to (20), (21) and (22) we see that we have the tensor 
equation 

= IP.(23) 

Eor this vector equation is seen to be true in the local reference 
frame and is therefore true in all coordinate systems. We may 
call2?^ the world force vector and (23) gives the relativistic equations 
of motion. 
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Examples. 


1. Show that anv a v = 1. 

[From analogy with three dimensions we say that is a unit world 
vector.] 

2. Deduce that in a Galilean system c 2 (a 4 ) 2 = 1 + g mn a m a TC . 

3. Show that a^ v y^ oc r = 0 . 

[This relation is an invariant relation which is true in the local reference 
frame. From analogy with three dimensions we say that y^ is ortho¬ 
gonal to oA] 

4. Show that v? = 0 and deduce that in a Galilean system 

11 /y»?l 

c*F* = g mn F»‘-^-. 

5. Show that in a local reference frame the associated vector oc ^ = a flv ol v 
has the values (0, 0, 0, c). 


6. Dynamics of a continuous medium. 

We shall now find the relativistic form of the equations of 
motion of a continuous medium. Let us consider a definite 
point of the medium and let us take a local coordinate system 
for this point. We assume, as before, that the classical equations 
■of motion hold for this special reference frame. The stress in 
the medium is defined by a space-tensor E rs and the body 
force by a space-vector X r . The equations of motion in the 
local system are 

EZ + eo (X r -f)=0 .(24) 

where £ 0 is the invariant proper density and f r is the space 
acceleration vector. In addition we have the equation of con¬ 
tinuity 

(£ 0 ur ), r + = 0.(25) 

u r being the velocity vector. Our object is to express these 
equations in terms of world tensors. 

For this purpose we shall introduce the vectors of, y* and 
F* of the previous section and let us introduce a new world 
tensor F v defined by the conditions that its components in 
the local reference system are 
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— F ra n 

= c 2 ’ U (26) 

0 , Oj 

That this is possible we have seen in § 4 (p. 292). In terms of 
these world tensors we easily see that the equations (24) and 
(25) may be written 


(27) 


^.% + eo(^-/) = o > 

= 0, 

which are both tensor equations in space-time and therefore 
true in all coordinate systems. 

These two equations can be combined into a single equation 
as follows. We have 

da! 1 


/ 


d s 


jx V 

— a:. _ a 


Hence, making use of the second equation of (27), 

6o y'* = “ (qo^^ v ),v — ^(eo^),v = (eo^°0,„- 

Thus if we put 

X M 1 ” - c? .(28) 


we see that we have the tensor equation 

+ Q = 0 .( 29 ) 

This equation is equivalent to the equations (27). For, if we 
multiply (29) by and sum with respect to ^ from 1 to 4, we 
find that 

^V>, = -eo-FX = o 

and consequently 

(<?0<*”),„ = (eo^a”),,.^ = - = o, 

that is, the equation of continuity is satisfied. We can now 
prove that the first of (27) is a consequence of (29) by merely 
reversing the steps. 

The tensor equation (29) is therefore the final relativistic 
form of the equations of motion of a continuous medium. 


Examples. 

1. Show that E* v <x v = 0 and that E?? tV = 0. 

2. Show that E** v = 0 . 

3. Show that the tensor equation (29) can be written in the form 

.0?.% + eo = (o Q a v ) tV of. 
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7. The electromagnetic equations. 

In order to express the electrodynamical equations in terms 
of world tensors we must introduce the fundamental skew- 
symmetric world tensors of the fourth order. We denote them 
by ^ and e XflVQ and they have properties analogous to the 
corresponding e-systems in three dimensions. They are defined 
as follows: 

(i) s x vanishes if any two indices are equal and equals 
± ]/—- a according as X, jti, v, q is an even or odd permutation 
of 1, 2, 8, 4. 

(ii) e XflVQ vanishes if any two indices are equal and equals 
± 1 / ]/ ~a according as X , fi , v , q is an even or odd permutation 
of 1, 2 3 3, 4. We choose ]/— a instead of ]/ a since a is always 
negative in the formulae of the theory of relativity. 

We prove in the same way as for three dimensions that 
they are world tensors. 

If we have a dielectric in motion we may take a special 
local reference frame with respect to a given point of the di¬ 
electric. This point is at rest for the instant relative to our 
reference system and we suppose that the classical electro¬ 
magnetic equations hold in such a system. The classical electro¬ 
magnetic field is defined by the space vectors D r 3 E r , B r , II r 
and the equations in the local system are 


and 


1 SB’ 

s s -'~7~sT °* 


•'‘‘*« + 7lT + 7° r = 0 - 

-jar,+ !«.-», 


(30) 


(31) 


where C r is the vector giving the conduction current. To these 
equations we must add the relations 


D r — £ rii E H , .(32) 

connecting these four vectors. We shall now express these 
equations in terms of world-tensors. 
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Let us introduce the two skew-symmetric world tensors 
F^ IV and G fiV whose components in the local system are 


-BT 
! c 

H t> - 



G* 1 * = 

1 


(33) 

B\ 0 

~D\ 




s' E 

F flv = 

c c 

and also the world vector S' 1 whose local components are 

S » = (I C , ,I C .,Io»,I (!l ) .(34) 

We easily see that the equations (30) and (31) take the tensor 
form 

J^.%-0, Gr, v ^S% .(35) 

and these are the relativistic forms of the electromagnetic 
equations. 

We have to deduce the relations between the two tensors 
P lv , G* LV which result from the equations (32). These relations are 


and 


cF li = }lg(/i n G 23 + /d 2 G 31 4- /F 9 G 1% ), etc. 


cG 14 = — icj(a ll F 29 + e 12 F 9x - + £ 18 F 12 ), etc. 

If we put //” and e a ° for the world tensors whose components 
in the local system are 

HT;:}. 0}.< 36 > 

and if we remember that the special components of a e and oc Q 
are (o, 0, 0, -I) an d (0, 0, 0, c) respectively, the relations 
take the tensor forms 

2J 


2 G ea a„ — 




.... (37) 


Examples. 

I. If wc define E Q , D Q , as the world tensors whose local com- 

poncnts are (B r ,0), (£>', 0), (H r , 0), (B r , 0) respectively, show that 

jplii = oL a + B l a? — BP a. 1 , 

Q> P = e Xftre H v a fi - IF a) 1 + 2>“ a 1 . 




300 


ABSOLUTE DIFFERENTIAL CALCULUS [CHAP. 


2. If G Q is the world vector whose local components are 

(JL C\ ~ G\ — G\ o) show that S e ~ G c + Oo ^ • 

\C C • c J 

3. If we define the tensor H^ v by means of the formula 

fj _ t P WQ<* 

— 2 I*pv Qa M ’ 

show that the first of the equations (35) may be written in the equi¬ 
valent form 

f iv ^H „ = 0 . 

J " L ft V i Q 

4. Prove the relation 

6 >LV e^H^o?. 

5. Show that the loca-l components of H flv are 

le rBt B‘, cE r 
oB„ 0 

6. If we take the associated tensor 0 = a v p G tt P, show that its 

local components are 

f Sr.iB', cD r } 

“ CJDg t 0 

EXAMPLES XXL 

1. An observer S is moving with uniform velocity u relative to 
another observer S, If S uses orthogonal Cartesian space axes and 
uses as space coordinate planes the planes which coincide with $’s co- 
ordinate planes at the time i = F=0, show that the transformation 
between the two coordinate systems is 



where are the components of u relative to $’« coordinates. 

Also show that the cosines of the angles between jS’h space coordinate 
planes as viewed by S are 



[We must assume x 1 = e x (x 1 — t), etc. I — a r x r + /? i. Use fact 

that ds 2 = cW - 2{dx l f = c 2 di 2 - ^ (d® 1 ) 9 - 2 dhe a for all 
values of the differentials, d 19 a 2i being the cosines of the angles in 
question. Also u 2 = uf -f- 

2. Lorentz transformations . If $ is moving along $’s ad-axis show that 
the transformation of Ex. I becomes 
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a; 1 = ^1— ^(x 1 —ut ), a 
7 / ^ 2 \-ar/ waAN 


: # 3 > 


and that $’s space- coordinates are also orthogonal. 

3. Show that the equations in generalised coordinates of the path 
of a particle under no forces is 


dS s ®e . / q 1 rfa* ___ 
^. ds ds " U * 


d<S 2 ' 

[These arc called the geodesics of space-time from the similarity of 
their equations to those of the geodesics of a surface.] 

4. In a Galilean reference frame show that the equations of motion 
of a particle may be written 


d 

dt 


«/ / m 0 dx r \ 
dt \]/^rzr^2 dt ) 

= I'c- 

v 2 F r > 

-) = ye v 2 F i 


' 9 m n 




dx n 

dt 


where v is the velocity of the particle relative to the reference system, 
r ^ „ ds 

L l . 


Use the fact that in a Galilean system *— = ]/c 2 — v 2 .J 


5. Heel uoe from Ex. 4 that the equations of motion of a particle 
in a Galilean frame of reference are 


dt 


where 


( dx/\ . 

I n !T) = - 




1 y„ 

c 2 9mn dt 


m 


m 0 


_ X*=*c 2 F r )l-v 2 /c*. 


]/1 — v 2 [c 2 

[The student will notice the similarity of these equations to those 
of classical dynamics. Wc may interpret m as the mass and X r as the 
force vector relative to the reference system, and we see that the rate 
of change of mass is proportional to the rate at which the force is 
doing work.] 

0. If a particle is acted on by no forces, show that the quantity 

. - is constant as viewed by an observer 8 of our special class 
fl - w 2 /c 2 

and show also that its velocity relative to this observer is constant. 

7. Show that the relativistic equations of a perfect fluid are 

T^ v = $aP y — ( 3 ) + Qa) a? °?- 


where 


The invariant p is the local pressure. 

[Show that the stress tensor is E? v ^p(aF v ■ 


x^a v ).] 
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8. In the motion of a continuous medium show that 
= -Q 0 a< l = T^x v 


a^T^ = a >v E^-g 0 . 


9. In the electromagnetic field show that we have the relations 

° (OqX Hpv ^ uv) “ 0 3 

connecting the tensors H /Uv and 

10. In the electromagnetic equations if the dielectric is isotropic 
show that we have the relations 

~ eH ?*) aV = °* “e = °t 

e and pi being invariants. 

11. Prove that the current vector S** satisfies the equation = 0. 

12. If we define a world vector cp* 1 satisfying the relations 

^UV ~ tyfliV 9^/i ^ ^ 9 

show that rpP satisfies the equation 

The vector q> u is called the electromagnetic potential world vector. 

13. If we define the world tensor y^ v as that whose components in 
the local system are 

i* rs /c,0\ 

~i o .or 

x rs being the local conduction coefficients, show that &P is given by 

+ a*. 

14. Show that the formula of Ex. 13 can be written in the equi¬ 
valent forms 

& - \ e vear Fe°a* + Qo S* - H VQ ^ «*. 

15. For the relativistic form of the equations of the electron theory 

we have merely to remark that in the local system D r is identical with 
E r and B r with H r . Show that for the electron theory — j U and 

S** = g Q a/* and deduce that the equations are 

aflr Hip,v — 8o a x- 

16. If we transform from the local frame of reference xt* to another 
Galilean system W 1 in accordance with the Lorentz transformation 

x l =: ]c (x 1 — v%*), x 2 = z 2 , x 3 — x 3 , x 4 = h (a ; 4 — vx 1 /c 2 ) i 

h= -L- , P = ~, 

] \ — p 3 c 

show that the new values for B r and II T in the electron theory are 

E' = E\ E 3 = k(E 3 -pH 3 ), E 3 = k{E 3 + pH 3 ), 

W- = H\ iP = k(H* + PE 3 ), H 3 = Jc(H 3 -pE 3 ). 

[Use the fact that is a double tensor.] 
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Orthogonal Curvilinear Coordinates 
in Mathematical Physics 


1 The classical notation. 

In the test we have dealt with the use of curvilinear 
coordinates in mathematical physics by the methods of the 
tensor calculus. Since orthogonal curvilinear coordinates are 
introduced into the ordinary text-books on mathematical physics 
without using tensor methods or tensor notation, it will be 
useful to translate our results into the classical notation em¬ 
ployed in such books*. 

In this notation we take three families of surfaces 




which cut mutually at right angles, x, y, z being Cartesian 
coordinates. A point is determined by the three coordinates 
a, j 6, y and the line-element is given by the formula 


ds 2 


da 2 ^ dp 


hi ' hi 1 A! 


df_ 

T 7^2 > 


( 2 ) 


hi, k, h s being functions of a, /?, y. That is, connecting the 
notation with that of the text, 


1 

(Ju - hi ’ 


x 1 = a, x 2 = p, x 3 = y, 

1 1 

9iz == 'j%> ?33 = ~ o [ m 4 * n ) > 

l 

g ~ JilhVif 


• ( 3 ) 


* The notation we use here is that employed in books like Love’s 
Mathematical Theory of Elasticity . 


303 




304 


ABSOLUTE DIFFERENTIAL CALCULUS 


Also the associated tensor g mn has the values 

f*=h* 9 r = 0 (m + n). (4) 

We easily verify that the Christoffel symbols are 

h _ n d]K 

ij zil lifdx’’ 

i \ __1_ dlh_ 

i i) h ; dx l 5 

where i } j } h are unequal and the summation convention lias 
been dropped (cf. Ex. 9, p. 155). 


l_dh 

ih dx f; 


2. The physical components of vectors and tensors. 


Let us denote by ej^ the unit vector tangent to the 
coordinate curve. We see immediately that 

4o = \ d[ , e\$ A 9 ^, fi( 3) = A; 5 4.(6) 

If we are given a vector A r , instead of taking A 1 , A 2 , A 3 
as the components of the vector, in the classical notation we 
take as the components the projections of the vector on the 
tangents to the coordinate curves. We shall denote these 
components by A a , AA y and we have 

A a = A r S^ } Ap = A r £^ 2 ) j ^ 


where equals y rs ^4 s and is the associated vector of A T . 
Thus 




h ’ 


4,, = lu A* 


** /io A. g —~ 

A* 

/ijj 


Aa * 


- • (7) 


We call these components 'physical components of the vector 
to distinguish them from the tensor components. Since A a , 
Ap A y are the projections of A r on the tangents to the 
coordinate curves, we see that the physical components of 
a vector are simply its components referred to a Cartesian 
system of axes coinciding with the tangents mentioned. 

Similarly, if we are given a double tensor A rs , we define 
its physical components as A aa> A /Sy , etc., where 

^ace -^rs &(i) &(i) > ^/9y ^ -^-rs ^(3) ^(3) > etc. , 
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A rs being the associated tensor of A rs . Hence 

A 11 ^[2 3 

^ Mil ^ ? Ap y — ^2^3^23 ^ (8) 

An interpretation of the physical components of a double 
tensor can be given similar to that given in the case of a 
vector. The expressions 


A a a A rs A rs £( S ), etc. 

are obviously invariants for all transformations of axes so 
long as 8 r (1) , 4j), £( S) are three fixed vectors. They are fixed 
if their directions are fixed, since they are unit vectors. As 
a special coordinate system, then, let us take Cartesian rec¬ 
tangular axes x, y, z with Ox, Oy, Oz in the directions 
of da, dp, dy at the point concerned. Tor this system of 
coordinates s r (1) , e 7 (2) , efa have components (X, 0, 0), (0, 1, 0), 
(0, 0, 1) respectively, so that 

A. = = Aj^, A 0 . • i ~ i A 22 , etc. 


Thus the physical components of A rs are simply the com¬ 
ponents of the tensor referred to Ox, Oy, Oz. 

For example, if A rs is the strain tensor e rs defined on 
page 272, then 


A 


ace 


du . 1 dv dw 

W’ ^ ~~ j dz + Jy 


etc., 


where u, v, w are the components of the displacement vector 
referred to Ox, Oy, Oz. 

We can obyiously extend the definition of physical com¬ 
ponents to tensors of any order. 


3. Dynamics. 


We shall obtain the equations of motion of a particle in 
the coordinate system (a, ft, y). 

Let (v a , Vp, v ) be the physical components of the velocity 
vector. Then, since v 1 = a, v 1 = /?, v z = y, we see from (7) 
that 


«r 


cc 6 y 

7.7’ Vv == t s 


(9) 


(B 287) 
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The acceleration vector may be found by substituting 
directly in (4), p. 219, ot as follows. Using (10), p. 222, we 


have 

. d 

fdq>\ 

dtp 


fl “ dt 

\dd) 


where 



2 ) ^^ 3 ^ ^ 


Hence the physical components of the acceleration vector are 

f a = hh 

/SlogAi 


7 d ( a 
' h It Uj 


+ Ai 


\ da 


_ 4 - gI °g 7i a £ 1 £. lo g 

7»a ■+■ 7,,? T" 


F <V ^ 

3 Z_ 
A! 


( 10 ) 


etc., 


the other two components being written down by symmetry. 

The physical components of the force vector ( Q a , Q fi , Q y ) 
are given by 


Qa — Ql 


■K 


dV 
da. ’ 


Qo —- Q 2 — h 


dV 

dp 


Q v — ^3 ^3 — ^3 


57 
5y 5 


( 11 ) 


7 being the potential function; and the equations of motion are 
Mf a = Q a , Mfp — Qp, Mf y = Q y . . . . ( 12 ) 


4. Electricity. 

We use the following notation for the physical components 
of the electromagnetic field-vectors: (i) (E a , E fi , E ) the electric 
force vector, (ii) ( D a , Dp, D y ) the displacement vector, 
(iii) (H a , Hp, E y ) the magnetic force vector, (iv) (B a , B fl , B,) 
the magnetic induction vector, and (v) (C a , Op, O y ) the current 
vector. 


From 

10 s 

CO 

p. 267, 

we 

see that 



1 dB a 

1 

dB m „ 

rt _______ 

1 

55* 

— It h - 


c dt 

0 ; 

dt 

°d) 

c/q 

Ot 

- h ^\dy 

df)’ 

that is 3 









1 

0 

1 

Sp 

1% 2 It 0 

~JLt 

1 dy ' 

'll)- 

dp u, * • 

. . (13) 
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and the other two equations follow from symmetry. S im ilarly 


L 0 

C a 


Jlo Jl o 


' d 

dp 


% 

h. 


_d_ 

dy 




etc. 


(14) 


Also, from (38), p. 267, we have Df r = g; but (Ex. 5, p. 155) 


Hence 

7*x h% ^3 
and similarly 
ll t l h 7*g 


d: 


d ( D„ 


1 d ( igD r )• 


3al/2 2 /i 3 
d [ B„ 


+ 


+ 


JL 

dp 


(J^l) 


* 1 , 


B a 


VdvXluJiJ dpKh^l^J dyKl^k 


+ A( r A_ 

^ dy \/i x A.AI 




= (?, (15) 

= 0. (16) 


Equations (13)—(16) are the electromagnetic equations in 
our curvilinear coordinate system. 

For the electrostatic field in a vacuum there exists a 
potential function 7, which satisfies Poisson's equation 
A V = — q , and this can be written 

A V = \ 7i 2 *8 

by using Ex. 6, p. 155. It gives the expression for the 
Laplacian of 7 in orthogonal curvilinear coordinates. 


~_9_ ( h i dV ) . A (. h dV) 
_9gc\7* 2 7? 3 9a/ 9/5/ 



5. Elasticity, 

If we denote by ( u a , Up, u ) the projections of the dis¬ 
placement vector | r of p. 271, we have 


I 1 

= hi lx = 3 ^ = h £2 : 


I 2 I 3 


The physical components of the strain tensor e rs are therefore 

'Six 


- 7l * ^ = h * ^ = h " Llk “111/ 

“ ^2 ^3 e 2 3* ~ “ 2 " ^2 ^3 (^2, 3 + Is, 2 ) 


, etc., 


1_ 

2 


7*2 7*3 



etc. 
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On substituting the values of the Christoffel symbols from (5), 
these formulae can be reduced to the form 


= h 


e fo 2 


doc 


lA»„ etc., 


d/9 


dy 


K d 


lu d 




(18) 


etc. 


Also tlie physical components of the rotation tensor co rs are 

1 

(Ofiy “ W ^23 ^ ~2 ^ 2 » 3 ^a] 


' Jin Jin 


that is, 


3 

9y 3/?. 


etc., 


cj 


7^ 


: " 2 “ ^2 ^3 


A f V) _ A (AA 

dy\Ji 2 ) d/}\h 3 J] 


, etc. . . (19) 


The physical components of the stress tensor U rs are 
denoted by aa, /Sy, etc.; thus 

E™ 


E 11 — 

aa==-p”, fiy • 


hJi, 


etc. 


Now 'the equations of motion of a continuous medium are 
given by (10), p. 275. Expressing these in physical components 
we get 


5 (VF^“) + 


/q Ly ff 9^ 

(cf. Ex. 7, p. 155). We have then 


1 

mn 


E n> 


d | 

f iB 11 ^ 

| + _£_| 

f # 12 ^ 

i+Z-i 

dy 

r_z u v 

_9a 

V /ij Jl 2 /ig ) 

+ d/3 1 

V /q Ji 2 /q y 

Uq /q /q / _ 


_ fllog Ih EU hi 8 log A a gg 
9 a Ag 9 a 

+ 4 5log/ ' 3 £33 _ O «dlog\ EX3 

K 9a 9/3 9y 


Introducing the physical components of E rs , we obtain the 
equations of motion in the final form 
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d f ay 


+ \ ■ 


dy \I 1 \I 1 J\ 


+ *,^W + ».^7, eta 
Also the formula for the dilatation 6 is 


9 = 


— ll J ll 2 Jig 


d_ 
Lda 


AA + A (j*A r A fjk-V . 

\h 2 fi s J~ dp \h z l h ) dy \\ h % /J 


( 20 ) 


( 21 ) 


6. Hydrodynamics. 

In the motion of a fluid the acceleration vector f r is given 
by (15), p. 276. Hence its physical components are 

' dv 1 


K 


fa — fh ft — fh. 

di\ 

L dt 


dt 


4 - V, V 
1 v l,m 

1 d 




since (v m v m ) =2v m r v m ; that is, 


f a = h 


d_(\ 
L dt U, 


+ 


AAAAfMU „ 

dp\lij da\hj\ 2 


+ 


{A (A 

_ A/ 

Idy V/jj./ 

da \ 


V ^\v r + ^-g-(vl + v* + vl) 


where v a , v y are the physical components of the velocity 
vector. Therefore 


i« = d ~W^ 

?> K 

^Ty\K. 


t>. A*- + lh Vp A (-.« 


da 


dp \h- 




da 


da 


( 22 ) 


etc. 


The equations of motion are derived from (12), p. 276, 
and are 
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77 r == r (i? “~' / " ) ’ etc . (23) 

q da. «i 

Also from (17), p. 277, we see that the equation of continuity 
can be written 


dg . . r , dg 




or, in terms of the physical components, 


dg . T , j I d 


+ 


A 

dy 


9% 

J?_V 
h x h 2 


+ 


d 

dfi 

o, 


W 


(24) 


Examples. 


1 . Spherical polar coordinates. Establish the following results for 
spherical polar coordinates (r, 6, (p): 

(i) Line-element . 

dfi 2 = (dr)~ + r 8 (d 0) 8 -|- r 8 win 8 0 (dip) 2 * 

(ii) Dynamics. 

M[¥ — rd* — r sin 2 6 ?; 8 } — Q r ~~ * '• - ■, 

Or 

M {v ->'Hineeo,,(9rj Q (j : . } A, 

—L -1 (,.a sin” 0 7 .)! - CA «- 1 „ '[L. 

(rsmO dtD ') *<p rmiO ihp 

(iii) Electricity. 


JL ( 1^Z_ L. 

c d l r sin 0 L c) <p 



1 BS e 

c dt 


dr 


(rJB v ) ■ 


_1 BE r 
v sin 0 0 <p 


dB? ^ 1 _ * f) JU r 
c d l ~~ r „ O O 




] r o 


Q [ 7,0- (“in 0 //,,,) 


0//«l 

'Ly J 


I VUr .. , 

mn 0 r dr ^ 



= A r 

r „ 


Or 


(rfle) 


<)H t . 1 

BO J* 
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1 ^ I 0 . 1 dDq, 

r 2 dr f r rsin0 00 Sm 0 ^rsin0 dtp ~~ ® ’ 

1 0 , * „ , , 1 1 d£<P A 

r 2 dr ( r + rsinO dd ( amdB ^ + rsind dip 

i o / 2 ar\ i a /. „ ay\ i a^y 

r 2 0r \ 0r / r 2 sin 6 00 \ 1 00 J r 2, sin 2 0 0$? 2 ' 


(iy) Elasticity. 


e rr~~ dr > e 6 Q~ r do r 

__ 1 0 ?C<jj cot 0 

fiqpv rsin 0 dtp r r U Q ■ 


,rsin0 0(p 

”* r 06 r 

' 1 du r 

, ducp 

u <p\ 

,rsin0 d(p 

+ dr 

r ) * 

' 1 du r 

n 1 

9Uy_ 

o 



~~~ 2r sin OLdcp 06 


(sin 0 %>)], 


1 T 1 d , , 1 0^rl 

TIT 0r [TU(p) r sin 0 0<p J’ 


1 rd^r 


2f L 00 0r 


(r« e )]. 


e </,-JV)-£-£• (»*»?)+ ^ 


, 1 0 , 


rsin0 00 
I , 


- (sin 0 rd ) 
u 

(00 + <p<p)> 


e(fe - F e) = i~dV^ ™bw (aiDe 


” r sin 0 d <p 
1 d 


e (h \SdZ^ -dV (rS<pr) + S?el (ai “ !8 v6 ] 

+ vire-h { ^ p) ' 
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(v) Hydrodynamics . 


, uv r . dv r , v e dv r . vy dv r 1 . a . 

fr - at +v r dr + r 5e + J -si I 1 0 a 9 , r ^0 + V’ 


, , Vr d % «v oote . 

^0 d t r dr 6 r 96 ^ r sinfi d<p r v ’ 

- 7? + ’fi <«*> +^s £«■«■*> +;&>!*•. 

— 4— ~ f sin 0 (Fy — /<p). 
e d( p 

dg , 1 d , 0 x , 1 d , • n \. 1 d (gfl«p) A 

^ + ^(f-e*) + ^ w (sm * * *e> + FiES '~dy * °- 


2. Cylindrical coordinates . Establish the following results for cylin¬ 
drical coordinates (r, 0 , 2 ): 

(i) Line-element, 

ds 2 = (dr ) 2 + r 2 (d<9 ) 2 + (ds) 2 . 

(ii) Dynamics. 

^U4-^0)} = e rt = -~- aV • 


-Ms = = 

(iii) Electricity, 



1 0 F S 

1 

0 F r 

0 s 

r 00 ’ 

c 02 - 0 r 

" 0 S : 

£ 02 

1 r 0 F r 
= r L dd 

-■Irfr*.)]' 


JL_ 0 #^ _ 

dH Q 

1 a#,. 

0 £*_ 

r dd 

dz' } 

7°e~17“ 

dr 

7°- = 




Id 1 3 T) 

r dr K r dd ' dz 


1 d H n dJS 

'W + 7V + ¥ = °- 


Id/ dF\ , J_^T 7 
»■ a? - v a? - J r a a« a 
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(iv) Elasticity. 


e ott = 1^0 +it a _ 

Q6 r 86 ^ r ’ e * z ~~ ~d7 9 


I / du z 8u r 


1 

C 0* "" 2' 

( du e , 1 du *\ 

\ dz ' r 86 ) 9 

e zr = 


e -if 1 2 *r 

, 


re 2 [r dd 



(°?A _ 1 *«» \ 

\8z r 86 )* 

«>.r : 


1 f 8u r 

* r *-TFl~W 

<9 

dr ( 


2 \ dr ~ 8z )’ 

_ _ 1 _ / du, _ du, \ 

2 V dr ~dT • 


(™ e ) . 


e ( /r - JT r ) = (r r7> + (r» + £ M - » 

(/ «"' *V = 1 (flS) + 4 ; ^ • 

e (/ ‘ -• *•> "f^^+TW + Jl <-) • 


(v) Hydrodynamics. 


dv r , 


+ 


diV 

+ «. 

8v t 


Bt- + 

r 87 

r 

" _ 

Hz' 

r ’ 

.,! >v i + 
ot 1 

v r 8 
r dr 

( r *«) + T 

a« e 

90 

+ Vz 

9« a 
az ’ 

Ov t 

8v z 

+ • 

ll 

00 * 

4* % 



-or + 

v r - gT 

r 

' aa 

03 


~1r), 

1 dp 

i dd 

s r 

(*e- 

-fe)> 

1 

0 

#-»■ 


Oq , 1 c> . , , 1 a , d , „ 
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Absolute tensor, 28. ^ 

Acceleration vector, generalised, 247, 248. 
, of a fluid, 270, 309. 

-, or a particle, 219, 222, 224. 306: 

-, surface, 226. 

• -, world, 295. 

Action, principle of stationary, dynamical 
system, 250. 

* , —» —, particle, 228, 229. 

Addition of systems, 5. 

— . _ tensors, 26, 29. 

— ~ - vectors, geometrical interpretation of, 

Arn,w. et SG(I. 

. . seq. 


1 ‘ ■ Beq. 

Anglo between two directions in space, 43, 
137. 

--- --on a surface, 108: 

Angular momentum vector, 236, 237, 252. 
«— velocity vector, 129, 237—239, 252. 
Appell's equations, 232, 

Aron., 49. 

—, element of, on a surface, 171. 
Associated tensors, 44—16, 135. 
Asymptotic directions on a surface, 213. 
Axes, moving, 238, 239. 

- principal, of a cone, 83—85, 

- - •, of a quadric, 1.07, 112. 

Axis, rotation round an, 124—126,128, 129. 


Beltrami's differential parameters, 186,187. 

— formula for geodesic curvature, 188. 
Binormal of a curve, 158. 

Bonnet's theorem in dynamics, 231, 253. 

■ - - - on geodesic curvature, 192. 
Brachistochrones of a dynamical -systCrfr, 
255. 

Canonical equation of a*tfcme, 81, 82. 
.of a central quadric, 107. 

— •— of a quadric, 11*6, 117. 

— forms of a family of cones, 92—97. 

Cartesian coordinates, 39, 42, 44, 136. 
Centre of gravity, 233. * 

— — — 5 motion of, 237. 

* —, motion relative to* 238. 
Chrlstoffel symbols in space, 141—143. 

— — in space-time, 290. 

— ■- of a surface, 173—176. 1 , 

.— transformation of, 142, 143,176, 

Circulation round a circuit, 259, 282. 
i ‘ ‘ '* surface, 204. 

v ■ ■ 2. 

* and tensors, 304, 

.wo. 

Composition of systems, 6. 

Compression, modulus of, 284. 

Conduction current vector, 265, 266. 


Conductivity tensor, 265. 

Cone, invariants of, 102. 

—, isotropic, 87. 

—, quadric, 75 et seq. 

Cones, classification of, 85, 86. 

—, confocal, 103. 

—, family of, 88 et seq. 

—, reciprocal, 87. 

Configurations, manifold of, 245, 246. 
Conic, 76 et seq. 

Conics, system of, 89, 91, 97. 

Conjugate diameters of a cone, 80. 

— •— of a quadric, 111. 

— directions on a surface, 216. 

Continuity, equation of, 277, 310. 
Continuous media, 271 et seq. 

— medium, relativistic dynamics of, 296, 
297. 

Contraction of systems, 5. 

-tensors, 25, 26, 29. 

Contra variant tensor, 22, 23. 

— vector, 21, 37. 

Convection current vector, 266. 

Coordinate curves, 131, 103, 

— surfaces, 131. 

— systems, local, 292—294. 

Coordinates, curvilinear, in space, 130 et 

seq. 

—, —, on a surface, 163, 164. 

—, cylindrical, 132, 136, 312, 313. 

—, elliptic, 132, 136. 

—, Gaussian geodesic, 190. 

—, generalised, in dynamics, 240, 241. 

—,—, in space-time, 286, 287. 

—, geodesic, 176, 177. 

—, — polar, 177, 178. 

—, orthogonal curvilinear, 138, 139, 155, 
' * • -156, 303 et seq. 

—, parabolic, 132, 136. 

—, plane, 61*&t seq. 

—, rectilinear, 35 ,efc seq. 

—, spherical polar, 132, 136, 310—312. 

Co variant derivative of a surface tensor, 181. 
-of a tensor, 47. , 

— — of a vector, 145,' 146 
—- —„of a world tensor, 291. 

— differentiation, 140 et seq. 

-, laws of, 148, 149, 181. 

— tensor, 23. 

— vector, 21, 22. 

Curl of a vector, 151, 152, 155, 258. 

,—, surface, of a space vector, 207. 

, Gurreiit/'vector. £<§5, 266, 306. 

"Cu'r vatAire^ti nss i an, 183, 191, 192. 

—, geodesic, 184—186, 190—192, 210. 

—, linos of, 212, 215, 216. 

—, mean, 203, 205, 211. 

—, normal, of a surface, 209. 

— of a curve, 157, 159, 247. 

—, total, 183, 191, 192. 
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Curvatures, principal, 211. 

Curve, particle on a, 223—225. 

Curves, coordinate, 131, 163. 

—■ in space, 156 efc seq. 

— on a surface, 207 et seq. 

Curvilinear coordinates in space, 130 et seq, 
-on a surface, 163, 164. 

Deformation, homogeneous, 120 et seq. 

—, infinitesimal, 126, 127. 

Deltas, Kronecker, 8, 9, 24, 28, 30, 134 
165. 

Density, tensor, 139. 

Derivative, covariant, of a tensor, 147,181. 
291. 

—, —, of a vector, 145, 146. 

—, intrinsic, of a tensor, 146, 147, 181. 

—, —, of a vector, 143—145, 179. 
Derivatives of invariants, 143, 144, 291. 
Determinantal equation, 16, 17. 
Determinant, cofactors of, 12, 15, 28, 34. 
—, expansion of, 12, 13, 15. 

Determinants, 10 et seq. 

— s as invariants, 34. 

—, symmetric and skew-symmetric, 15. 

—, functional, 18. 

—, multiplication of, 11. 

—, reciprocal, 13. 

Dielectric tensor, 262. 

Dielectrics, 261—263. 

Differential parameters, Beltrami’s, 186, 
187. 

Differentiation, covariant, 140 et seq. 

—, intrinsic, 143 et seq. 

—, tensor, 197—199, 

Dilatation, 273, 309. 

—, uniform, 283. 

Direction in space, 136, 137. 

— on a surface, 168. 

Displacement current vector, 266, 

— vector, electrostatics, 261, 266, 306. 

-, elasticity, 271, 307. 

Displacements, 37. 

—, rigid body, 124, 125. 

Divergence of a vector, 151, 155, 256, 257. 
—, surface, 187, 206. 

Duality, principle of, 66. 

Dummy index, 4, 165. 

Dupin’ s theorem, 216. 

Dynamics of a particle, 218 et seq., 305, 306. 

— of rigid bodies, 233 et seq. 

—, relativistic, 294—297. 

c-systems, 8, 30, 34, 134, 165, 166. 
c-systems in space, 42, 135. 

— in space-time, 298. 

— on a surface, 167. 

—, derivatives of, 150, 181. 

Elastic coefficients, 279. 

Elasticity, equations of, 278—-280, 307, 308. 
Electric force vector, 260, 261, 266, 306. 
Electricity, 259 et seq. 306, 307. 
Electromagnetic equations, 265—208, 306, 
307. 

-, relativistic, 298—300. 

— potential world vector, 302. 

Electron theory, equations of, 270. 

-, relativistic, 302. 

Electrostatic field, 259—261, 

Elementary divisors, 97—99. 

Elongation of a vector, 273. 

Energy, equation of, 223, 225, 249, 253. 

— of a dynamical system, 243. 

— of a particle, 221. 

— of a rigid body, 252. 


Energy of an elastic body, 280. 

— of electromagnetic field, 269. 

— of electrostatic field, 268, 269. 

— of magnetic field, 269. 

Enneper’s formula, 214. 

Equations, linear, 14. 

Equipotential surfaces, 261. 

Euler’s angles, 241, 242. 

— equations, 239. 

— theorem, 212. 

Excess of a geodesic triangle, 192. 
Extension, simple, 128, 283. 

Faraday’s law, 266. 

Fluid, perfect, 276—278, 309, 310. 

—, —, relativistic equations of, 301. 

—, viscous, 280—282. 

Flux of a vector, 256. 

Force, lines of, 225, 261. 

— vector, dynamical, 219—221, 306, 

-, electric, 200, 261, 206. 

— 1 —, generalised, 244, 249. 

-, magnetic, 264, 266. 

— -, world, 295. 

Free index, convention regarding, 4, 165. 
Frenet formula), 169; (surface) 185. 

Galilean systems of reference, 288, 290, 292. 
Gauss equations of a surface, 204. 

Gauss’s formulae, 200, 201. 

— theorem on total curvature, 211. 

-in electrostatics, 260. 

Gaussian curvature, 183, 191, 192. 

Geodesic curvature, 184—180, 190—192, 

210. 

— torsion, 215. 

Geodesics in space-time, 301. 

on a surface, 171—174. 

—, trajectories as, 230, 251. 

Geometry of dynamics, 240 efc seq. 

Gradient of a function, 134, 151. 

Gravity, centre of, 233, 237. 

Greek indices, conventions regarding, 165, 
286. 

Green’s theorem, in space, 255—257. 

-, on a surface, 188, 189. 

Groundform of a surface, first, 195. 

-, second, 201. 

-, third, 202. 

Groundforms, relation connecting, 205. 
Group of transformations, 20. 

Hamilton’s equations of motion, particle, 
232. 

-, dynamical system, 253, 

Hooke’s law, 278. 

Hydrodynamics, equations of, 276 -278, 
280—282, 309, 310. 

Impulsive motion, 254. 

Induction vector, magnetic, 264, 266. 
Inertia, moments of, 233, 234. 

—, principal axes of, 234. 

— tensor, 233. 

Infinitesimal deformations, 126, 127. 

Inner multiplication, 6. 

Interval, 290. 

. . *■ . 1.43- -147. 

* , 19. 

— geometry of a surface, 103 et seq. 
Invariant, definition of, 21. 

—, derivatives of, 143, 144. 

Invariants of a quadric, 119. 

— of two cones, 102. 

“rrotatfonal motion, 278. 

Italic index, conventions regarding, 4. 
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Jacobian, 18. 

J oachimsthal’s theorem, 215. 

Kinematical line-element, 246. 

Kronccker deltas, 8, 9; (surface) 165. 

-, tensor character of, 24, 28, 80, 134. 

-, derivatives of, 150, 181. 

Lagrange’s equations of motion, particle in 
space, 222. 

-, particle on surface, 227. 

-, dynamical system, 244, 245. 

Laguerre’s formulas, 191, 217. 

Lame’s relations, 154, 156. 

Laplaeiun, 151, 155, 257, 307. 

Length, element of, in space, 41, 134. 

—,-, on a surface, 167. 

Light, constancy of velocity of, 289. 

Linear transformations, 19. 

Line-element, action, 250. 

— —, in space, 134. 

-, kinematical, 240. 

- 1 on a surface, 107. 

Line, straight, 08 nfe soq. 

—, six coordinates of, 71, 74. 

Local coordinate systems, 292—294. 

•— mass, 295. 

Lorontz transformations, 291, 300—302. 

Magnetic force vector, 204, 200, 300. 

— induction vector, 204, 200, 306. 
Magnetisation vector, 203, 260. 
Magnetostatic field, 203—205. 

Magnitude of a voctor, JSC, 107. 

Manifold, four-dimensional, 285. 

Mean curvature, 203, 205, 211. 

Metric tensor, derivatives of, 150, 181, 200. 
—, in space, 41, 134, 135. 

., on a surface, 167. 

MotiHiiler’s theorem, 201), 

Minimal surfaces, 210. 

Moduli of elasticity, 284. 

Moment of a force system, 251. 

'Moment vector of a force system, 236, 237. 
Momental ellipsoid, 234, 261. 

Momentum, linear, 251. 

—moment of, 251. 

vector, angular, 230, 237, 252. 

— - -—, generalised, 263. 

* - —, linear, 230. 

.of a particle, 232. 

Moving axes, 288, 239. 

Multiplication of systems, 5. 

• ■ of tensors, 25, 29. 

Natural trajectory, 225, 240. 

Normal curvature, 209. 

., principal, 157, 159. 

— - to a surface, 190, 197. 

- vector to a curve in spaco, 167,158. 

— • - - on a surface, 185. 

Ohm’s law, 265. 

Order of a system, 2, 3. 

Orientation of a triad, 47, 43, 138. 
Orthogonal curvilinear coordinates in 
space, 138, 189, 365, 150. 

— — on a surface, 175, 

— -.~, classical notation for, 303 et seq. 

— vectors, 48, 137, 169. 

Parallel force system, 281. 

— ■:!■ p- a circuit, 191, 192. 

— 1 -Id !:i -pace, 140—142, 145, 
140. 

— - - on a surface, 178—180. 


Parallelism with respect to a surface, 178 to 
ISO. 

Particle, dynamics of, 218 et seq., 305, 300. 
—, relativistic dynamics of, 294—296, 301. 
Permeability tensor, magnetic, 264. 
Perpendicular on a plane, 55. 

Physical components of vectors and tensors, 
304, 305. 

Plane, 53 et seq. 

— coordinates, Oletseq. 

Point, plane equation of, 64, 65. 

Poisson’s ratio, 284. 

Polar directions, common, 89—91. 

Poles and polar planes with respect to a 
cone, 80. 

- a quadric, 105, 113. 

Polarisation vector, 252. 

Potential function, dynamics, 221, 245. 

--, electrostatics, 259, 260, 261, 263. 

-, magnetostatics, 263—265. 

—, strain, 282. 

—, vector, 269. 

Poynting energy flux vector, 269. 
Principal axes of a cone, 83, 84. 

-of a quadric, 107, 112. 

— curvatures of a surface, 211. 

— directions on a surface, 211, 212. 
Principle of least action, particle, 228, 229. 

-— —, dynamical system, 250. 

-special relativity, 288. 

Proper density, 296. 

— mass, 295. 

Pure strain, 272, 273. 

Quadratic forms, positive definite, 16. 
Quadric, central, 104 et seq. 

— cone, 75 et seq. 

—, general, 113 et seq. 

— of an affine transformation, 121, 122. 
—, reduction of equation of, 115—117, 119. 
Quadrics, confocal, 110, 111. 

—, classification of, 115—117, 119, 

Quotient law of tensors, 26, 27, 29. 

Relative invariant, 29. 

— tensor, 28, 

— vector, 29. 

Relativity, special theory of, 285 et seq. 
Ricci’s lemma, 151. 

Riemann-Ohristoffel tensor, of space, 
152—154. 

— — 0 f a surface, 182, 183. 

Rigid bodies, dynamics of, 233 et seq. 
Rigid body displacements, 124, 125, 129. 

— —, energy of, 252. 

Rigidity, modulus of, 284. 

Rodrigues’ formulae, 216. 

Rotation, infinitesimal, 127. 

— of a vector, 258. 

— on a surface, sense of, 170. 

— round an axis, 124—126, 128, 129. 
Rotor of a vector, 151, 152, 155, 258. 

Scalar, 21. 

Scalar product, 46, 137, 

Shear, 128. 

Shearing strain, 283. 

Skew-symmetric system, 7. 

-tensor, 24. 

Space-time, 285. 

—, generalised coordinates in, 286, 287. 
Stokes’s theorem, 258, 259. 

Straight line, 68 et seq. 

-, in curvilinear coordinates, 101, 
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Strain, homogeneous, 120 et seq. 

—, infinitesimal, 271—274. 

— potential, 282. 

—, pure, 123, 127, 272, 273. 

— quadric, 127, 273, 274. 

— tensor, 272, 273, 307, 308. 

-, velocity, 281. 

—, types of, 283. 

Stress, analysis of, 274, 275. 

— quadric, 275, 

— tensor, 274, 275, 308. 

Summation convention, 3. 

Surface, curves oil, 207 efc seq. 

—, fundamental formula? of, 193 et seq. 
—, groundforms of, 195, 201, 202. 

—, intrinsic geometry of, 103 et seq. 

—, particle on, 220, 227. 

— tensors, 166. 

Surfaces, coordinate, 131. 

—, cquipotential, 261. 

—, minimal, 216. 

Susceptibility tensor, 262. 

-, magnetic, 264. 

Symbols, Cliristoffel, in space, 141—143. 

—, —, in space-time, 290. 

—, —, on a surface, 173, 174. 

Symmetric systems, 6. 

— tensors, 24. 

Systems, 2, 3. 

—.addition of, 5. 

—, components of, 2. 

—, contraction of, 5. 

—, multiplication of, 5. 

Tangent plane to a cone, 28, 29. 

-to a quadric, 105, 114. 

— vector of a curve, 156, 157, 159, 184 . 

— vectors to a surface, 194, 195. 
Tangential equation of conic, 77. 

Tensor, as coefficients of a multilinear form, 

27. 

—, definition of, 20—23, 32. 

— density, 139, 

— differentiation, 199. 

— equation, 25. 

— -fields, 133. 

—, covariant derivative of, 146, 147. 

— intrinsic derivative of, 147. 

—, metric, in space, 134,135. 

—, —, on a surface, 107. 

—, Itiemann-Chratoffel, 152—154,182,183, 
Tensors, absolute, 28. 

—, addition of, 24, 25, 29. 

—, associated, 135, 

—, contraction of, 25, 26, 29. 

—, multiplication of, 25, 29. 

—, relative or weighted, 28. 

—, surface, 166. 

— world, 287. 


Three-systems, skew-symmetric, 7, 8. 
Torsion, geodesic, 215. 

— of a curve, 158, 159. 

Total curvature of a surface, 183. 
Trajectory ' r "'l. 

Trajectory ■ 1 .146—249, 

— of a particle, 218, 225. 

Transformations, affine, 120 ct seq. 

—, functional, 30, 31. 

—, linear, 19, 

Triad, orientation of, 47, 48, 138. 

Umbilics on a surface, 216. 

Unit planes, 62. 

— points, 38. 

Vector, enntravariant, 21. 

—, covariant, 21, 22. 

—, curl of, 161, 152, 155, 258. 

—, derivatives of, 143—146, 

—, divergence of, 151, 166, 250, 257. 

— -fields, 133. 

-, parallel, in space, 140™ J 42,145, HO. 

-, —, on a surface, 178—180. 

—, magnitude of, 42, 135, 

— potential, 269, 

— product, 47, 48, 137, 

—, tangent, of a curve, 156,157,159. 
Vectors, normal, to a curve, 157,158. 

—, orthogonal, 137, 

—, parallel, in space, 160. 

•, —, with respect to a surface, 178—180. 

, world, 287. 

Velocity of point of rigid body, 129. 
potential of a fluid, 278. 

— strain tensor, 281. 

~ vector, 218, 219, 305. 

— vector, generalised, 2-13, 247. 

-, surface, 226. 

-, world, 294. 

Versor, 42, 

Viscosity, coefficients of, 281. 
tensor, 2S1, 

Viscous fluid, 280—282. 

Volume?, element of, 239, 

Volumes, 49. 

Vortex vector, 277. 

Weingarfceii’s formula, 201, 202. 

Weight oi a tensor, 28. 

Weighted tensors, 28, 20. 

Work of a force system, 220, 221, 244. 
World acceleration vector, 295. 

— force vector, 295. 
line, 294, 
tensors, 287. 

— velocity vector, 294. 


Young’s modulus, 284, 
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